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The quantization of the motion, perpendicular to the surface, of electrons in an inversion
layer at the surface of a silicon substrate is experimentally verified by accurate capacitance
measurements at 77 and 300'K. From the measurements the average distance of the electrons
from the interface can be derived. To obtain agreement with the calculated value, the quanti-
zation has to be taken into account.

The electrons in an inversion layer at the surface
of a p-type semiconductor are bound to the surface
in a potential well caused by an externally applied
electric field normal to the surface. The electron
motion normal to the surface is therefore quan-
tized. ' Each energy level causes a two-dimensional
subband, with the electron motion parallel to the
surface being free. This quantization has been
demonstrated at temperatures below 4. 2 K, by a
number of experiments. ~ 6 In this paper it is
shown that quantization effects can also be mea-
sured up to room temperature by accurate capac-
itance measurements between the gate and the
short-circuited source, drain, and bulk contacts
of a metal-oxide-silicon-semiconductor transistor
(MOST).

In the effective-mass approximation the electron
motion in the z direction perpendicular to the sur-
face is determined by SchrMinger's and Poisson's
equationv'

E,' is the ith energy level of the electrons in valley

j of the conduction band with effective mass m, in
the z direction. For a silicon (100) surface, we
have two valleys with m, = 0. 98m, and four with
mg= 0. 19m,.

The space-charge density in Poisson's equation
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mq~ kT
N',. = @z ln 1+exp (3)

mz& is the density-of-states mass for the motion
parallel to the surface of valley j; E~„ is the quasi-
Fermi-level for electrons in the inversion chan-
nel.

The boundary conditions for the equations are
the following. The normalized wave functions /k'

are zero at the surface and in the bulk of the ma-
terial. The potential V at the edge of the depletion
layer z= zo is equal to the potential in the bu)k,
while the electric field equals zero at z= m. The
width of the depletion layer se is dependent on the
difference between E~„and E», the quasi-Fermi-
level for holes in the bulk. This difference may
exist owing to an applied bias V, between source
and bulk contacts of the MOST.

We have solved Eqs. (1)-(3) numerically for
different values of the dopant N» bulk bias V»
and temperature T, as a function of the total num-
ber of electrons N„„per square unit in the inver-
sion channel, with an iterative method resembling
the method of Stern. e

The average distance z,„of the electrons from
the silicon surface can then be calculated from
the known electron distribution n(z). z„will have
an influence on the capacitance C between the gate
and the ac short-circuited source, drain, and bulk
contacts of the MOST. The total charge Q in the
semiconductor is given by

is determined by the ionized acceptor concentration
N„ in the depletion layer 0 & z & I), and the electron
concentration n(z) given by the sum in Eq. (2).
N~ is the total number of electrons per unit square
at energy level E~ and is given by7

The variation in the capacitance 4C is measured
as a function of the applied dc gate voltage with a
sensitivity of 0.001 pF.

Using Eq. (7), we can then measure the variation
of z„as a function of N„„; the second and third
terms on the right-hand side of Eq. (7) are cor-
rection terms, which are obtained from the numer-
ical analysis. ' The calculated values of z„, to-
gether with the measured points, are given in Fig.
1 for different temperatures, bulk biases, and bulk
dopants. One of the measured points must be
matched, because only the variation of C and not
its absolute value can be determined accurately
enough. The dashed curves give the variation in

z,„for a calculation which ignores the quantization
in the z direction. The curves are shifted over a
distance of + 15 A for an easier comparison with
he measured points which are matched to the solid
urves.

The following remarks may be made.
(i) All measured points agree within experimental
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The oxide charge and the charge in surface states
have been omitted; they only give a constant con-
tribution in (4) and (5) in strong inversion, so they
do not influence the capacitance.

