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A detailed experimental study is reported of the decay of circularly polarized photon echoes
as a function of Cr concentration in samples ranging from 0.006 to 1.2 wt. % Cr203 in A1203.
The decay is found to be independent of temperature in the liquid-helium range and generally de-
pends on the pulse separation v as exp(-Ev' ) with the decay constant K proportional to the
square root of the Cr concentration. The measured decay is independentof external magnetic
field in the range 1.5-6 kG except at1.06 kG, where modified decays are observed. A theoret-
ical analysis is made of photon-echo decay in terms of spin flips of echo ions resulting from
Cr-Cr magnetic interactions and yields good agreement with the observed decays. Spectral dif-
fusion, modified for photon echoes, is shown not to be an important effect. However, anoma-
lously slow decay is observed in some samples when the laser is tuned to the long-wavelength
tail of the sample absorption line and the spectral-diffusion mechanism may apply here. The
photon-echo-decay measurements are compared with spin-resonance and available spin-echo
data in ruby. Also, it is inferred that resonant optical energy transfer is not an important
photon-echo-decay mechanism even in the darkest sample studied.

I. INTRODUCTION

The photon-echo effect' has been demonstrated
to be a, useful technique for obtaining information
on relaxation processes in crystals and gases.
Photon-echo measurement of a phonon-assisted ex-
cited-state relaxation in ruby has been accomplished
by an indirect temperature-variation method, 2 and
collisional relaxation rates in a gas have been
measured by a direct echo-intensity-vs-pulse-
separation technique performed with two gas lasers
pulsed sequentially. ' However, this two-laser
technique for direct echo-decay measurements is
precluded in the case of ruby lasers and for many
other lasers principally as a result of tempera-
ture-dependent shifts of the lasing frequency. 4'
We report here on the use of a single Q-switched
ruby laser in combination with a variable optical
delay line in a detailed study of photon-echo decay
in ruby. The observed decays are independent of
temperature, in contrast with those previously
measured, ~ and depend strongly on the Cr concen-
tration in ruby.

Considerable study has been made of concentra-
tion-dependent effects in ruby such as resonant
single-ion-single-ion optical energy transfer, s pair
spectra, and the possible long-range exchange in-
teractions between Cr ions. However, the influ-
ence of these effects on the optical spectra often
cannot be studied (except for the nearest-neighbor
pairs) because of the relatively large inhomogeneous
broadening due to static crystalline-field varia-
tions. 9' A photon-echo investigation is ideally
suited to this situation since the rephasing which
produces the superradiant echo state is unaffected
by the large static inhomogeneous broadening of

the ruby R& line. The echo decay results only from
effects which either remove ions from the two-lev-
el echo system or which disrupt the phase memory.
Thus, the detailed shape of the echo decay as a
function of time gives a direct measure of the var-
ious dynamic interactions of the Cr ion with its
environment; such information may sometimes be
obtained indirectly by linewidth measurement but
is more often obscured entirely.

This paper is organized into five sections. In
Sec. II A we shall describe the experimental appara-
tus and the techniques for rapidly varying the pulse
separation, in Sec. IIB the laser-sample reso-
nance conditions, and in Sec. II C the results of
the echo- intensity-vs-pulse-separation measure-
ments obtained at liquid-helium temperatures from
several ruby crystals of varying Cr concentra-
tion. We also present in Sec. IIC data showing the
presence of faster decays at the 2. 06-kG ground-
state level-crossing field, and other data showing
a significantly slower decay when the laser is tuned
toward the long-wavelength side of the sample ab-
sorption line. Section III contains an analysis of
two types of concentration-dependent decay mech-
anisms which indicates that the observed decays
may be understood very well on the basis of Cr-Cr
magnetic dipolar interactions. The principal result
of the analysis is the prediction of decays which are
not simple exponentials but, rather, have the form
exp( —Kr ' ), where r is the pulse separation and
where the decay constant K is proportional to the
square root of the Cr ion concentration. In Sec. IV
we (i) interpret the anomalously slow decay ob-
served in the long-wavelength tail of the absorption
line of the 0. 03 wt. %%uosample, (ii)analyz e the faster
decays observed at 2. 06 kG in the 'Az(+-, )
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—E(Z)(+ -', ) transition, (iii) comment on the limiting
echo decay in small magnetic fields, and (iv) com-
pare our photon-echo-decay measurements with
available data from spin-resonance measurements
in ruby.

We wish to emphasize at this point that we shall
not discuss in this paper the effects of the Cr spin
interactions with its nearest-neighbor Al nuclear
spins which give rise to modulations of the photon-
echo amplitude as a function of pulse separation. "'3
This effect, which has also been observed and
analyzed in several spin-echo systems, ' is inde-
pendent of Cr concentration in ruby" and strongly
affects the photon echo when the external magnetic
field Bo is not parallel to the c axis. These Cr-Al
effects are the subject of a forthcoming paper by
Lambert.

Throughout this paper we shall refer to sample
concentration for identification purposes as x/0.
This abbreviated nomenclature is intended to mean
weight percent (wt. lo) of Cr20, in AlzOs, as speci-
fied by the manufacturer of the crystals. Frac-
tional atomic concentration will be described as
xx10 ", without reference to percent.

II ~ PHOTON-ECHO-DECAY MEASUREMENTS

A. Experimental Apparatus

The experimental arrangement for observing
circularly polarized photon echoes is indicated
schematically in Fig. 1. The liquid-nitrogen-
cooled ruby laser, ' with a Kerr-cell Q switch, pro-
duced a 15-nsec pulse of approximately 200-kW peak
power. Both the direct pulse and the second pulse,
from the optical delay line described below, were
focused through a fused quartz window to a cross-
sectional area of about 0.02 mm onto the conduc-
tion-cooled 1-mm-thick ruby sample. The. sample

was attached by a copper cold finger to the liquid-
helium bath and the temperature, monitored with
a Honeywell germanium resistance thermometer,
was maintained between 6 and 9 'K. The sample
Dewar was mounted between the pole faces of a. 6-
in. Varian magnet. Thin mica quarter-wave
plates were used to establish the circular polariza-
tion of the incident pulses and to convert the cir-
cularly polarized echo into plane polarization prior
to detection by the photomultiplier plus Kerr cell
shutter assembly. The pulses were displayed on a
Tektronix 585A oscilloscope. To generate circu-
larly polarized photon echoes, the incident pulses
must propagate parallel to the c axis of the crystal
(k II c)~ and, in addition, the external magnetic
field Bo must be applied parallel to the c axis. This
required the use of small mirrors near the magnet
pole faces with the quarter-wave plates mounted be-
tween these and the sample Dewar. The circularly
polarized echoes were necessarily observed from
0' samples, c axis normal to the face of the
crystal, and either transition (see Sec. II B) was
selected by simply reversing the magnetic field.
Additional data were taken on several 90' samples
using plane-polarized pulses with Bo II c and both
k and E I c, where E is the electric field vector of
the incident light. In this case the optical arrange-
ment at the sample Dewar was much simpler, '
with neither quarter-wave plates nor mirrors
needed and the beams passing through the Dewar
parallel to the magnet pole faces. Both the 0' and
90 Verneuil ruby samples were obtained from the
Adolph Meller Company with nominal concentra-
tions ranging from 0. 006 to 1.2k Cr&03 in A1203.

