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In a series of transition-metal binary alloys, as the average electron-to-atom ratio y de-
creases from 6.0 to 4.0, the measured electronic-specific-heat coefficient ~, and with it the
average Fermi density of states n(Ez) rises to a maximum near 3) =4.4. From an analysis of
the coupled results of low-temperature calorimetric and magnetic susceptibility measurements
it has been shown in a previous paper that, at least for the Ti-Mo system, the maximum in
average n Iz) was induced through the influence of submicroscopic metallurgical inhomo-
geneities (clustering and second-phase precipitation) present in the as-quenched 5 & 4.3 ma-
terial, and was not a property of the (hypothetical) single-phase bcc alloy. In addition, it was
demonstrated that were it not for this precipitation, the effects of which became increasingly
noticeable as 5 decreased below about 4.3, &(E&) wo~pld otherwise increase monotonically as
p decreased from 6.0 to 4.0. In this paper, which is an extension of that work, the super-
conducting behavior of Ti-Mo is explored. The results of calorimetric measurements yield
both a superconducting transition temperature T~ and a Debye temperature O~ which (through
the elastic constants c&&) may be related to lattice stability. Again, if we postulate the exis-
tence of single-phase bcc Ti-Mo alloys, in which precipitation for p & 4.3 has been inhibited,
a semiquantitative argument shows that T, should also increase monotonically with decreasing

As a generalization of this result, it is suggested that in the well-known double-humped
curve of T, vs p for transition-metal binary alloys the local maximum near p =4.4 is induced
(or at least strongly contributed to) by microstructural effects, rather than being a property
of single-phase bcc alloys. Finally, a connection is made between the superconducting be-
haviors of transition-metal binary alloys, which might be regarded as low-perturbation sys-
tems, and the tightly bound transition-metal-nontransition-metal intermetallic compounds,
for which the very opposite is true. The coupling parameter is "lattice stability" which de-
creases with decreasing p, in the range under consideration, for both the alloys as well as
the compounds. The increase of Tc with decreasing & generally terminates at the edge of
the regime of phase stability (e.g. , at the low-concentration limit of the equilibrium single-
phase bcc field, in the case of Ti-Mo alloys).

I. INTRODUCTION

We offer the following discussion of relationships
among superconducting transition temperature
(T,), Debye temperature (On), electron-to-atom
ratio (S ), and phase stability of transition-metal
binary (T, -Tz) alloys, to complement some pub-
lished studies by the Bell Lab' and Qrsay groups
on superconductivity and lattice stability in the
P-W intermetallic compounds. A connection be-
tween these two classes of materials with regard
to superconductivity has already been made by
Matthias, 3' whose remarkable T,-vs- h rule em-
braces indiscriminately both low-perturbation al-
loys and tightly bound intermetallic compounds.

For several years we have been examining the
superconductive, microstructural, electronic, and
mechanical properties of the Ti-Mo alloy system
as a representative of the set of "near-adjacent"
transition-metal binary alloys in the electron-to-
atom ratio range 4-6, based on group-IV transition
elements. Included in such a set of alloys (desig-
nated Ti —Tz, Zr —Tz, etc. ) are the technically

important superconductors Ti —Nb and Zr- Nb.
We emphasize at the outset that the metal-
lurgical and superconducting behaviors of all such
alloys cannot be represented completely by any
single system, but that they do possess some im-
portant common characteristics which can be use-
fully discussed with reference to the properties of
a prototype system, such as Ti-Mo, which we
have studied in great detail.

At sufficiently high temperatures Ti-Mo alloys
are all single-phase bcc (P). In equilibrium at,
say, 300'C a two-phase [hcp(n)+ P] structure oc-
cupies most of the 8 range 4 to about 4. 4; but on
quenching those alloys from the P field to room
temperature, a sequence of nonequilibrium struc-
tures appears. This behavior is summarized in
Fig. 1. The ~-phase referred to in Fig. 1(c) is
a precipitate, hexagonal in crystal symmetry,
which in the as-quenched alloys is submicroscopic
in size (-100 A diam) and which occurs with in-
creasing density as the solute concentration de-
creases toward the M, line. The phase trans-
formations of course express the instability of the
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P structure (8T, „,&4. 2) at room temperature and

below; however, in a discussion of lattice stability
and related effects it is important to be able to
estimate the properties of single-phase P alloys
alloys (& S4. 2) for comparison with those in the
quenched, and even in the equilibrium states.
This we do with the aid of various extrapolation
procedures, some of which are terminated at M„
since at about that point one of the extrapolated
elastic shear moduli [viz, —,'(c« —c&s)] vanishes.
We will refer to single-phase P-Ti-Mo alloys, at
room temperature, in the composition range
0-15-at. % Mo as "unstable. " They will be divided
into two classes: those below the M, composition
(4-,'-at. /p Mo) will be referred to as "absolutely
unstable, " since for these the extrapolated elasti
constants yield c«& c», mhile those in the range
5 & at. % Mo & 15, which, although normally un-
stable, do not yield unphysical elastic moduli, will
be designated "virtual" P-Ti-Mo.

