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The strain dependence of T„ inferred from velocity of sound data, is given for a number
of A-15-structure compounds. Arguments relating the high T, and the structural instability
are presented and a correlation of the corresponding strain dependences is proposed. The
unusual anharmonicity expected is confirmed by old and new experimental data. A model for
the superconducting and anomalous-normal-state properties, based on the anharmonicity
rather than singular bare-electron properties, is presented. Several conjectures on struc-
tural instability and high-temperature superconductivity are made.

I. INTRODUCTION

In a recent series of publications' the strain de-
pendence of T, for superconductors of the type V3X
was discussed. It was shown that many of the anom-
alies of the high-T, superconductors could be
quantitatively explained from the full calculated
strain dependence of T,.

In the present paper arguments relating the high
T, and the structural instability are presented and
a correlation of the corresponding strain depen-
dences is proposed. Tetragonal (shear) and volume
strains are discussed separately. Some new and
old data on the anharmonic behavior are presented
and show that the high-T, superconductors are
among the most anharmonic solids known. The un-
usual anharmonicity expected is qualitatively con-
firmed by the experimental data.

Previous microscopic models of these materials
attribute the superconductivity to singular behavior
of the bare electronic density of states. An alter-
native model, based on extraordinary anharmonic-
phonon behavior, is presented here. The model
assumes that the A-15 structure is extremely weak
(or unstable) for tetragona. l strains - 10 ~. The
stable-cubic-state properties occur at high temper-
atures where the thermal strains exceed this mag-
nitude. It is proposed that the volume dependence
of this structural instability determines the volume
dependence of T, and that this is mainly responsible
for the large difference in T between V3Si and
V3Ge. The tetragonal-strain dependence of this
instability is of greater importance in understand-
ing much of the anomalous behavior of these ma-
terials. '

Finally, several conjectures on structural in-
stability and high-temperature superconductivity
are made. In brief these conjectures hold that
structural instabilities lead to rather than inhibit
high-temperature superconductivity. It is con-
cluded that very close to solid-state phase bound-

aries the conditions may exist for superconductivity
at temperatures considerably higher than the usual
values reported for the phases in question.

II. STRAIN DEPENDENCE OF T, FOR SUPERCONDUCTING
A-15 COMPOUNDS

It was shown in a previous work' that one can cal-
culate the strain dependence of T, if the complete
behavior of the elastic moduli (sound velocities)
near T, is known. For A-15-structure supercon-
ductors other than V3Si and VSGe, however, only
data for polycrystalline samples are available.
To estimate the strain dependence of T, in these
cases the polycrystalline-sample data have been
scaled relative to polycrystalline V3Si. The ac-
curacy of these results may be poor —perhaps no
better than a factor of 2. However, the strain de-
pendence is sufficiently large that the major fea-
tures of the results are still important even if the
error is as given above.

The relation between T, and strain for the high-
T, A-15-structure superconductors calculated in
the approximate way described above is

T, —T,.(max)- —10 e 'K,
where for tetragonal strains ~ = (c —a)/a and for
cubic strains e = (a —a~)/a~ is the lattice parameter
corresponding to the maximum T, as a function of
volume.

The result that T, is highest for the cubic state
and decreases for tetragonal deformations comes
from an analysis of the shear-wave sound-velocity
data of the superconducting transition. ' It is ex-
pected to apply to all of the high- T, A-15-structure
superconductors; however, for V,Ge (T, =6 K)
the opposite behavior is predicted. (No experi-
mental test of this unusual result is available. )
The predicted' tetragonal-strain dependence of T,
for V3Si and V3Ge is shown in Fig. 1. Roughly
similar behavior to V3Si is expected for the other
high- T, materials.
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FIG. 1. Dependence of T~ on tetragonal strain at
constant volume for V&Si and V3Ge. The curves for
V3Si should also be representative for most of the high-
T, A-15-structure compounds.

of T, in these materials can be seen by a compari-
son of this effect with the behavior of 14 alloy sys-
tems (assumed cubic) of the form' ' A~X-A, Y (see
Fig. 1). (These data have come largely from the
compilation by Roberts. ') It is seen that the alloy
results largely follow the predicted volume depen-
dence of the compounds.