For the experiments on the low-concentration
samples (0.006, 0.03, 0. I/p) the l. 5-m-confocal
spherical-mirror delay line, which is used to gen-
erate the second-pulse delays z, was operated in a
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FIG. 1. Experimental arrangement for
observing circularly polarized photon
echoes.
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FIG. 4. Photon-echo decay for the (- 2- —g transi-
tion in the three lowest-concentration samples. Intensity
is arbitrarily shifted from one sample to the next for
clarity in presentation. Solid curves are least-squares
fits to a decay of the form I=Ipexp(-K~' ), where 7 is
the pulse separation. A magnetic field of 6 kG for 0.03
and 0.1% and 2. 7 kG for 0.006/~ is parallel to the c axis
of the samples. Typical error is shown.

that at 6 kG the laser frequency was approximately
0.06 cm ' from the peak of each of the two Zeeman
components, and for the plane-polarization results
both transitions were simultaneously excited with
nearly equal amplitudes.

C. Experimental Results

The principal results of the echo-intensity-vs-
pulse-separation measurements are shown in Figs.
4-V for both the (--', ——-', ) and (+-,'-+-,') transi-
tions, and for six ruby samples ranging from
0.006 to 1.2%%up Cr concentration. The solid curve
in each case is a fit of the data to a decay of the
form I=I, exp(-KT'r ). Thedatafor0. 1%areprob-
ably the best test of the ~ dependence of the decay and

show good agreement with this shape for decays
which span three orders of magnitude over a range
of ™600 nsec in pulse separation. Although early
measurements, "over the range 30& v & 270 nsec,
appeared to be consistent with exponential decays
I= Ioe ', the present data with pulse separations
up to 580 nsec clearly indicate the slower decay
at long pulse separations characteristic of the
exp( —Kr '

) shape. The datafor other concentrations
appear alsotofit rather well the exp( —K7 '~s) shape;
although in the high-concentration samples (0. 55-
1.2/&) the rapid decay prevents a careful test of
the 7 dependence. For the latter samples, the

I I I I I I

of the resonance conditions at 6 kG by tuning the
narrow (av=0. 02 cm ) laser-emission line across
the absorption lines of the sample while monitoring
the echo intensity. Under our experimental con-
ditions the laser emission occurs principally from
sE(E)(+-', )- 'A(+ -', ), with some weak emission
terminating on 'A(+ -', ). The results shown in Fig.
3 were obtained by pumping on the liquid-nitrogen
bath to which the laser crystal was connected by a
copper rod. Figure 3(a) was obtained with the
laser pulsed once every 10 sec-our usual rate for
the photon-echo-decay measurements. For the
data of Fig. 3(b) the laser temperature was raised
by double pulsing the laser according to the follow-
ing sequence: pulse No. 1 at t =0, pulse No. 2 at
t = 2 sec, and this pattern repeated every 10 sec.
Only pulse No. 2 was photographed. Comparing the
two sets of data, we estimate the laser-rod tem-
perature to be about 4 K higher for the data of
Fig. 3(b). From the known 0. 13-cm r splitting of
the two transitions at 6 kG, the frequency shift of
the laser in this temperature range may be esti-
mated as approximately 0.01V cm '/'K. For most
of the decay measurements the liquid-nitrogen bath
was maintained at 77 K; consequently we conclude
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FIG. 5. Photon-echo decay for the (- 2
——2) transi-

tion with magnetic field of 6 kG parallel to the c axis for
both the 0. 55 and 1.2% samples. Other parameters are
the same as for Fig. 4.
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simple exponential dependence on the pulse separa-
tion w also fits.

Further decay measurements were made at mag-
netic fields ranging from 1.5 to 6 kG which show

that the decay is independent of the strength of the
external magnetic field in this region, except in
the immediate vicinity (+100 G) of the ground-state
level crossings. Near both the 2. 06- and 4. 12-kG
ground-state level crossings, photon echoes from
a crossing state, either ——,

' or +-,' which cross the
A(+-,') state at 2. 06 and 4. 12 kG, respectively,

show a greatly modified decay which can be under-
stood on the basis of Cr-Al interactions and will
not be discussed here. However, we observe an
increased decay also in the +-,' nonc~ossing state
at 2. 06 kG which is concentration dependent and, as
seen in Fig. 8, has roughly the same shape as the
decays observed at 6 kG.

Figure 9, curve (a), summarizes theexperimental
data for Figs. 4-7 and shows the concentration de-
pendence of the decay constant E. We observe that,
with the possible exception of the 0. 11 sample,
both circularly polarized photon echoes for a given

FIG. 6. Photon-echo decay for the (+~-+~) transi-
tion with magnetic fields of 6 kG for 0.03 and 0.1% samples
and 2.7 kG for 0.006% sample applied parallel to the
c axis. Other parameters are the same as in Fig. 4.
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FIG. 7. Photon-echo decay for the (+2 + 2) transi-
tion in the two highest-concentration samples with a
magnetic field of 6 kG parallel to the q axis of each. Other
parameters are the same as in Fig. 4.

FIG. 8. Additional decay observed at 2.06 kG for the
(+~ +~) transition. Each point is the ratio of the echo
intensity of the minimum at 2.06 kG to the intensity 200
G or more away. A typical observation, shown in the
insert, is made by sweeping the magnetic field through
the H, =2.06 kG region. Solid curves are a fit of the
data to an additional decay of the form exp(- K'v ). All
curves are assumed to pass through unity at w=0.
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FIG. 9. Decay constants of the curves
of Figs. 4-7, and of other decay measure-
ments using plane polarization on 90 c axis
samples with a magnetic field of 3 kG,
plotted as a function of fractional Cr con-
centration f. The straight lines indicate
the expected f' concentration dependence.
The open circles give the decay constant
of the additional decay observed in the
(+2 —+ 2) transition at 2.06 kG (see Fig.
8). The error bars represent 90'7p

confid-

encee limits for the least-squares fits to
the decay constants.

decay of photon echoes arising from various parts
of the inhomogeneously broadened optical line of
the 0.03k sample. Identical decays were observed
with the laser tuned within - 0. 06 cm ' of the line
center of either transition or as far as 0. 18 cm '
into the short-wavelength tail of the (- —,———,)
transition. However, with the laser tuned approxi-
mately 0. 13 cm ' to the long-wavelength (red) side
of the (+-,'-+-,') transition, a significantly slower
decay was observed as shown in Fig. 10. The
difficulty of raising the laser temperature still
higher prevented our tuning the laser farther into
the wing of the (+-,'-+ -,') line or into the long-wave-
length tail of the (- —,

' ———,') line to see if the effect
appears in both transitions. This anomalously
slow decay is discussed further in Sec. IV where
it is interpreted in terms of an inhibited spin-flip
decay mechanism.

III. PHOTON-ECHO DECAY DUE TO SPIN FLIPS

In this section we analyze the photon-echo decay
which may be expected on the basis of magnetic di-
pole-dipole interactions between Cr ions and show
that Cr-Cr spin-flip mechanisms account for the
principal features of the photon-echo decays dis-
cussed above.