The numerous investigations of the low-tempera-
ture calorimetric properties of transition-metal
binary alloys, including the Ti-Tz, etc. , systems,
have been comprehensively reviewed by Heiniger,
Bucher, and Muller. ' Characteristic of all curves
of electronic-specific-heat coefficient (y) vs s for
such alloys is a pronounced local maximum occur-
ring near & =4.4. Based on magnetic and calorim-

FIG. 1. (a) Portion of the Ti-Mo equilibrium phase
diagram. (b) Representation of the structures present
in Ti-Mo alloys after quenching from, say, 1000 'C to the
temperatures indicated. The martensitic structure (e')
forms spontaneously on quenching. The occurrence of &

phase has some time dependence and cannot be adequately
represented on such a diagram. (c) Structures observed,
or deduced, to be present in 30-g ingots after quenching
into iced brine. The upper concentration limit of ~ phase
is somewhat uncertain since there is in fact no sharp upper
boundary to the (p+(d) regime of structural fluctuations.

etric studies of the Ti-Mo system, ' we assert
that this maximum is induced, at least in part, by
the presence of (d phase which occurs in the as-cast
or as-quenched alloys within the concentration
range for which & ~ 4. 3. The measured y is an
average of y~ and the much smaller quantity y„.
We have also argued' that were the alloy to persist
in its single-phase P form, then y, and with it the
Fermi density of states n(E~), would continue to
increase montonically as 8 decreased below about
4. 3. In this paper, we commence with an outline
of the empirical procedure used to perform this
extrapolation of y and n(Es) for virtual P-Ti-Mo,
and go on to show how the technique can be extended
to include T, and the low-temperature calorimetric
Debye temperature So. We conclude by discussing
the results in terms of the relationships between

T„OD, and lattice structure and stability, with
b as a parameter.

II. EXPERIMENTAL DETAILS

A. Specimen Materials

Ti-Mo specimens, herein designated TM-1 to
TM-70 (where the numbers refer to the nominal
Mo concentrations in atomic percent) were cut
from well-homogenized arc-melted ingots prepared
from high-purity starting materials. The chem-
ically analyzed Mo concentrations are listed in
Table III. To obtain reproducible microstructures,
the alloys were all annealed at 1300 C for 8 h in a
Ti-gettered-argon environment, and quenched into
iced brine. The specific-heat specimens weighed
about 30 g, while those for the magnetic suscepti-
bility measurements were typically 200 mg. Small
pieces mere also removed for optical and electron
mic roscopy-

B. Experimental Techniques

As in two of the authors' previously described
studies of the Ti-Mo system, '~' "the principal
experimental technique used was low-temperature
calorimetry, which yields not only y and a low-
temperature o"D, but, under favorable conditions,
a super conducting transition temperature T, . The
three quantities y, Q~, and T, so obtained are all
interrelated. In addition, from the relative height
of the specific-heat jump [n(C/T)/y] at T, it is pos-
sible to derive an estimate of the fraction of the
sample which goes superconducting at about that
temperature. It is important to note that in the
quenched two-phase (P+ w)-Ti-Mo alloys, the
superconducting transition was bulk. This property
of (P+ ~)-phase alloys, which owes its origin to
superconductive proximity effects, is to be dis-
cussed in a subsequent paper.

Magnetic susceptibility was measured by the
Curie technique with reference to a specimen of
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TABLE I. List of approximate relationships used in

the derivation of T,/8D for virtual P-Ti-Mo alloys.
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See also E. W. Collings and J. C. Ho, Phys. Status
Solidi ~43 K123 (1971).

After J. Bardeen, L. N. Cooper, and J. R. Schrieffer,
Phys. Rev. 108, 1175 (1957); and P. Morel, J. Phys.
Chem. Solids 10, 277 (1959).

'See, for example, A. M. Clogston et al. , Phys. Rev.
Letters 9, 262 (1962).

These are the dominant susceptibility components.
For a full discussion of susceptibility components of some
transition metals, see E. W. Collings and J. C. Ho,
Phys. Rev, B 4, 349 (1971).

The primary aim of the experiment was to derive
an estimate of the b dependence of T, for virtual
p-Ti-Mo alloys. The required T, values were de-
duced from a semilog plot of T, /Sn vs (0. 212 y)

'
after having first obtained a set of y values for

high-purity Pt whose susceptibility (0. 977
uemu/g at 293 K) and susceptibility temperature
dependence (6. 3x 10 '0 emu/g K within 260-300 K)
have been given by Budworth et al. ' Measurements
were made both at room temperature and, as func-
tions of temperature in the high-temperature P
regime, up to about 1400 K.

III. RESULTS AND ANALYSIS

virtual P-Ti-Mo. These were acquired in a manner
described in detail elsewhere' and outlined in
Sec. III C. The procedure used was to combine the
results of low-temperature calorimetry [y-n(E~)]
and room-temperature magnetic susceptibility
[(y,~„-n(Ez)] for quenched Ti-Mo (~ 20-at. /p Mo;
equilibrium P) alloys, with extrapolated room-tem-
perature magnetic-susceptibility data for virtual
p- Ti-Mo (s 4. 3) deduced from experiments per-
formed in the elevated-temperature equilibrium-p
field (Fig. 1).