The tetragonal-strain dependences are of greater
importance in discussing the structural instability.
The interrelation of the tetragonal and volume de-
pendences is best seen with the aid of Fig. 3 which
gives the general behavior of T, as a function of
lattice parameter a and tetragonality (c/a —1).
The representative point for most high-T, materi-
als is within roughly'0 2' of the peak T, [see Eq.
(1) and following] along the line of (assumed) cubic
structure. Tetragonal strains (such as occur in
the structural transformation) always lower T, by
an amount proportional to the square of the strain.
For volume strains of a given sign, T, may initial-
ly increase or decrease this uncertainty (i.e. ,
whether a & or & a~) resulting from the fact that
dT,/da was not obtained in these studies. However,
increases in T, will tend to saturate within several
degrees.

It will be argued below that an interpretation of
Fig. 3 can be made in terms of structural instabil-
ity. This interpretation assumes that T, reflects
the degree of shear-mode instability. The tetrago-
nal-strain dependence results because such strains
(of either algebraic sign) markedly stiffen (stabi-
lize) the structure. The volume dependence of T,

For the volume dependence of T, it is expected
that the lattice parameter in the as-grown state
is close but not necessarily equal to a~. (There-
fore, both linear- and quadratic-strain depen-
dences are expected for the as-grown state. ) Fig-
ure 2 shows the dependence of T, on lattice pa-
rameter for a number of A-15 compounds. For
Nb3Sn and Nb3A1 the calculated curves are from
Eq. (1) and in all cases it is assumed that

a~ = a, the zero-stress lattice parameter. However,
because of the possible error arising from the
polycrystalline nature of the sample the following
qualification is introduced. The parabolic rela-
tionship between T, and strain is as given by Eq.
(1) with an uncertainty of perhaps a factor of 2
in the numerical coefficient. Furthermore, the
point of peak T, for each parabola may be dis-
placed from these shown by as much as several
degrees in the vertical direction and about 0.02-A
lattice parameter in either horizontal direction.
For V~Si, where single-crystal data (of greater
precision) were available, ' the uncertainty in
the position of the peak T, was less.

The importance of the cubic-strain dependence
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FIG. 2. Predicted dependence of T, on lattice param-
eter for a number of compounds in the A-15 system.
The experimental points are for compounds and alloys.
In this figure the horizontal scale is linear in mean
atomic volume. See text for a discussion of the error
in the predicted behavior.



4344 L. R. TESTARDI

reflects the volume dependence of the shear in-
stability. The peak T, in the figure, then, repre-
sents the maximum shear-mode instability which
the structure can support and marks a limiting
value of the lattice parameter for which the cubic
phase can exist. The basic predictions of such a
model relating to the anharmonicity are discussed
below.

III. DIRECT MEASUREMENTS OF STRAIN
DEPENDENCE OF T,

The tetragonal- and volume-strain deyendences
of T, are considered separately. The tetragonal-
strain dependence of T, for VBSi measured by
Weger, Silbergnagel, and Greiner" is in agreement
with the calculated results, ' and has successfully
explained a number of reported anomalies for this
material including (i) the arrest of the structural
phase transformation at T„(ii) the anisotropic-
stress dependence of T„and (iii) the strain depen-
dence of the specific-heat discontinuity at T, .
These results also predict, with reasonable suc-
cess, the reduction in T, which results from the
structural transformation.

For the volume-strain dependence the agreement
is less satisfactory. Itskevich, Il'ina, and
Sukhoparov' have found that T, of Nb~& is reduced
quadratically with hydrostatic pressure in measure-
ments up to 10 kbar. This result is in agreement
with Eq. (1) with a~ = a and the numerical coefficient
about 30j() smaller. Measurements of VSSi and
Nb3Sn up to 18 kbar by Neubauer'3 show a linear
relation between T, and pressure. Smith' has
reported the pressure dependence of T, in V~Si,
V3Ge, and V&Ga. Although Smith reports a linear

TG
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FIG. 3. Schematic dependence of T~ upon lattice
parameter and tetragonal strain for high-T, A-15 super-
conductors.