Our analysis of the photon-echo decay due to Cr-
Cr magnetic interactions follows generally the ap-
proach used to describe the decay of spin echoes in
solids. Thus, we shall distinguish two spin-Qip
contributions to the photon-echo decay. The first
is a dh eat contribution in which the spin of an
echo-Producing ion flips some time between the
first pulse and the echo and, consequently, the ion
is completely lost from the echo. The second con-
tribution' is an indirect effect which occurs
when the spin of the echo ion does not flip but other
sPins in the vicinity flip and thus give rise to local

sample exhibit nearly identical decay constants.
Thus we have also included in this figure the plane-
polarization results obtained on the 90' c-axis
samples. Figure 9, curve (b), showsthe increased
decay constants taken from Fig. 8 plotted as a
function of concentration. The increased decay
constant is the difference between the constants
measured at 2. 06 kG and, e.g. , at 6 kG. A con-
centration dependence of n' for the decay constants
of both curves a and b is clearly indicated with a
significant deviation occurring only in the lightest
sample studied 0.006/o and for the (+-,'-+-,') transi-
tion in the 0. 170 sample. The approximately linear
concentration dependence of the decay constant
derived from earlier data" covering a smaller range
of concentrations and pulse separations followed
from the assumed e ' shape for the decay. Nu-
merical tests for "goodness of fit" show little
differencebetweenthe exp( —K7'' ) and e ' shapes
for thedarksamples (0. 55-1.2%%). However, for the
lighter samples (0. 006-0. 1%) the y~ value or
equivalently the variance of the fit S~ is in most
cases about a factor of 2 larger for the e ' fit
than for the exp(- Kr '~~) fit, where S = g, [y» f(r;)] l-
(n —p) with y, as the datum point corresponding to
y, , f(7) is the functional form to be fitted, n is the
number of data points, and p = 2 equals the number
of parameters in the fit. For example, the 0. 1/0
sample yields S (- —,'- ——,') = 0.078 and S (+ —,'-+ —,')
= 0. 035for the exp(-Kv '~~) fitwhereas S~(- —,'- ——,')
=0.178 and S (+-,'-+-,') = 0.071 for the e "r fit.
The principal results shown here, namely, the
exp(- K7' ) shape andthen '~~ concentrationdepen-
dence for both the normal decay and the increased
decay at 2. 06 kG, can be accounted for on the basis of
the Cr-Cr interaction model described below.

Using the technique of temperature tuning of the
laser frequency described above, we measured the
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correlated because of the coupling to a common
radiation field, and it is this correlation which gives
rise to the superradiant echo state. These cor-
relations are treated in detail by Dickeaa and in
Ref. 1 and are essential in considering, e.g. , the
intensity and directionality of the echo emission.
However, the spin-spin interactions are not greatly
affected by the laser pulses since only a small
fraction of the Cr ions in the inhomogeneously
broadened absorption line "see" the narrow line-
width laser pulses. Thus the predominant magnetic
effects arise from the spins of the 95'7p or more'
of the ions in the ground state which remain unaf-
fected by the optical pulse and therefore with un-
correlated spin states.

If p, is the electric dipole moment operator of
the i th Cr ion, the radiated echo intensity may be
obtained in the usual way' as

r. - ~Z, Tr[p, p, (2.)]~'

-2
IO

IOO 200 500 400 500 600
Pulse Seporotion I nsx)

FIG. 10. Photon-echo decay for the 0.03% sample,
at a field of 6 kG taken with the laser tuned approximately
to the center of the (-y- —~) transitionandapproximately
0. 13 cm into the long-wavelength tail of the {+$ +q)
transition. Solid curve for the (- y- -y) data is consis-
tent with those of Figs. 4 and 6 for 0.03%. The solid
curve for the (+~ +q) data is appropriate for diffusion
decay as discussed in the text. Intensities of the two
polarizations relative to each other are accurate.

magnetic field fluctuations at the nearby echo ion.
These produce small Quctuations of the optical fre-
«luency and a conse«luent gradual loss of "phase
memory" of the echo iona which causes the echo
to decrease in size as the pulse separation in-
creases.

A. General Formalism

We shall describe the effects of spin-Qip mech-
anisms on the photon echo through a density-matrix
approach with an emphasis on only those parts es-
sential to understanding the echo decay. Assuming
that the interaction with the external magnetic field
is large compared to the magnetic interactions be-
tween the spins of the Cr ions, then the spins of the
ions will be uncorrelated and the density matrix
of the collection of N ions, which in the general case
is a 2N& 2N matrix, may be written as a direct
product of N 2X2 matrices, each describing one
atom, " that is,

N

p '"'(t)-II p'"(t) . (l)
jag

The electronic states of the echo ions are highly

dt g (+«p»«)] —-'( ~», p«(t)],

with the solution

(3)

& i Z

p, (t) =exp~- —X« t --, I'«t p(0) exp +—
3C«t ——,'I', t

7

(4)
where the curly brackets represent an anticommu-
tator. X, is the single-ion Hamiltonian with the
form

R« =X« -p» E(t) —t««Bp —«««B»(t),

where X, describes the ener~ levels of the Cr
ion in the crystalline field; E(t) =$(t) cos(»dt) is
the electric field of the laser pulses with the slowly
varying amplitude $(t); Be is the external magnetic

A
8 ~field; and B,(t) =g»«[t«~ —3(p,«r««)r««j/r«z is the

sum of the dipolar fields of the neighboring mag-
netic moments p.~. The decay matrix F, may be
written as

and separately describes the loss of ions from the

-N'
f

&Tr [pp(2r)] )„i

' .
In the second step we have omitted terms of order
N which describe the incoherent spontaneous emis-
sion of the system. The average must be taken over
all echo ions because the time development of the
individual density matrices varies due to the ran-
dom nature of the spin Qips and also according to
the particular local magnetic environment; the
evaluation of this average constitutes the essence
of our calculation. The time dependence of the
density matrix is given by the equation of motion23
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0 R3 2 0 —1 ' I
0

and p,
' and p. are, respectively, the excited- and

ground-state magnetic moments of the Cr ion.
The decay matrix l", may similarly be rewritten

2 (r» + r ')I+ (r» —r')R (6)

Making the usual assumption' that the laser pulses
are strong and very near resonance, i.e. , co —co,
«pS/I», the density matrix for t & v may be written

p(i) = T2S2T, S, p(0)S,' T, ' e T,' .

The pulse operator s is given by

t((n7) = exp(- i~nv R2) exp(- i8R2) exp(+iron. 7R2),
(10)

where

excited state a and ground state b of the two-level
echo system which occurs if an echo ion experi-
ences a spin flip. In the event of such a spin Qip
the ion remains in an excited or ground state but has
a different magnetic quantum number and is no
longer coupled to the same circularly polarized
electromagnetic field. Consequently, it is lost
from the echo system. The off-diagonal elements
of l, are taken to be zero since the spontaneous
emission rate is very slow -4&10 3 sec.