A. Formulas and Approximations

The expressions used in analyzing the experi-
mental data are listed in Table I, the quantities and
units employed therein being defined in Table II. A
Bardeen-Cooper-Schrieffer (BCS) ' expression, as
modified by Morel, '4 is employed to relate T, to
the other experimental quantities. Our justifications
for using the BCS-Morel equation are as follows:
(i) It is directly applicable to the calorimetrically
measured quantities. (ii) In Ti-Mo the supercon-
ductive electron-phonon coupling, although not
weak, is certainly not strong. (iii) It is felt that
the level of approximation involved in using such a
model to describe the superconductivity is consis-
tent with that existing elsewhere in the analysis,
viz. , in the use of the conventional free-electron
expressions to relate y„„and y to n(E~), and hence
to each other. And (iv) the goal of the experiment
is not to derive exact numbers for T, but rather to
obtain a semiquantitative estimate of T, as a func-
tion of decreasing ~ in virtual P-Ti-Mo, for com-
parison with the behaviors of other properties, and
other materials, in the same p range.

B. Relationship between T, /8D and y

The modified BCS-Morel relationship between
the calorimetrically derived quantities T„&~D,
and y [Table I, Eq. (5)] shows that a semilog plot
of T,/OD vs (0. 212') will be linear for a series of
alloys if V~, = const. Figure 2, constructed from
rows 4-6 of TableIII, demonstrates that the rele-

TABLE II. Definitions of symbols and units employed in Table I.

Symbol

X

Xafb

Xspla
'y

'V

n (Eg)
Cp

Tc

V

Quantity

Measured magnetic susceptibility
Orbital paramagnetic susceptibility
Pauli spin paramagnetism
Measured electronic-specific-heat coefficient
Above, after correction for many-body effects
Fermi density of states for one spin direction
Debye temperature
Superconducting transition temperature
Electron-phonon coupling constant
Electron-(phonon)-electron pairing potential

Units employed

pe mu/mole
@emu/mole
@emu/mole
m J/mole deg2
m J/mole deg~

(states)/eV (atom)
K
K
number
eV (atom)
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vant data for TM-7 through TM-40, together with that
for hcp(o. ) Ti, do indeed lie close to a straight line
whose slope yields V,»= 0. 26 eV atom. Figure 3,
an enlargement of the low-concentration end of Fig.
2, indicates that by a short extrapolation, values of
T, /8o for virtual P-Ti-Mo are available, provided
that the corresponding y values can first be ob-
tained.

C. Extrapolation of the n(EF )-Related Quantities

A full description of the procedure used to ex-
trapolate y into the virtual P-Ti-Mo regime has ap-
peared in the proceedings of the Electronic Density
of States Symposium, so that only a brief outline
of the method used will be given here. The con-
secutive steps taken in the data analysis for y are
described by Table III. Recognizing that the slope
of the BCS-Morel plot (Figs. 2 and 3}provides suf-

x = x(r'} +x.„,
where

(9I)

(10')

From the results of magnetic and calorimetric ex-
periments performed on the quenched alloys TM-
20to TM-100, whose structures are single-phase
bcc, Eqs. (9) and (10) are employed to evaluate

„whose" estimated composition dependence
is presented in Fig. 4. The successive steps
taken in this part of the analysis are de-
scribed by rows 4 and 7-10 of Table III. Using

ficient information to correct for many-body effects
over the whole alloy concentration range (as in the
second section of Table I} the heart of the extrap-
olation procedure for y is the pair of Eqs. (9) and
(10) of Table I in the form
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room-temperature-susceptibility values for un-
stable p- Ti-Mo, obtained by extrapolating back the
almost-temperature-independent elevated-tempera-

ture susceptibility data, reapplications of Eqs. (9)
and (10) yield the required values of y for unstable
P-Ti-Mo. These steps are delineated in the final
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TABLE IV. Estimation of Tclp for virtual bcc Ti-Mo alloys, and selection of corresponding pairs of values of T
and Op.

Alloy
designation

bcc-Ti

TM-5
TM-7
TM-8%

TM-10
TM-15

2

Estimated y for
dilute P Ti-Mo
from Table III

11.60

9.76
9.18
8. 74

8.40
7. 56

3
Corresponding T,/ep

ratio from
Fig. 3

0. 032p

0. 0244
0. 0218
0. 0198

0. 0182
0. 0146

Selected
Owp

200

207
220
232

243
281

T from
T, = (Tgen) O~D

6.4)

5. 05
4. 8p

4. 59

4. 42

4. 1p

Data extrapolated into the &' range 0 ~ [Moj & 4. 5 at. io must be interpreted with considerable caution, e. g. , when
calculated from extrapolated c&& values, ep for Ti-Cr is certainly unphysical within 2. 7 ~ [Cr] «4. 5 at. %.

four rows of Table III.

D. Qualitative Behavior of T,

The y's derived in the manner outlined above may
be applied to Fig. 2 in order to obtain T, /Op for
virtual P-Ti-Mo alloys. The values so deduced are
presented in Table IV, column 3. Note that, with
the exception of P-Ti which is listed for reference,
alloys within the absolutely unstable regime are not
tabulated. The problem which next arises is the
estimation of the behavior of T, itself in the virtual
P-Ti-Mo regime, i. e. , the extraction of separate
sets of values of T, andOp.