pressure dependence of T, the data show a smooth
negative curvature whose magnitude is about half
that given by Eq. (1) and with saturation occurring
at a~ = a —0.02 A. This curvature cannot be reliably
estimated, however, because of experimental un-
certainties. "

Although this curvature is comparable to that
given by Eq. (1) for the "typical" behavior of these
materials, it is considerably less (by an order of
magnitude) than that predicted for the case of VSSi.
Several possible sources of this discrepancy can
be noted. The first is experimental error in the
sound-velocity measurement resulting, most like-
ly, from a small amount of structural transforma-
tion in the sample which was assumed to be cubic.
Fawcett (private communication) has found from
thermal-expansion measurements that about 1/0
of the sample did transform, but this as well as
other likely possibilities would not appear the
source of sufficient error. A second possibility
is that the predicted volume dependence occurs
for the small strains of the ultrasonic experiments
(- 10 8) but not those of the high-pressure (-10 ')
experiments. This appears unlikely since the pre-
dicted tetragonal-strain dependences are largely
confirmed at strains -10 . Finally, the effects of
high pressure on the elastic behavior and structural
transformation are not known and may complicate
the interpretation of the pressure work. Although
the source of the discrepancy is not known at this
time it should be noted that the observed curvature
for V3Si, though less than predicted, will still
largely maintain the correlation of T, and lattice
parameter between VBSi, V&Ge, and their alloys
shown in Fig. 2.

Other measurements of the stress dependence
of T, for the A-15 superconductors have been pub-
lished by Muller and Saur' and Buchel, Gey and
Wittig. '~ These workers find T, of NbsSn, V~Si,
and VSGa to decrease with compression. Muller
and Saur have also found a decrease in T, for ten-
sion, bending, and torsion. Both linear- and
quadratic-T, -stress relationships have been ob-
served. [For the quadratic-stress dependences
the numerical coefficient is roughly half that given
by Eq. (1).j These results are consistent with Eq.
(1) but there is uncertainty as to which strain de-
pendence is measured. Furthermore, the pre-
dicted behavior refers to the cubic structure and
assumes no change in this structure under stress.
This assumption may not be justified in some ex-
periments.

IV. MICROSCOPIC MODELS OF HIGH-T,
SUPERCONDUCTORS

Current theoretical models'7 of the high- T, A-15
materials are based on assumed "singular" features
of the electronic band structure. ' In these models
the elastic softening is calculated or assumed to
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occur for the very long-wavelength phonons only.
The anomalous properties and the high T, result
only from a peak in the bare density of states.

Recent neutron-scattering experiments in V~Si
and Nb~Sn by Shirane, Axe, and Birgeneau'9 have
now shown that an appreciable phonon softening
occurs at high frequencies, extending out at least
halfway to the Brillouin-zone boundary. A reexam-
ination of the role of mode softening in these ma-
terials is required.

One result of the neutron work is that the phonon
spectrum differs from the Debye model used to in-
terpret the specific heat. (The large specific-
heat term linear T is taken as evidence of a large
density of states. ) An approximate low-energy-
phonon density of states of VISi, based on the neu-
tron data, has been used to calculate ' the (har-
monic-mode) specific heat. It is found that the
phonon softening gives rise to an additional specific
heat which is approximately linear in T in the tem-
perature range (20-30'K) where specific-heat
analyses are made. The magnitude is 10-20/p of
the observed linear term in V~Si. A significant
contribution to the specific heat may also result
from the large low-temperature anharmonicity.
Using the Gruneisen y's and thermal-expansion
coefficient e presented below, and a method simi-
lar to that of Estabrook, ~ one estimates an anhar-
monic correction (linear in T) for the V~Si soft-
shear mode which may also be comparable to the
above correction. Although such calculations are
only approximate they do indicate that the elec-
tronic density of states obtained from specific-
heat data has probably been overestimated, and
that the anharmonicity can play a major role in
the unusual behavior of these materials.

V. ANHARMONICITY

The microscopic source of the strain dependence
of T, and other anomalies, it is postulated, is an
unusually large anharmonic-phonon behavior. ~'

The anharmonic behavior is discussed for tetrag-
onal and volume strains separately.