In order to retain the analysis in terms of a
2&& 2 density matrix and yet include the effects of
other spine, the single-ion Hamiltonian [Eq. (5)]
must be time dependent. This is introduced through
the local field B»(t), whose time dependence must be
explicitly given. We thus avoid considering JL(~

and B, as operators. Furthermore, with a strong
external field in the z direction, we need consider
only the time-dependent changes of p~' and 8,' since
the transverse components of the local field produce
a negligible energy shift.

Introducing the "Dicke operators" R, , R2, R~,
optical analogs of the Pauli spin matrices, 22 the
single-ion Hamiltonian may be written

%(f) =h'~»R2+(u. —»».)[B,+B»(f)]R3

+ '(»»,' -u, )B—,'(f)I p ~ (f (t)e' '-R, (7)

where her, —E', —E', is the optical energy,

+ '(-r(+r() I+2(r» —r»)R3'I.

and"

&(I)=+I for 0& I&t

= —1 for t&t,

we obtain for the relevant terms of the expectation
value of the dipole moment operator

(p(f) )„=(Tr[pp(f)] )„
- sin(8, /2) cos(-',8()sin2(-,'-82)

x (cos[((('(I —27 )]),Q(i)R(i), (14)

where

and

Q(f) = (exp[- —.'(r'+ r')I] )„

t
R(t)= (cosfi( ' f dt' s(t')(»»,' »»,)-

(15)

x [B'(t') —B'(0)]]), . (16)

The inhomogeneous optical linewidth gives a
spread in coo within the crystal, and thus the aver-
age of the cos [re(((t —2~)] term in Eq. (14) is zero
except at I= 27. As a result, the averages for Q(t)
and R(t) are to be taken with t = 27. Since the echo
intensity is proportional to 1(p(2~) )„I, the echo
decay is proportional to Q2R . The factor Q ac-
counts for the decay due to the direct spin-flip ef-
fect and shows the relationship to the spin-flip
rates of the echo ions in both the ground and excited
states. The factor R accounts for the indirect,
frequency diffusion effects of spin flips and shows
how this decay requires a time-varying local mag-
netic field at the echo iona. In addition, Eq. (16)
shows how this photon-echo-decay factor depends
on the difference between the excited-state and
ground-state magnetic moments of the echo ion.
Thus, for the ruby transitions which we studied

»(' —»» = m»(~(g' -g) = +-2'»»(((2. 44 —1.96)

The identity operator I commutes with both R2 and

R3, and thus the imaginary coefficient of I collapses
to unity with the corresponding term of T,' when
the trace is taken. Defining the quantities

&uo» = ~t +i» '(»»,' —»(,) [B('(0)+Bo]

8=- ~ $(f')df',
Ii i,

with a7 as the pulse width. The time evolution
operator in the absence of a pulse is

t
T(f) = exp{-i[&u2»t+i( ( f (»»', —»», )B»'(t') df']R2

+-'2[if '(»(2+»», ) f B»(t') dt'] I

=+0.23'~,
where p. ~ is the Bohr magneton. In contrast, spin-
echo transitions generally have ~m =+1, so that
p —p =gp~. Hence the frequency diffusion decay
may be considerably suppressed for photon echoes.
The evaluation of the averages over all echo ions,
indicated in Eqs. (15) and (16), will now be performed
assuming a random statistical distribution of Cr
ions.
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I, =2 „ l V, , I

'.I„(E—), . (18)

B. Direct Spin-Flip Decay Factor

If the spin-flip rates y' and y were associated
with spin-lattice relaxation, the average of the
decay factor Q(f) would trivially yield a photon-echo
decay of Q'(2~) = exp[- (I '+ y')2r], since the lattice
relaxation rate would be the same for all ions.
However, in ruby at liquid-helium temperatures,
spin-lattice relaxation times are very long (-10 ~

sec) so that for concentrations of interest in this
experiment spin-spin relaxation dominates. This
relaxation rate is strongly dependent on the local
magnetic environment, and when the decay factor
is appropriately averaged we shall obtain a photon-
echo decay of the form exp( Kr 'i~-). The decay con-
stant K is found to be proportional to the square roof of
the Cr concentration when dipolar interactions are
assumed.

The following calculation can be simplified some-
what by setting the excited-state spin-flip rate y'
equal to zero. This may be justified for strong ex-
ternal magnetic fields by noting that because of the
difference in g factors between the Cr ground state
(g= 1.98) and excited state (g'=2. 44), an excited-
state spin is not resonant with a ground-state spin
and, therefore, they cannot experience mutual flip
flops. Since only a small fraction of the ions (of
the order of 5/p or less) is excited by the laser
pulses, ' the excited-state spin-flip rate is corre-
spondingly suppressed. Thus we neglect the spin-
flip rate y' and drop the superscript on y which is
no longer needed. We write the total ground-state
spin-flip rate for an ion i as

I V„ l
',„=[(gpe)'/r '„]a. (1 - 3 cos'9„)', (21)

9where a=e4 for m~ =~ 2y and a=e4 m~ =+& ~

Knowledge of && gives us the echo-decay factor
characterizing ions which have neighboring ions j
in a specific set of lattice positions defined by r, ~,
9,, , cp, , , relative to ion i. An average of the de-
cay factor must then be taken over all such possible
configurations of neighboring ions frozen in when

the crystal was grown. This may be done by as-
suming a random, statistical distribution of ion
locations according to a procedure outlined by An-

derson, ' which we briefly summarize. For a
statistical distribution, the probability for finding
a spin in the volume element d V~ = r, & Ch, &

x d(cos9„)dp, &
is just d V&/V where V is the total

crystal volume. Thus the probability of obtaining

the spin-flip rate r, is II,",(d V&/V) or just the
probability for finding N spins at specified loca-
tions (r„, 9... cp, ,). To average over the entire
crystal, one allows each dV~ to roam over all lat-
tice sites or in the continuum limit, one integrates
each d V, over the crystal. Therefore,

( ) de. . .l
dv&

il
dV„v" v "l v'""

l

—e~ -~ —
l vl'„I(E) . (22)

I dV

This last result follows if we assume that I,~(E) is
independent of i and j in which case each of the N
integrals is identical. We defer to the end of this
section a discussion of the validity of this assump-
tion. By a slight manipulation, Eq. (22) becomes

where I i(E) = Ig, (E)g, (E}dE, and g,. {E)and gj(E)
are the normalized magnet jt." line-shape functions
for ions i and j, respectively. For dipolar inter-
actions, the matrix element V, , is given by

m, l[u; v, —3(a; r;))

x (n& r(, )]/r „l m;m, ), (19)

S I dv
(.(2.) ={(——

I
—) -ew — —„ I vll', „r(z)

e-X /v e-nx

where v ' = n = the density of Cr ions, and
2» +1

d4) d(cos9)
0 -1

(23)

where jtL, =gjLt, ~S; and p, =gp. ~S~ are the magnetic
moments of ions i and j separated by the distance
r„.. Matrix elements of the form

V, , = —,'[( gg~)'/r', ,]{1—3 cos'9„}

x(m(+I, m&lS;S;+S,S;lm(, m&+1) (20)

x r dr 1 —exp —r —
l Vla„I(E) . (24)

0

The effect of extending the radial integral from the
crystal boundary to infinity should have negligible
effect since I

VI2-r ~.