Important data from Table III which are presented
in Fig. 5 are (i) directly measured and extrapolated
values of y and X —curves a and b, respectively,
and (ii) the directly measured values of T, and Oo
curves c and d. It is suggested that the scaling
exhibited by the directly measured quantities y, y,
and T, should also be a characteristic shared by
the extrapolated curves. In other words, we sug-
gest that T, for virtual P- Ti-Mo continues to in-
crease monotonically; and that the local maximum
at 8 =4. 3, observed in the results of the direct
measurements (on P and P+ &u alloys), is induced
by the &-phase precipitation in the lower-concen-
tration alloys. This conclusion is confirmed by
the results of a separate set of experiments on TM-
j.0, in which ~-phase precipitation is incomplete in
the as-quenched alloy. By carrying out directly
what is in principle the converse of the above ex-
trapolation procedure we have shown, in a series
of "aging" experiments, ' that T, continues to de-
crease as the (d-phase precipitate develops.

As a first step in obtaining semiquantitative esti-
mates of extrapolated T„we consider the T, /8D
ratios listed in Table IV, column 3; with the pre-
liminary assumption that the extrapolated Op is con-
stant and equal to the minimal directly measured
value (viz. , 295 K for TM-15). In this case the
locus of extrapolated T, seems excessively high

(rising to 7. 2 K at TM-5). To obtain a more con-
servative estimate of T, we should allow for a pos-
sible decrease in 8 p; behavior which itself could
be interpreted as being indicative of a softening of
the lattice in the unstable regime. At this stage it
is appropriate, both for the present purpose and for
future use, to consider in more detail the behavior
of O p in unstable p- Ti -Mo and similar alloy sys-
tems.

E. Debye Temperature HD in Low-Concentration Ti-T2 Alloys

Calorimetric measurements of the type described
above (e. g. , Refs. 7 and 17) are the only sources
of information relating to Sp in Ti-Mo. Fortunately,
however, for a closely related system Ti-Cr, a
comprehensive set of elastic-constant data is avail-
able through the work of Fisher and Dever, ' who
have measured the elastic constants c,&

of that sys-
tem both at room temperature and as functions of
temperature in the elevated-temperature P regime.
From such c,&'s, very reliable values of Op are
easily calculable by Anderson's method. ' Moreover,
it is also possible to calculate "extrapolated" 8p's
for alloys in the unstable regime, by inserting in
Anderson's formulas room-temperature values of
the c&&'s obtained by extrapolation from the elevated-
temperature single-phase field. Thus, the elastic-
constant-based analysis serves to complement the
low-temperature calorimetric 8p data by yielding
Op values for structures inaccessible to low-tem-
perature techniques (in much the same way that our
magnetic-susceptibility measurements complemented
the low-temperature electronic-specific-heat work).

From Fisher and Dever's' published data for the
elastic constants of five Ti-Cr alloys, plots of the
temperature dependences of c«, cqq, and c44 have
been drawn as in Fig. 6(a); also values of 8~,
calculated by Anderson's method and tabulated in
Appendix A (Table VI), are plotted in Fig. 6(c).
Using the linearly extrapolated elastic constants
of Fig. 5(a), the concentration dependence of 8n



4442 CQLLINGS, HO, AND JAF FEE

in unstable Ti-Cr was explored. The results of
the computations, outlined in Appendix B, are
shown in Fig. 6(b). Of pa, rticular interest is the
rapid drop in O~ just below the compostion for
which c«= c~z (viz. , 5. O~-at. % Cr, according to
Table VII in Appendix B). As discussed in Appen-
dix C this is associated with the threshold of mar-
tensitic transformation which occurs between 5-
and 6-at. % Cr. At lower solute concentrations
than this, i. e. , in the absolutely unstable regime,
8 D for P-Ti-Cr is unphysical.

F. T, and 0& for Ti-Mo

Returning now to Ti-Mo, pairs of values of T,

and O~ are selected, as listed in Table IV, using
smoothness as one criterion. That is to say, T,
may be extrapolated into the unstable regime as a
smooth continuation of the directly measured
stable-P locus [Fig. 5, curve c) provided that,
from about & =4. 3, O~ is permitted to drop so as
to form a smooth low-lying branch in the manner
illustrated in curve d of Fig. 5. The data are re-
plotted in Fig. 6(c) alongside that for Ti-Cr in
the same b range. In Appendix C we present argu-
ments to the effect that this pair of curves shows
mutual consistency, provided due consideration is
given to differences in the microstructural char-
acteristics of the respective alloy systems. Some

CU

CD
C3

I

CD

O
E
0

Electron- to- Atom Rot io, g
40 4.2 44 4.6 4.8 5.0 5.2 5.4

O' 0 0 O Direct experiment

V Cl 8 C Extrapolation procedure

240—
C:
CD

CD
O

O
CD

C3

C3
CD
CL

CA

C:
O

CD

LLJ

420

380

O
E

E
CD

7—
CD
L

O
CD
CL

E

o0 0
C/l

o 4 — o

C

CL
CD
C3

O ch

(f)
CL. 0(0

CD

O

230—

220—

210—

200—

190—

180—

170—

160—

150—

FIG. 5. Calorimetrically derived
electronic-specific-heat coefficient y;
Debye and superconducting transition
temperatures 8D and T, , respectively;
and total magnetic susceptibility y for
Ti-Mo alloys. y has been extrapolated
as the indirect result of high-tempera-
ture experiments, and y follows suit
according to the analysis outlined in
Table III. The temperatures T, and
OD, derived from the quotients T,/8D
(Table IV), have been selected as a
result of self-consistent extrapolations
carried out so as to preserve smooth-
ness, and continuity of T„whose di-
rectly measured values scale with the
directly measured values of both x and
$0CI0 340