The internal energy is usually assumed to be a
parabolic function of strain (a,s in the Debye model)
and the curvature at zero strain d U/de =c=pV, .
e is an elastic modulus and p is the mass density.
At temperature T the system is thermally excited
out to an average strain &,~' „which can be cal-
culated for the Debye model. A test for anharmo-
nicity is to apply, at T, a static strain equal to
&th,', ~ and observe the change in velocity of sound
(or d U/d& ). This change, of course, should be
zero in the harmonic approximation.

The values of &',h,', ~ for V~Si, calculated in
several ways, have been given elsewhere. In the
vicinity of 25 K, q~,' ~-10 . For most solids
d Inc/d& - —1 to —5. Therefore, at these temperatures

the change in d U/de covered in the thermal mo-
tion is less than 17'. This small amount of anhar-
monicity is often adequately treated in the quasi-
harmonic treatment of the Debye model.

For V3Si, and presumably for all high-T, A-15
superconductors, the result is quite different. In
Fig. 3 are sketched the results of two experiments
which have measured the strain dependence of the
elastic moduli in VGSi. In both cases the strains
have been those which produce a tetragonal dis-
tortion c/ac 1 with little change in volume.

In one experiment a tetragonal strain with c/a &1
was produced by shrink fitting a coaxial copper
band onto a cylindrical [001] sample of V&Si. The
strain, as discussed elsewhere, ' was estimated
to be roughly (c/a —1)-10 ~. The velocity of [100]
longitudinal waves (giving c») in this sample did
not differ by more that —,'/p from that in the un-
strained sample from 300 to 50 'K. Below 50 'K
the velocity in the strained sample increased rela-
tive to the unstrained-sample value. At 30'K,
c»(strained) & c»(unstrained) by about 5k. Experi-
mental difficulties prevented measurements below
30 K but the extrapolated behavior indicated a
1(Pp increase in c» at 20 K for strains -10
This difference is more than an order of magni-
tude larger than what occurs in typical solids.
Furthermore, since at T = 20 K c» is only about
10' less than' c«an increase of c» alone by 10/p
would lead to a factor of 2 increase in —.-'(c» —c,m)

which is the modulus for the soft-shear wave.
In a second experiment on anharmonicity Patel

and Batterman~s found that for strains (1 —c/a)
-10 at T- 25 'K the modulus —,(c» —c&z) increases
by roughly a factor of 2. This degree of anharmo-
nicity can be judged by noting that at 25 'K the ther-
mal strains are -10 . Therefore the lattice ther-
mal motion would lead to fractional variations in
the shear-mode velocity of order roughly unity.
The concept of low-frequency phonons, therefore,
may be a limited one in some A-15 materials. [In
the recent neutron work' on VSSi the —,'(c» egg)
phonon peaks broadened with decreasing tempera-
ture and disappeared below about 50 'K. ]

Studies of the anharmonic behavior of V~Si and
V36e under hydrostatic strains show an interest-
ing behavior by comparison. All modes at room
temperature stiffen under pressure by amounts
typical for stable solids. On cooling, the pressure
dependence of —,'(c&& —c,2) changes sign and the re-
sults extrapolated to 20 K (80 'K was the lowest
measurement temperature) give y = ——,'(d Inc/
dlnV)- —5to —10 and —I to —2for V3Si and V,Ge, re-
spectively. y is the Gruneisen constant, c,= —,

'
&& (c„—c,a), and V is the volume. This can be com-
pared to an average y = ——,'(n c,/c, ae) -+ 500 for
tetragonal (shear) strains of -10~. Thus, unlike
uniaxial stress, hydrostatic pressure will increase
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the structural instability and, therefore, T, .
The major relevance of this anharmonic behavior

to superconductivity is that it probably establishes
the microscopic source of the strain dependence
of T,. The basic correlation appears in Figs. 4
and 5. In Fig. 4 is shown the dependence upon
tetragonal strain of the calculated T, and the recip-
rocal elastic moduli for which the strain dependence
is known. Figure 5 shows T, and the shear rnodu-
lus versus lattice parameter. The curvature in
the T, results for V,Si is estimated from Smith's'
data.