Using Eq. (21) for I Vl~, the expression for }( may
be evaluated using the following change of variable:

will be allowed for all values of external magnetic
field if m; = m, , but the transitions do not conserve
energy if m, 4m, because of the Cr ground-state
quadrupolar splitting. Taking the absolute square
of these matrix elements and averaging over the
four equally probable values of m, , we obtain

x = r 'ri'"/[2v( gp, )' a(1 —cos'9)'I(E)r]"' .

Thus, one obtains

,v[2vr(gna) aI(E—)/II] JL ) (26)
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where

Z= f, d(cose)
~

I -3cos'e~ =8/(3~3)

L = J dx[1 —exp(- x ')]= 1.78 .
0

(28)

The resulting photon-echo-decay factor for an echo
arising from an ng =+ —,

' ground state is

Q'(27) = exp(- 36(gee)'nr'~' [I(E)/h' P ~'] . (28)

For an estimate of the overlap integral I(E) we
shall use the reciprocal of the magnetic linewidth
which may be calculated by a statistical technique
similar to that described above. The full width
at half-maximum (FWHM) for a spin--,' system is
approximately~6

&E=h&vF„„„=15(gee)n . (30)

Writing the Cr density in ruby as n=fno, where
yg0=4. 7x10 cm is the density of Al atoms in
pure sapphire, the photon-echo-decay factor be-
comes explicitly

Q~(2r) = exp[- 11x10'(fr)'~ ], (31)

where f is the fractional Cr concentration, i.e. , (the
number of Cr)/(number of Al plus number of Cr).

Equation (31) exhibits explicitly the r' depen-
dence of the exponential decay which we anticipated
with the solid curves in Figs. 4-7. In addition,
Eq. (31) shows the f ~~ concentration dependence
of the decay constant experimentally observed in
Fig. 9. Furthermore, the calculated value for the
decay constant, K= 11x10'f'~~, is remarkably close
to the experimental value of (5.4+ 0. 5) x10'f '~2

considering the several simplifying assumptions
we have made and our rough estimate of the overlap
integral.

A physical interpretation of the flattening of the
decay curves at large pulse separations, which is
characteristic of the exp(- Kr '

) shape, is readily
given in terms of the statistical variation of local mag-
netic environments in the crystal. Those ions with
higher than average densities of neighboring Cr
ions give rise to the rapid initial photon-echo de-
cay, but at large pulse separations the only ions
left to contribute to the echo belong primarily to
neighborhoods with lower than average densities
of Cr spins and, therefore, with smaller spin-flip
rates. Thus each type of magnetic environment
contributes a characteristic slope to the photon-
echo decay. The composite of all environments
yields the observed curve with a smoothly varying
tangent. The exact ~' dependence which is
calculated is a consequence of (i) the dipole-dipole
nature of the interaction and (ii) the assumption of
a random, statistical placement of Cr ions. For
example, if the interaction were of quadrupole-

quadrupole type then l V I

- 1/r ' and inspection of
Eqs. (24)-(26) reveals that an exp(- Kr' 8) shape
would be predicted. The technique of averaging
over all magnetic environments is applicable even
if the distribution of ions in the crystal is not ran-
dom. If clustering occurs then the probability for
finding a spin in the volume element d V& may be
written as f(r&)dV, /V. For example, if f(r, )=1/r,
the integration variable in the radial integral of
Eq. (24) is modified from r dr= —,'d(r') to —,'d(r ).
Consequently, one would obtain a decay of the
form exp(- Kr'~~). Similar arguments may be
used to examine how the concentration dependence
of the decay constant K depends on the form of the
interaction or on possible clustering of the Cr ions.
All of our data, however, appear to be consistent
with a dipole-dipole interaction and a completely
random distribution of ions in the lattice.

We now briefly return to discuss the possible ef-
fects of the assumptions made earlier. First, the
expression for the spin-flip rate y,. of Eq. (18)
ignores possible three-body and higher-order cor-
relations which may become important for large
values of r;&. The fact that the calculated decay
agrees well with the observed decay indicates that
such correlations are not important for this experi-
ment. Second, the assumption in Eq. (22) that the
overlap integral is a constant oversimplifies the
situation, but since the spin-resonance line shows
little strain broadening, Eq. (22) should be a good
approximation to an average overlap except for very
low concentrations where Cr-Al interactions domi-
nate the experimental linewidth. 2~ Below about
0.01%, the experimental spin-resonance linewidth
is constant, and thus f(E) is also constant, inde-
pendent of concentration, and hence, the decay
constant K will be proportional to f rather than f '~,
i.e. , the decay constant due to Cr-Cr spin flips is
expected to fall off more rapidly with decreasing
concentration in this region. Experimentally we
observe in the 0.006k sample a decay constant
larger than expected even on an f'~ extrapolation
which probably indicates the presence of a residual
decay mechanism at low concentrations, perhaps
due to Cr-Al interactions. Third, the radial in-
tegral in Eq. (24) has as its lower limit r=0, and
consequently, the slope of the echo decay at 7. = 0
is (dQ /dr), 0= —~. This ignores the fact that
there is a minimum distance r „for which Eq.
(18) is valid. This problem is similar to that en-
countered in calculating the spin-resonance line
shape in dilute spin systems in which case a cutoff
is often introduced in the wings of the frequency
spectrum. ' Kittel and Abrahams use a cutoff
frequency of u = 2. 2(gp~) /ha3, where a is the
simple-cubic-lattice constant. In ruby there is
evidence of fairly strong exchange interactions ex-
tending to a distance of r=5. 7 A. Using this radius
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as a lower limit, the cutoff frequency becomes
a = 5&&10 sec ' and identifying Q. with a maximum
spin-flip rate y ~ it is clear from the discussion
of the preceding paragraph that the limiting slope
of the photon-echo decay should be (dQ /d7 )
= —y ~= —2~a. The effect of the cutoff would not
be observable for the pulse separations we have
used, but we emphasize that the exp(-Kv ' ) curve
is not expected to hold exactly as ~ is extrapolated
to zero, and the deviation might be observed by us-
ing much smaller pulse widths and pulse separa-
tions. Extrapolation of the echo-decay curves is
further discussed in the last part of Sec. IV.

C. Spectral-Diffusion Decay Factor

Frequency diffusion has been shown to be a domi-
nant decay mechanism for spin echoes in many
cases. ' O' In this section, we shall examine
whether and under what circumstances this decay
mechanism may be important for photon echoes
in ruby. To describe this type of decay in spin
echoes, a model of "random-frequency modula-
tion" or "frequency diffusion" was first proposed
and applied to the decay of nuclear spin echoes2
and subsequently extended to randomly diluted spin
systems for the case of electron spin echoes. '
In dilute spin systems this model has been very
successful in two types of situations: first, in
cases where there are two different spin species
one of which has a rapid spin-lattice relaxation,
and second, in cases where large inhomogeneous
broadening of the spin-resonance line allows for a
fairly clear distinction between echo-producing
spins and others which do not contribute to the echo
and which cannot make spin-spin flips with the echo
spins but affect them indirectly via the time-depen-
dent local fields. In ruby, however, the spin-
resonance line exhibits very little inhomogeneous
broadening 7 and no other electron-spin species is
present so that the conditions for obtaining a decay
dominated by this frequency-diffusion mechanism
are not generally satisfied. Also, as discussed
at the end of Sec. IIIA, the frequency-diffusion ef-
fects are further suppressed for photon echoes in
ruby because of the relatively small change of
magnetic moment between ground and excited
states. Thus we find for ruby that these frequency-
or spectral-diffusion effects are less important
for optical transitions than the direct spin-flip ef-
fect calculated above.