300

260

140—

130—

220

CO

180—

0 I 0 20 30 40 50 60 70

Atomic Percent Mo



SUPERCONDUCTING TRANSITION TEMPERATURE, LATTICE. . . 4443

additional support for the validities of the esti-
mated O~' s for virtual P- Ti-Mo, near the lower
limit of the range, is given by the fact that, for
compositions close to the critical threshold, two

completely different procedures yielded almost
similar values of On namely, 205 + 5 K (Ti-Mo) and

206 + 2 K (Ti-Cr) at a = 4. l.
G. Conclusions

Because of the assumptions involved, the fore-
going analysis is offered not as a quantitative cal-
culation of either T, or 8~, but rather as a dem-
onstration of self-consistency among the directly
measured and/or derived calorimetric, magnetic,
and structure properties of low-concentration Ti-
Mo alloys leading to the following conclusions.

(i) A derived set of values of T, /O~ for unstable
Ti-Mo can be separated into (a) a T„which in-
creases monotonically with decreasing a and (b) a
0~ which continuously decreases so as to form a
low-lying branch as 31 enters the unstable regime.

(ii) The T, so obtained scales with the extrap-
olated y (and also of course with the extrapolated
X„„,or IC, from which that quantity was derived).
This behavior is consistent with the mutual scaling
of the three directly measured qualities T„y, and

in the quenched alloys.
(iii) The lower set of values assumed by 8~ in

the virtual P- Ti-Mo regime expresses the instabil-
ity of that lattice. This softening is a precursor
to martensitic transformation, which takes place
near the composition for which c&&= c&, and which
is accompanied by OD-O.

(iv) Were it not for microstructural effects which
occur as a result of bcc-phase instability below
&:-4.4 in Ti-Mo, T, would increase monotonically
as 8 decreased from 6 to 4.

IV. DISCUSSION

A. Superconductivity in T, - T2 Alloys

Based on the preceding observations we offer
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attributed to differences in microstructural character as discussed in Appendix C; in particular, for Ti-Mo, the (p+ ~)
field seems to be more extensive.
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some general comments on the superconductivity
of bcc T, -T~ alloys. In Fig. 7, curve a from Ref.
4 shows the behavior of T, for the 4d-4d series.
This, along with similarly shaped double-humped
curves for the 3d-3d and 5d-5d sequences exempli-
fies the Matthias rule as it applies to the T,'s of
T, -T3 alloys in the 8 range 4-8. But, as pointed
out in detail above for Ti-Mo and Ti-Cr, and as
indicated by the diagram in Fig. 7, the stncctures
assumed by such alloys also depend strongly on

The behavior of T, in that figure may there-
fore be correlated (through S) with phase stability.
T, is low in the middle of the bcc field where a high
stability may be attributed to the half-filled d band.
It then increases both with decreasing as well as
increasing 8, attaining maximal values at the limits
of bcc stability. Beyond these limits, T, drops as
the structure changes to hcp. The Fermi density
of states for T, -T2 alloys is represented by curve
b in Fig. 7. The low-p segment was constructed
from the n(Ez) data for Ti-Mo as listed in Table
V, while the remaining portion is a result of the
calculations by Snow and Waber~ of n(E~) for bcc
Cr, Mn, and Fe. The manner in which T, scales

with n(E~)-related quantities (Fig. 5) and with
n(Ez) itself (Fig. 7), and the fact that T, for bcc
Ti-Mo increases monotonically as S decreases
suggests that, if Ti-Mo-type behavior is typical,
T, vs tt (4 & s & 8) would be generally U shaped if
the effects of structural changes did not intervene.

Clearly the projected "high" T,'s at either end of
the range under consideration are unattainable since
the bcc lattice is unstable there (e. g. , cu-c&z & 0
for & &4. 1 in Ti-Cr). A closer connection between
high T, and lattice instability in T&-Ta alloys can be
made by taking one more step with the aid of some
of the approximate expressions from Table I. Re-
ferring to Eq. (1), if V, the pairing potential, did
not change very much we would expect T, to follow
n(E~), and this is certainly the case. But it is pos-
sible to demonstrate by calling on the experimental-
ly observed behavior of V, that T, (bcc Ti-Mo) in-
creases with decreasing 3 more rapidly than might
otherwise have been anticipated. Writing V in the
form V= V~, /I1 —n (E~)V~,] [Table 1, Eqs. (4) and
(6)], since experiment has demonstrated that V„,
= const for the system under investigation, it fol-
lows that V itself increases as n(E~) increases.
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tural transformation, the T, curve for
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shaped.
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This is shown in Fig. 8 based on the data of Table
V. Hence, as the lower limit of bcc stability is
approached, T„which scales with n(E~) V, in-
creases by virtue of joint increases in both n(E|,)
and V. The electron-lattice interaction is, of
course, expressed through V which becomes
stronger as the density of long-wavelength phonons
increases, i. e. , as e~ decreases. This process is
assisted by the approach of lattice instability.