In the microscopic theory of strong-coupled
superconductivity ' T, increases with increasing
electron-phonon interaction parameter A which
is proportional to 1/VA, the inverse square of
some average phonon velocity or frequency. For
the high- T, superconductors,

dlnT dlnT
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are both anomolous in sign. It should also be
noted that the correlation is present both for VBSi
which has a high T, (17 K) and a very pronounced
lattice softening on cooling, and for V3Ge which
has a moderate T, (6 'K) and essentially no lattice
softening.

For both tetragonal md vol+me strains the low-
frequency anharmonicity overestimates the strain
dependence of T, using Eq. (2). For hydrostatic
pressure, Smith' finds dlnT JdlnV= —0. 837 and
—0. 23 for V3SI and Vie, respectively, which are
considerably less than twice the low-freq~ency
y's for c,. For the high-frequency modes, how-
ever, the anharmonicity, like the softenirg' for
VSSi, is probably smaller. The coetributiee from
other modes will also reduce that expected for
c, alone. Thermal expansion provides some mea-
sure of high-frequency anharmonicity but the ef-
fects due to shear (volume-conserving) modes may
be small for this quantity. The thermal expan-
sion of VBSi and V~Ge are shown in Figs. 6 and
7. The most unusual feature is that the thermal
expansion, on cooling, decreases more slowly
than expected and follows approximately a AT de-
pendence. This temperature dependence also ap-
proximately describes the fall of the soft-shear
modulus -', (c» —c,a), and suggests some evidence

where y„ is the Gruneisen y for the average high-
frequency modes important for superconductivity.
Figure 4 shows that the shift in V, with strain for
several of the low-frequency modes has the proper
sign and is larger in magnitude than that necessary
to account for the tetragonal strain dependence of
T,. Figure 5 shows that the anomalous volume
dependence of the soft-shear mode correlates at
least in sign with the unusual positive pressure
dependence of T, in V~Si and V~Ge.

This correlation is important in that the volume
dependence of Tc and the soft-phonon velocity V,

~ DENOTES NORMAL
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I I
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FIG. 5. T, and shear modulus y(c~~ —c&2) vs lattic
parameter for V3Si Mrd V3Ge. Solid md dashed lines
give observed and extrapolated behaviors. T, deta are
from Smith (Ref. 14). "Unstable" region for V38i shear
mode is bounded by critical shear modulus (at aerial
volume) at which the structural transformation eccurs.
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of high-frequency anharmonicity. Another indica-
tion ef the high-frequency anharmonicity comes
from measerements of the strain dependence of
the specific heat of V38i by Kungler et al. These
data show a significant increase in specific heat
under cemyressive stress far T& 25 K indicating
some me4e softens@ fez the high-frequency pho-
noas.

Figure 5 also show s the possible existence of a
state of maximum instability (and, by inference,
maxilnum T,) for VPi. Since the "unstable"-
shear-mode modulus decrea=-=- with pressure,
cubic VSSi should Ro longer exist with lattice pa-
rameters much less than 4. 72 A. The value of
the shear modulus at which the structural trans-
formation has been found to begin4 is the upper
bound of the region marked "unstable" in Fig. 4.
For cubic V~I the shear modulus is typically only
somewhat larger thea this as shown by the circle.
With smaller volumes a transformation should
occur (possibly at a new critical value of the shear
modulus) leading to a tetragonal structure with a
lower T, and a stiffer shear modulus.

A simple physical picture to account for much

of the unusual behavior of the high-T, supercon-
ductors is given in Fig. 8. In this picture, the
source of the A-15 behavior lies in the phonon
spectrum rather than the bare electronic density
of states. The potential well U(&) for an individual
shear mode of the type qr II [110], p ii [110] (cn —c~z
type) is shallow for low strains and becomes steep
for strains beyond roughly 10 . At temperatures
above several hundred degrees Kelvin the mean
thermal amplitude is considerably larger than
10 3 and the system spends most of its time "on
the walls. " The large curvature here reflects
normal elastic stiffness. At lower temperatures
and thermal motion amplitudes more time is spent
in the flat regions and the average restoring force
(or phonon velocity) for this shear deformation
with decreasing T tends to zero. The structural
transformation would then occur according to de-
tails of the shape of Uat small q which I cannot
specify.