The computation of the photon-echo-decay factor
R(2~) due to spectral diffusion will be performed in
a manner very similar to that described by Mims
for spin-echo decays in dilute spin systems. Our
expression [Eq. (16)] for this decay factor may be
rewritten

R(2r) = (Re exp(N ' J s(f)(g' —p)

x[B,(t) —B;(0)]dt])„, (32)

where z subscripts (superscripts) are to be under-
stood on p. ', p, and (B,), and the real part of the
exponential is to be taken. The calculation now

proceeds by assuming a simple model ' for the
fluctuations of the local magnetic field variable B,.
First it is assumed that B,(t) has a Gaussian prob-
ability distribution, and therefore the quantity

$, (2r)=I ' J s(t)(p' —g)[B,(t) —B,(0)]df, (33)

which is a linear combination of the B,(t), must
also have a Gaussian distribution. Thus the decay
factor R(27.), averaged only over the subset of ions
denoted by the subscript i, which all have the same
configuration of neighboring spins (as in Sec. III B),
is given by

(R(2v)), =Re f d$, exp[- f), (27)]

x exp[- (t', —t', )2/2o2]/(2v~2)'~

= Re exp[ ig(2-v)] exp[--,'(($, —$, )~) ], (34)

where the mean $, (2v) and the variance ([$,(2v)
—$, (2v)]2) are to be evaluated in terms of the
assumed behavior of B,(t).

These averages over a subset of ions with identi-
cal environments may be replaced by time aver-
ages according to the ergodic theorem, 3 and thus

h (2~) = &5 (») )
/ 2f

s(f) (B&(T+t) —B&(T) )z. dt =0,
(»)

where the T subscript on the ax~ular brackets de-
notes an average over time T. Therefore we find

([f, —
&, ]')r = (t", (2r) )r

&& (B((T+t )B((T+t ) )r ~ (36)

The second assumption of the model is that this
autocorrelation function of B,(t) is typical of a
Markoff process'0'"'" and is therefore given by

(B,(T+f")B,(T+f') )r = &, exp(- r ~

&" —t'I ) .
(37)

A motivation of Eq. (37) and estimates of the quan-
tities y and 02 are reserved for the Appendix where
we identify y with an average spin-spin flip rate in
the crystal and show that e, is related to the size
of the local magnetic field fluctuations at ion i.

The integrals in Eq. (36) may now be evaluated
to obtain
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2

&~', (2r)), =4
& HC(r),

where

C(r) = yr (-I —e-"')- -,'(1- e "')' .

(36)

(39)

directly, and that the contribution from spectral dif-
diffusion is negligible. The experimental evidence
of a possible exception to this general behavior is
analyzed in Sec. IV.

IV. INTERPRETATION OF OTHER DATA

Thus the echo-decay factor for the subset of echo
ions with the configuration of neighbor spins denoted
by the subscript i is given by the real quantity

(B(2 't), =cry(-2 @ a', c(~)).
(~'- u)'

(40)

For the quantity 0, , as described in the Appendix,
we shall take an upper limit of the form

o'& =4 (gp&) Z&(1 —3cos 8&&) /ro (41)

With this form for o, it is clear that the average
of &R(2r) ), over all environments may be performed
by the statistical technique of Sec. III B. The re-
sult is

«R(2r)), )=e ~',
where

(42)

X'= [(&10)vlstf1gu, (u' u)~L-[C(r)/y']"', (43)

and as in Sec. IIIB,
z= 6/(3&s ) (27)

L=-1.78 . (26)

Using for y a value equal to one-third of the cal-
culated spin-resonance linewidth, as described in
the Appendix, the photon-echo-decay factor due to
spectral diffusion is

((R (2r)) )= exp[- 3. 2x10 (f/y)[C(r)]
(44)

where f is the fractional Cr-ion concentration.
The quantity C(r) of Eqs. (39) and (44) is identi-

cal to that obtained in Ref. 20 where a more detailed
discussion is given of the shape of the resulting
(spin) echo decays and of some of the assumptions
involved in the application of this Gauss-Markoff
model. We emphasize here that most of our data
falls in the transition regime where yz =1 in which
the shape of the decay changes from the limiting
forms exp[-K(ft)3~~] for r«1/y to exp[-K(ft}' ]
for r»1/y. In this intermediate case the shape
appears nearly as a simple exponential in r, and
the decay constant is approximately linear in the
concentration f in contrast to the f'~~ dependence
experimentally observed. In general the predicted
spectral-diffusion decays are considerably sl.ower
than the observed photon-echo decays in spite of
the fact that we have used upper limits for o ~ and
y. A numerical example is given in Sec. IV.

Thus we conclude that generally the photon-echo
decay in ruby results from spin flips of echo ions

where

= [(gee) /r ](bein'8, ~+csin 8„cos 8,~),
(47)

b=g for m, =+-,' and 8~=2. 06kG

for m, = —
&, +» and B0=2.06kG1 3

=0 3for m, =- —,

c=Q for m, =+-,', +-, and 80=4. 12 kG

1 30 fol mg = —
gy

—g

Consequently, an enhanced decay is expected in
these states at these two fields. We have already
noted, however, that the crossing states, ——,

' and
+ -', at 2. 06 kG and + -', and + -', at 4. 12 kG (see Fig.

In this section we shall analyze, in terms of the
calculations of Sec. III, the faster decays observed
in a noncrossing state at the 2.06-kG level-cross-
ing field and the anomalously slow decay observed
in one sample under special laser-sample reso-
nance conditions. Also, in this section we shall
compare our photon-echo-decay data with spin-
resonance linewidth measurements taken over a
similar range of concentrations in ruby, and finally
we comment on the behavior of the echo decay in
small magnetic fields.