'B. Superconductivity in Alloys and Intermetallic
Compounds

An intriguing experimental fact recognized by
Matthias ' is that not only do the superconducting
transition temperatures of the three sets of T, -T&

alloys (3d —3d, 4d-4d, and 5d —5d) lie on char-
acteristic double-humped curves, but that a simi-
larly shaped curve is also the envelope of the T,
vs 5 points for a multitude of intermetallic com-
pounds. ' ' In spite of the present lack of a sophis-
ticated theoretical interpretation of the rule, evi-
dence as strong as this must eventually play a role
in some final theory. Equally significant in its own

right, but also lacking in rigorous interpretation,
is the Engel-Brewer theory which relates phase
stability of metals and alloys to the spectroscopic
states of the participating atoms. Nevertheless,
this theory, or set of rules, has had remarkable
success in justifying the compositional ranges of
various intermetallic structures and alloy systems.
In particular, for some classes of alloys and in-
termetallic compounds it has been possible to make
a reasonably significant correlation between the
regime of stability of the bcc phase and the existence
of a s within the range 4.4-6. 5. Thus, by com-
bining the Matthias and Engel-Brewer rules we
have an empirical relationship between supercon-
ducting transition temperature and phase stability,
with & as a parameter.

To be more specific we find an interesting, and
possibly significant, parallelism between T&-T2
alloys and intermetallic compounds with respect
to T„ lattice stability, and b. Thus, relatively
high T,'s in both classes of materials are accom-
panied by a tendency to instability as reflected in
the shear modulus —,'(c» —c,a). We have already
pointed this out for Ti-base solid solutions. For
the P-W intermetallic compounds, the relationship
between high T, and lattice stability, again as
gauged by the behavior of the shear modulus, has
been discussed by the Bell Lab group. ' Based on
band-structure calculations, members of the Orsay
group have on one hand discussed the supercon-
ducting transition temperatures of P-W compounds,
and on the other hand, the elastic moduli. Thus,
they too have connected superconductivity to lattice
instability, with a special band-structure model
based on linear atomic chains as a sufficient but,
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presumably, not necessary electronic condition. In

the realm of unstable materials, we have predicted
relatively high T,'s for virtual bcc Ti-Mo alloys;
and Matthias has predicted high T,'s for P-W forms
of Nb, ln, ~Zn, and ZrsSb' all of which have defied
attempts at their preparation presumably because
of stability considerations.

V. CONCLUSIONS

A common feature shared by many "high"-T, in-
termetallic compounds is their being on the thresh-
old of transforming to structures of lower sym-
metry. Likewise, in the alloy system Ti-Mo, the

highest T, occurs just before further decrease in
b introduces a mixed-phase regime. Accordingly,
it is suggested that were it not for the intervention
of structural transformations, the T, vs S (4-8}
curves for bcc T, -T& alloys would be approximately
U shaped. The well-known Matthias and Engel-
Brewer rules connect T, and phase stability, re-
spectively, with atomic spectroscopic states, a
property which may occasionally be further simpli-
fied to b. In this way we can recognize & as a link
between phase stability and T„which provides us
with a clue towards understanding the otherwise
surprising similarities between the 8 dependences

Atomic Percent Mo

0
7

6w
0 Cl O Direct experiment

p, p+ ~ (see box}

4—

I— 5—
CD

C3
L
CD
CL
E

8 tl Extrapolation procedure

p O
O

—l.6 cD
O

LLI

C

C0
(A
C:
O

2C:

C3

C:
O
O l—
CL

(f)

—0.46

—0.44

—0.42

—0.40

—0.38

—0.34

—l.4

E —l.2O

P

~ —l.o
0
C
CU

t3
CL —0.8
C
L

O
CL

M 06
CD

O

O
CD

C)

O
L
O

U)
CD

(f)
I

O
I)

CD

FIG. 8. Superconducting transi-
tion temperature T~, plotted together
with the calculated Fermi density of
states n(Ez), and pairing potential V,
derived according to Table V. The
figure demonstrates that, in the BCS-
Morel expression T /8D cc: e '~" s',
T~ increases with decreasing $,
through joint increases in both n(E~)
and V, suggesting that the increase
in T~ at low 5 values is not simply a
density-of-states effect.

—0.32

p+(d P (bcc}

4.0 4.2 4.4 4.6 4.8

Electron —to —Atom Ratio, g



SUP ERCONDUC TING TRANSITION TEMPERAT URE, LATTIC E. . . 4447

of T, in intermetallic compounds and T, -T~ alloys.
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APPENDIX A: DEBYE TEMPERATURES OF Ti-Cr ALLOYS
FROM MEASURED ELASTIC CONSTANTS

A standard expression for the Debye temperature
e~ written in a form applicable to alloys is

Og — V Cg))fft

This yields a value for HD in K, when the various
quantities are expressed in cgs units. The product
of the first two factors involving atomic constants
is 25. 1460x10 degsec (atom/mole) ~ . p is the
density (g/cm ), M is the average atomic weight of
alloy, and v is a function of the elastic constants,
c,~, expressed in the units 10' dyn/cm .