From the extent of the flat part of the well one
accounts for the temperature (from the correspond-
ing vibrational amplitudes) at which the mode soft-
ening is greatest. Roughly equivalent in effect,
then, are the tetragonal static strains of -10
beyond which the normal crystal stability (steep
walls) at low temperatures is also made to return.
These strains, when applied to the material, will
thus lead to a more stable lattice and, consequent-
ly, a lower T,.

The volume effects are accounted for by noting
that with increasing volume the bottom of the well
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systematic error.

FIG. 8. Potential well proposed for q& Il [110], p II

[110] shear mode in A-15 high-T, superconductors.
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acquires a normal curvature. This volume strain
behavior is exemplified in the difference between

V38i and VsGe which has a - 1.3 j~ larger lattice
parameter. As previously concluded much of the
difference between these compounds is due to the
different volumes. Figure 5 shows that V,Ge ex-
trapolated to the VsSi lattice parameter would

have a high T, and a soft-shear mode.
Other results of the anharmonicity discussed

above are that (a) the Debye model is inappropriate
for calculating lattice properties (e.g. , correc-
tions to the specific-heat behavior may be large);
(b) a strong temperature dependence of the phonon
enhancement of the electronic properties may oc-
cur; and (c) detailed calculations of the anomolous
temperature dependences of these materials based
on (rigid) energy-band fine structure must account
for the anharmonic motion of the lattice. It is
possible that fine structure exists in the electronic
bands at energies below the Fermi level, and that
this contributes a strong temperature dependence
to crystal properties because the smearing of these
levels due to lattice motion is reduced on cooling.
(See Ref. 18. )

VI. STRUCTURAL INSTABILITY AND HIGH-TEMPERATURE
SUPERCONDUCTIVITY

From the physical picture of A-15 superconduc-
tors given above some conclusions emerge on the
occurrence of high-temperature superconductivity
and structural instability.

The conditions for high-T, superconductivity are
just those which occur because the high-T, com-
pounds are headed toward structural instability
at low temperatures. Any mechanism which re-
lieves that instability at low temperatures will
lead to a serious reduction in the superconducting
transition temperature. The structural trans-
formation does provide relief from this instability
and, phenomenologically at least, it is the large
strain dependence of T, which tells us how much
T, is lowered. The strain which the crystal re-
quires for stability can, in amounts of only 1/0,
cause a reduction of T, by -10'K. In terms of
the parameters of the microscopic theory it is
the phonons which show the extraordinary strain
dependence (anharmonicity) responsible for the
T, behavior.

To extend these ideas I am led to the following
conjectures. The A-15 compounds are, chemical-
ly, not unique for high-temperature superconduc-
tivity. Nor, in fact, is the Batterman-Barrett
transformation which occurs at.low temperatures.

What is unique (accidental) to these compounds is
that the structural transformation is incipient at
low temperatures. It makes little difference for
superconductivity whether or not the structural
transformation actually takes place. The reason
is that the strains attendant to such transforma-
tions are so small that the reduction of T, (pro-
portional to e ) never becomes appreciable. In
this sense the high-T, A-15 compounds achieve
the maximum enhancement of T, which can result
from the structural instability.

If, however, the physical conditions lead to a
structural transformation at higher temperature
then the resulting strains, which continually grow
below the transformation temperature, may have
become large enough to remove the instability at
low T and this will lower T,.

It can be questioned whether there are materials
whose T„potentially as good as the A-15's, have
been reduced by a Batterman-Barrett-like trans-
formation at higher temperatures. The materials
which best suit this description are the 0-phase
alloys. ~ (The cubic n-Mn phase also appears to
be closely related to the A-15 structure. ) The c
phase has chemical constituents similar to the
A-15's, and is tetragonal (like Batterman-Bar-
rett-transformed V~Si) but with 2c/a-1. 02-1.04.
These T,'s are about what one would expect for
high- T, A-15 compounds with tetragonal strains
of -1/z from Eq. (1) (which probably should be
restricted to smaller strains). With regard to
atomic volume these alloys form a rather tight
group located at the central peak in Fig. 1. One
would expect large changes in T, for certain
strains. Indirect evidence of this has been given
by Blaugher and Hulm s'

The conjectures put forth above suggest that one
may, quite often, raise the superconducting tran-
sition temperature in many systems by encouraging
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