The enhanced decay in the (+-,'-+-,') transition
at 2. 06 kG, as shown in Figs. 8 and 9, is readily
understood in terms of the direct spin-Qip decay
calculated in Sec. III B. The matrix elements of
Eq. (20) included only those representing spin
flips which are allowed for all values of external
magnetic field, but at 2. 06 and 4. 12 kG other flip-
flop transitions do conserve energy. Specifically,
at 2. 06 kG matrix elements will be allowed of the
form

3 . 2—,
' sin g&&

x (m, +1, m~+ 1~ SjSf e "+S,S&e' '
~ m, , m& )

(46)
and at 4. 12kG

& sine,
& cosa, ~

x (m, +1, m&~S;S~e '"

+ rS',e'"
~ m, , m. ) . (46)

These give additional contributions to Eq. '21) of
the form
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2), exhibit a greatly modified decay due to Cr-Al
magnetic interactions' which obscures any addi-
tional Cr-Cr spin-flip decay. But the decay of the
noncrossing state, +-,' at 2. 06 kG, may be used to
test the predictions of the spin-flip-decay model.
The additional contribution to the decay constant
for the (+-, -+-,') transition at 2. 06 kG due to the
terms of Eq. (47) is easily evaluated by the tech-
niques of Sec. III B, and the decay has the form
exp(- K r '~ ). The predicted dependence on r '~2

agrees well with the observations as shown in Fig.
8. The calculated decay constant K of the in-
creased decay is related to the field-independent
decay constant by

ff'(Bo —2, 06 kG) = 2. 54K(BO e 2. 06 kG). (48)

Thus the total decay constant at 2. 06 kG would be
&«, = 3. 54Ã(BO t 2. 06 kG). This additional decay
occurs because of the level-crossing degeneracy
so that it vanishes rapidly as the field is raised or
lowered from 2. 06 kG. Thus the spread in local
magnetic fields of 10 G or more, depending on con-
centration, tends to dimish the amount of increased
decay which occurs. Experimentally, as seen in
Fig. 9, curve (b), the decay constant at 2. 06 kG is
enhanced by an average of about 50lo. The in-
creased decay also shows the characteristic n'
concentration dependence typical of this direct spin-
flip-decay mechanism. Furthermore, the decay at
2. 06 kG is enhanced much less than 5070 in the
0.006 jp sample which confirms the prediction made
at the end of Sec. III B that the Cr-Cr spin-flip de-
cay should fall off very rapidly at concentrations
below about 0. 01/p. The increased decay at 2. 06
kG in the (+-,'-+ —,') transition can only result from
Cr-Cr effects whereas it is now apparent that there
is a residual decay mechanism, not due to Cr-Cr
interactions, which accounts for the faster than ex-
pected decay observed at 2. 7 kG in the 0. 0067&
sample.

Second, we discuss the anomalously slow decay
observed for the (+-,'-+ —,') echo in the 0.03/o sam-
ple as shown in Fig. 10. We recall that this slower
decay is observed only when the laser is tuned to
the long-wavelength side of the absorption line,
whereas the normal decay is observed near the
center and on the short-wavelength side. We pro-
pose that these ions in the long-wavelength wing
of the optical line have Larmor-precession fre-
quencies which also are shifted so that they do not
readily undergo flip flops with ions from the main
part of the line. This appears plausible from the
following argument: It is known that the exchange
interactions between near-neighbor Cr ions give
rise to optical-pair spectra '~ which are shifted
to longer wavelengths, so that the spectra of the
more distant neighbors, weakly exchange coupled,
probably lie within the inhomogeneous R, line but

shifted slightly toward the red from the line center.
There is, in fact, evidence from spin-resonance
spectra ' that fairly strong exchange interactions
extend to the 10th- or 11th-nearest-neighbor shells
corresponding to a distance of about 5. 7 A in ruby.
Because the spin-resonance frequencies of these
pairs are shifted, ' ' they do not readily undergo
spin flips with single-ion spins. Thus the direct,
spin-flip decay for photon echoes arising from these
pairs will be inhibited. The indirect, frequency-
diffusion decay for these pairs should, however,
be nearly unchanged so that this slow decay may
result predominantly from the diffusion mechanism.
The solid curve for the (+-,'-+-,') data in Fig. 10 is
a fit of the data to a decay of the form given in
Eq. (44). A good fit occurs with y=4&&10 sec '
as given in Eq. (A7), but with a decay constant of
5. 25f &10' sec which is 65/o larger than our cal-
culated Upper estimate. Although our estimate
may be in error by this amount, we cannot preclude
the occurrence of even slower decays farther into
the wing of the optical line. Lack of sufficient
la.ser tunability also prevented us from determining
whether the same effect occurs in the long-wave-
length tail of the (- -', - —-', ) transition as this in-
terpretation predicts. If, however, our suggestion
is correct, this experiment constitutes, to our
knowledge, the first evidence of the presence of
long-range pair spectra. within what is usually in-
terpreted as the inhomogeneously broadened single-
ion R& line. The data for the 0. 1/0 sample also ex-
hibit a slower decay for the (+-', -+-', ) transition and
the same explanation as for 0.03% may apply. How-
ever, the exact laser-sample resonance was not
determined so that a definite conclusion is not pos-
sible for this sample. An alternative but less
likely explanation of this slow decay requires an
assumption that the ions in this part of the line
have neighborhoods with a much lower Cr-ion den-
sity than characteristic of the rest of the line. An
average density roughly equivalent to that of the
0.006% crystal is required. There is, however,
no evidence of a concentration-dependent shift of
the R, wavelength, and thus we believe this explana-
tion to be improbable.

Third, we consider the limiting photon-echo-de-
cay behavior in small magnetic fields. The theory
of Sec. III assumed the presence of a large static
external magnetic field in the sample, and is ex-
pected to be applicable as a description of Cr-Cr
effects as long as Bo» B, = (g/r 3),„. In the darkest
sample, 1.2/p, the average local field due to neigh-
bor Cr ions is approximately 50 G so that the analy-
sis should be generally applicable for external
fields larger than about 500 G. This estimate ig-
nores possible Cr-Al effects, however, which are
in fact important at fields of 1 kG and slightly
above. A detailed density-matrix analysis of the
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effects of the Cr magnetic interaction with the 13
nearest-neighbor Al nuclear spins is to be pre-
sented in a subsequent paper. 32

Finally, since the photon-echo decays are ac-
counted for in terms of magnetic dipolar interac-
tions in the Cr ground state, it is instructive to
compare our results with spin-resonance experi-
ments in ruby. If we obtain an approximate decay
rate R = 1/T from an exponential fit, e '~, to the
observed decays, the corresponding linewidth due
to spin flip flops is nv= R/2v. The widths inferred
in this manner are more than an order of magni-
tude smaller than measured spin-resonance line-
widths ~ for all Cr concentrations we have used.
As an example, we would infer a linewidth for our
0. 1V% sample (atomic-fractional concentration
f= 1.lx10 ~) of av=2. 6 MHz. This compares with
a spin-resonance linewidth of 26 MHz for a sample
with f=0. 92&&10 obtained by Manenkov and Fed-
erov. Theoretical linewidth calculations "3 in-
dicate, however, that the off-diagonal flip-flop con-
tribution to the spin-resonance linewidth should be
about one-third of the total when static inhomoge-
neous broadening of the line is negligible. The ap-
parent discrepancy results from the use of the ex-
ponential decay approximation to the data. We
have seen that the exp(-Kr '