For an isotropic material, such as a polycrystal-
line alloy, v may be expressed as a function of
some average shear and longitudinal sound veloc-
ities. Thus, according to the literature,

1 2
Vm 3 3 + 3 ~

Anderson' has shown that values of O~ for vari-
ous substances, including polycrystalline alloys,
may be calculated (Table VI) in an accurate and
straightforward manner through the use of the fol-

lowing expressions (using Anderson's symbolism)
for v and VI .

v, =G„/p, v, =(KH+s GH)/p.

For substances of cubic symmetry KH 3(c)g
+ 2c,2), and G„= —,'(Gz+G»), in which G»= —,(c« —cqq
+ 3 c44) and 1/G z = -', [4/( cq q

—cqq) + 3/c44 ]

10 crt = 0 765+ 0. 073' t

10 "C&3=1.824-0. 137 t

10 c~ = 0. 320+ 0. 013' t

t=—at. 'fp Cr,

and from Fisher and Dever's measured densities
for Ti-Cr, and a literature valuea~ (p = 4. 507 g/cm~)
for pure Ti,

p=4. 507+0. 023~ t .
With this input O~ was computed within the range

0 ~ (at. % Cr) ~ 9. 9 at intervals of 0. 1 at. %. The
results, some of which are listed in Table VII, are
shown in Fig. 6(b). Of particular interest is the

APPENDIX B: DEBYE TEMPERATURE OF DILUTE Ti-Cr
ALLOYS FROM EXTRAPOLATIONS OF THE MEASURED

ELASTIC CONSTANTS

In order to obtain a semiquantitative estimate of
the possible behavior of O~~ as the solute concentra-
tion decreases towards the low-concentration bound-
ary (o. ' /P+ ~) of the P+ ~ field, linear extrapolations
of Fisher and Dever's" elastic constant data [the
dashed lines in Fig. 6(a)] were inserted in Ander-
son's formula. These linearly extrapolated c,~'s
were described by

TABLE VI. Calculation of 8& from tabulated elastic constants of Ti-Cr using Anderson's method.

At. % Cr

Metallurgical
state

Density
p(g/cm3)

Average molar
weight M

Elastic constant,
10 "cff(dyn/cm )

10 12c

10

Average velocity
10+v (cm/sec)

6. 98

4. 677

48. 19

1.250

0.410

1.002

26. 38

304. 8

6.98

Brine
quenched

4. 677

48. 19

1.559

0. 554

0. 825

35.44

409. 5

9.36

Brine
quenched'

4. 725

48. 29

1.331

0.427

0.951

28. 81

333.8

13.81

Brine
quenched

4. 834

48. 47

1.399

0.442

0.963

29. 56

344. 7

28. 37

Brine
quenched

5.027

49.07

1.591

0.477

0.941

32. 03

376. 8

Reference 18.
Reference 19.

'Extrapolated to room temperature from the elevated-
temperature P field.

Regarded by Fisher et al. (Ref. 18) as containing a

substantial fraction of ~ phase.
'Estimated by Fisher et al. (Ref. 18) to contain a pos-

sible trace of ( phase.
Single-phase bcc (8).
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TABLE VII. Some data from the computation of OD

for unstable bcc Ti-Cr alloys at 0.1 at. % intervals within

the concentration range 0-9.S-at. % Cr.

At. '&t Cr.

0. 0
0, 1

0.2

2. 6
2. 7

2. 8-4. 1

4. 3
4, 6
4. 7

4. 9
,i. 0

10 12

(dyn/c m2)

0, 76~
0. 772
0. 780

0. 949
0. 9,&6

0. 963

1.096
l. 103
].110

l. 12'
1.133

1.133

l. 140
1 ~ 147

10 '
C12

(dyn/cm2)

l. 824
1.810
1.800

1.482
l. 468
1.454

l. 208
l. 194
1.180

1.1.&3

l. 139

C12 - C11

12.3
112

10-"c44
(dyn/cm')

0.320
0.321
0.323

0.3 i3
0.3v4
0.3,)6

0.379
0.381
0.382

0.38~
0.386

0, 3864

0.387
0.389

PiD

(K)

401.0
406. 2
411.6

928. 7
1132.7
1688, 9

0&, complex

69.9
1 16, ,i
1 l6, 8

187. 8

203. 4

208)

216.9
228. 8

The c~~ =c12 crossover point.

sudden decrease exhibited by SD in the composition
range 4. 5 «(at. % Cr) «5. 5, centered about the cz&,

c&z crossover point.

APPENDIX C' DISCUSSION OF QUENCHED
MICROSTRUCTURES AND bcc-PHASE INSTABILITY

IN Ti-Mo AND Ti-Cr ALLOYS

A. Martensitic Transformation

As was pointed out in an earlier publication,
rapidly quenched Ti-Mo alloys possessed a dense
martensite (o, ') structure, whereas those studied in
the as-cast condition were found to contain only
patches of z'. Accordingly, we concluded that in
Ti-Mo the transition between the n' and the (8+ ~)
regions occurred at about 4-,'-at. % Mo. This obser-
vation is included in Figs. 1(b) and 1(c).

From the results of optical metallographic studies
on quenched Ti-Cr alloys, Duwez and Taylor con-
cluded that the martensitic regime for that system
terminated at a concentration between 5.0- and 6.0-
at. % Cr. Comparing these data with the results of
the elastic-constant studies of Ti-Cr by Fisher and
Dever, "as presented in Figs. 6(a) and 6(b) and re-
ferred to in Appendix B, we deduce that the onset
of martensitic transformation in that system is as-
sociated with the vanishing of the shear modulus
—,'(cq~ —cqq) which occurs at 5.0q-at. % Cr (Table VII).

Combining this conclusion with our observation
of the critical (M, ) composition for Ti-Mo, we
suggest that it would be consistent to predict a
rapid decrease of QD occurring in the Ti-Mo sys-
tem at about 4-,'-at. % Mo. Such a drop is indicated
in Fig. 6(c). As a continuation of this program we
intend to study the elastic constants of Ti-Mo;
however, in the meantime we suggest, by analogy

with the results for Ti-Cr, that an attempt to cal-
culate e~ for bcc Ti-Mo could be expected to lead
to unphysical results in the Mo concentration range
below 4-4&-at. k, i. e. , in "absolutely unstable"
Ti-Mo.

B. Precipitation of w Phase

In general, (d-phase forms from the bcc matrices
of quenched Ti-Ta alloys in a composition range
within 10 at. %, more or less, of the martensitic
regime. The degree of spontaneity of its occur-
rence has been discussed by various authors; but
at sufficiently high solute concentrations & phase
will form only as a result of diffusion during mod-
erate-temperature aging. ' Electron-diffraction
studies of specimens taken from the brine-quenched
ingots (-30 g) of Ti-Mo used for the low-tempera-
ture specific-heat measurements showed the pres-
ence of dense +-phase precipitation in alloys of
compositions 5- and 10-at. jp Mo. The photographic
evidence has been presented elsewhere. ' On the
other hand, Hickman, using single-crystal x-ray
techniques, failed to detect (d phase in rapidly gas-
quenched strips of Ti-Mo (8. 0, 10.0, and 14. 0
at. %). However, ~ phase was seen to develop in
the first two of these alloys during aging. The dis-
agreement between Hickman's observations and
our own is significant, and emphasizes the impor-
tance of quench rate as a factor governing the
observability of (d phase in quenched Ti-T~ alloys
in general. An x-ray diffraction study in this lab-
oratory of quenched single-crystalline TM-20, '
although failing to reveal the presence of any
phase, showed evidence of clustering, a phenom-
enon not unexpected in a nonequilibrium alloy
quenched to within its (n+ P) phase field [c.f. Figs.
1(a) and I(b)]. Although a direct search for ~ phase
was not carried out on TM-15 the behaviors of the
electronic properties themselves suggest that, even
if a (microscopically) observable precipitate is not
present, metallurgical effects at least precursive
of it (such as clustering) are present.

Similarly, in the case of quenched Ti-Cr, Fisher
and Dever, ' using the indirect evidence of their
elastic constant work, have suggested that a
substantial fraction of ~ phase was present in Ti-Cr
(6. 98 at. %), while a slight amount may have been
present in the quenched 10.08-at. % alloy. That
conclusion was substantiated by the observations
of Hickman, who claimed to have detected ~ phase
in quenched Ti-Cr (9. 3 at. %). On the other hand,
Ericksen et al. , in a study of the alloy sbries
Ti-Cr (5. 5, 5. 9, 6. 4, 7. 6, 8. 0, ll. 3, and 18.7
at. %), failed to find &u phase in alloys above 8-at.%
Cr. In view of the sensitivity of "P+~" alloys to
slight differences in aging and heat treatment it is
always preferable to carry out microstructural
studies, if they are to be made, on the actual spec-
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imens whose physical properties are being mea-
sured. Such direct evidence was not available for
the Ti-Cr elastic-constant specimens; however,
the above-mentioned metallurgical observations
certainly serve to substantiate Fisher and Dever's
estimate of the microstructural states of their al-
loys (Table VI).

Taking all the relevant metallurgical and phys-
ical property evidence into consideration it is pos-
sible to compare the composition dependences of
the Debye temperatures of Ti-rich Ti-Mo and
Ti-Cr [Fig. 6(c)] in the following way.

In Ti-Mo, incipient or real (d phase precipitation
commences at about 15-at.% Mo (b:-4. 3) and in-
creases in density, as [Mo] decreases, resulting

in a pronounced stiffening of the lattice. The cor-
responding instability of the virtual bcc lattice in
this concentration range is reflected in the behavior
of the extrapolated O~ which decreases to form a
lower lying branch for TM-15 and below. At
TM-4-,', the martensitic transformation point, we
predict a rapid drop in O~. In Ti-Cr the experi-
mental evidence suggests that bcc phase instability
becomes appreciable at a lower solute concentra-
tion than is the case for Ti-Mo alloys. This brings
the composition at which 0~ starts to turn down-
wards [ Fig 6(.c)] fairly close to the martensitic
transformation point itself. As a result, eD for
Ti-Cr decreases much more steeply to zero than
does that for Ti-Mo.
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