) form gives a better
fit to the photon-echo-decay data but in this case
the resulting linewidth is not readily inferred.
This simply reflects the fact that one ought not to
ascribe the same homogeneous linewidth to the
high- as well as the low-density magnetic environ-
ments. A more appropriate comparison with spin-
resonance linewidths may be time required for the
number of participating echo ions to fall to No/e,
where No is the initial number at y=0. Since the
echo intensity is proportional to N, this is equiva-
lent to the time for the echo intensity to fall by a
factor of (1/e) . Denoting this time by To and as-
suming that the exp(-Kr '~2) form holds as r-0,
we obtain

av = 1/2v To = K /16v, (49)

where K is the decay constant of the exp(-Kr'~3) fit.
The values of zv obtained in this way are close to
the expected one-third of the spin-resonance widths
for concentrations above approximately 0. 1$. For
lower concentrations the comparison is not mean-
ingful since Cr-Al interaction broadening dominates
the spin-resonance linewidth. Thus we find, for ex-
ample, for the 0. 17/0 sample bv=9. 9 MHz, and
Manenkov and Federov obtain hv= 26 MHz for their
f= 0. 92&10 3 sample. The existence of the cutoff
radius discussed at the end of Sec. III B and the
consequent maximum (negative) value of the slope
of the decay curve does not appreciably affect the
exp(- Kr'~2) extrapolation. The effect is largest for
the 1.2% sample where our estimated maximum slope

of A ~ = —5 x 10 sec ' is reached at v. = 0. 2 nsec.
As a result the estimate of bv on the basis of Eq.
(49) would be lowered by less than 10/0 for this
sample. Lower -concentration samples reach the
limiting slope at even smaller values of ~ so that
the correction would be less.

Recently, Szabo has used a laser-induced fluo-
rescent-line-narrowing technique to obtain a homo-
geneous optical linewidth for the R, (s-,'-+ —,') transi-
tions in 0. 1/0 ruby. With a 420-G field parallel
to the optic axis, he obtains bv = 32 MHz which is
considerably larger than the upper limit of b, v
= K /16w = 2. 4 MHz which we may infer for our 0. 1%
sample. This comparison suggests that there ex-
ists some mechanism, possibly optical spectral
diffusion, ~ which is rapid enough to broaden the
fluorescence line on the time scale of 4 msec but is
too slow to be observed on the 100-nsec time scale
of the photon-echo observations.

V. CONCLUSIONS

We have demonstrated first the feasibility of
making direct photon-echo-vs-pulse-separation
measurements using a single-pulsed laser, plus
an optical delay line. These experiments used pulse
separations as short as 30 nsec but the technique
is capable of much shorter pulse separations since
much shorter laser pulse widths are available.
This contrasts with miminum pulse widths of about
1 p.sec available in spin-echo measurements. It
is interesting to note that spin echoes in ruby have
been observed in samples of 0. 005%%u(; Cr concentra-
tion but could not be seen' in samples of 0.05/g Cr
so that the important region of concentration for
studying Cr-Cr interactions is inaccessible to a
spin-echo study, i.e. , the decays are too rapid even
to observe a spin echo.

Second, we have shown that the observed decays,
with the exception of the lightest sample, are de-
scribed very well in terms of a model of spin flips
of echo ions due to dipolar spin-spin interactions.
The agreement extends over a wide range of sample
concentrations and of magnetic fields and is gen-
erally applicable to photon echoes from randomly
diluted spin systems. Because of this good agree-
ment of the experimental results with the predic-
tions based on magnetic interactions, we conclude
that optical energy transfer between single ions
must be somewhat slower. ' This is consistent with
an inferred energy-transfer rate between single
ions of 10' sec ' for 1/o ruby compared to our ob-
served photon-echo-decay rate in the 1. 2%%uo sample
of 1.1x10 sec ' when fitted to a simple exponential
decay. More generally we conclude that spin-spin
decay mechanisms will be very strong in spin sys-
tems at these concentrations unless simultaneous-
ly (i) the spin system has a large inhomogeneous
broadening to suppress the direct spin-flip effect
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and (ii) the optical transition has a magnetic
moment change n(g ) which is very small and

therefore suppresses the frequency-diffusion mech-
anism.

Finally, we have concluded that the direct spin-
flip process is inhibited for ions in the long-wave-
length tail of the sample absorption line, since a
slower photon-echo decay is observed with the
laser tuned to this part of the line. This behavior
was explained in terms of the presence of the opti-
cal spectra of weakly exchange-coupled Cr ions,
or long-range pairs, in the tail of the inhomoge-
neously broadened single-ion R, line.
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APPENDIX

In this Appendix we wish to motivate and make
estimates of the quantities o, and y of Eq. (37) in
terms of the spin flip-flop dynamics and compare
the estimates with those which hold when spin-
lattice relaxation dominates. Writing the local
field 8, as the sum of contributions from the neigh-
boring spins, we obtain

&B((T+t")B((T+t')&r =2 (B(&(T+t")B(((T+t') &r .
(A1)

For spin-spin flip flops the only terms which are
not uncorrelated are

5 (&B(&B(&)+ &B(&B(&, &+ &B((,B(& ) + &B((,B((, &),

(A2)
where we have dropped the arguments of the 8's for
the moment, and where ions j and k undergo the
flip flop. But in this case p, &p,„' is constant so that

&u, (T+ t")u, (T+ t') &r = —&u&(T+ t")u&(T+ t')&„

(A3)

where the z superscripts are understood. Thus we
obtain

&B,(T+t")B,(T+t') ),
= +~

& u&(T+ t")u, (T+ t') &rj (:0

1 —3 cos 8„1—3 cos 8„A4
(X

When spin-lattice relaxation dominates, the cor-
responding expression is

(B,(T+ t")B,(T+ t') ),
=Z &u&(T+t")u&(T+t')& r(1 —cos~8(&)2/rs(& .

(A5)

For the case of spin-spin flips the size of the Quc-
tuations in B, are r duced because the field change

due to the spin flips of spin j is opposite to that of
spin k. However, the principal contribution to the
fluctuations comes from the near neighbors of ion
i in which case the difference in the field change,
due to spins j and k, is not much less than that due
to one spin alone. For example, if r„=2r„, then,
because of the 1/r dependence, nB(& —t(B(„=8nB(&-
Thus we have chosen to use the expression (A5) to
make an estimate of the spectral-diffusion effects
because it is much easier to work with than the
double sum, Eq. (A4).

Second, to estimate the correlations of the mag-
netic moments &u&(T+ t")u&(T+t') ) of Eq. (A4) we

shall assume that they are described by a Markoff
process, and thus

&u, (T+t")u, (T+t')&,= &u&(o) ) e "' '

where for an S=-, system &u&(0)) =4 (gu(() . We
shall identify y& with y the average spin-spin flip
rate in the crystal. This assumption ignores the
fact that yz varies from one ion j to the next accord-
ing to the location of its neighboring spins. This
contrasts again with the situation for spin-lattice
relaxation where y may be identified with the spin-
la.ttice relaxation rate T&' independent of the mag-
netic environment. We shall relate y to calculated
magnetic resonance linewidth due to dipolar broad-
ening. The contribution from the off-diagonal,
flip-flop matrix elements to the square root of the
second moment of the resonance line is approxi-
mately one-third of the total. We shall assume
that the same ratio applied to the actual linewidth
and, therefore, take 6

y= —',6(up„„„=—,'(7. 6n/5)(gu(() =2x10 fsec ' .
(A7)

The considerations of this Appendix have been
presented in very qualitative fashion but the esti-
mates should be sufficient at least to set an upper
limit for the magnitude of the spectral-diffusion
decay in ruby.
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