The three terms in (5) are the potential drops
over the oxide thickness d,„, the depletion region,
and the inversion region. Introducing the variation
in the capacitance b C= C —z /d„wit, h„,C=dg/dV„„
and making use 'of the inequalities

50-

30-

)012 2 5

NjIly Icm j

'cm'
0"'cm'

I

)013 2

N„(Cku/dN„„) « I, z„«d,„,
we find after a straightforward calculation up to
first order
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FIG. 1. Average distance of electrons from the inter-
face g~~ versus the total number of electrons Nfl in
the inversion layer of (100) silicon surface. The dopant
Nz of the substrate of the MOST, the temperature T,
and the applied bulk voltage VI, are indicated in the
figure. Solid curve, s, calculated with quantization;
dashed curve, z~„+15 4 calculated without quantization.
Circles, crosses, and squares are measured points.
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error with the calculated values z„ taking the quan-
tization into account. This over-all agreement is
not obtained mith the calculations without quantiza-
tion,

(ii) A lower dopant N~ in the bulk causes a less
steep potential mell at the surface and increases
z„, as is seen from comparison of curves 2 with

4, 3 with 5, and 6 with 7.
(iii) Applying a forward bulk bias also decreases

the steepness of the potential mell and increases
z,„; a negative bias does the reverse. Compare
curve 1 with 2 and with 3, 4 with 5.

(iv) The difference between calculations of z,„
with and without quantization being taken into ac-
count is less pronounced the less steep is the po-

tential well and the higher the temperature. In
the case of curve 4 the measurements do not enable
us to distinguish between quantized or not quantized
electrons. The energy separation of the quantized
levels in this case is of the order of kT. If a neg-
ative bias is applied (curve 5) or the temperature
lowered (curve 6), the distinction can clearly be
made.

To sum up, the quantization of electrons in silicon
inversion layers has been experimentally verified
at 77 and 300 'K. All previous experimental work
on this quRntizRtion has been done Rt temperatures
of 4. 2 K Rnd lomex'.

The author is indebted to W. J.J.A. van Heck
for assistance in the measurements.

~J. R. Schrieffer, in Semicondletoz Surface Physics,
edited by R. H. Kingston (Pennsylvania U. P. , Philadel-
phia, 1957), p. 55.

2A. B. Fowler, F. F. Fang, W. K. Howard, and
P. J. Stiles, Phys. Rev. Letters 16, 901 (1966).

F. F. Fang and P. J. Stiles, Phys. Rev. 174, 823
(1968).

M. Kaplit and J. N. Zemel, Phys. Rev. Letters 21,
212 {1968).

D, Tsui, Phys. Rev. Letters 24, 303 (1970).

R. G. Wheeler and R. W. Ralston, Phys. Rev. Letters
27, 925 (1971).

F. Stern and W. E. Howard, Phys. Rev. 163, 816
{1967)..

E D Siggia and P C Kwok Phys ~ Rev, B 2 1024
(1970).

~F. Stern, J, Comput. Phys. 6, 56 (1970).
'OJ. A. Pals, Philips Res. Hept. Suppl. (to be pub-

lished) .

PHYSICAL REVIEW B VOLUME 5, NUMB EH 10

Nonlinear Response of Bound Electrons to X Rays

Sudhanshu S. Jha
Tata Institute of Fgndarnenta/ Beseech, Bombay

James W. F. Woo
IBM Thomas J'. 8'atson Research'Center, Yoxktomn Heights, Nese York 10598

(Received 26 July 1971)

In the high-frequency limit, general expressions for second- and third-order induced elec-
tronic current densities in a medium are derived. These are valid for any medium with arbi-
trary spatial electronic-density variations. It is shown that the second-order current density
at x-ray frequencies depends directly on the gradient of the unperturbed electronic density, so
that it, is sensitive to density variations both near the surface and near the ionic cores in a
solid.

Recently, Eisenbex ger and McCall' have observed
x-ray parametric conversion due to the lowest-
order nonlinearity in a solid. This was proposed
earlier by Freund and Levine. a They also con-
sidered theoretically the case of mixing of an in-
tense optical wave with a wave at x-ray frequency.
Furthermore, an amplifier at such a high frequency
leading to the availability of highly intense and
monochromatic x-ray sources now seems to be a
distinct possibility. It is, therefore, of some in-
terest to examine critically the calculation of non-
lineax' susceptibilities of a solid atx-ray frequencies.

Although, Eisenberger and McCall' and Freund and
Levine~ have tried to derive expressions for the
second-order susceptibility in a solid at x-ray fre-
quencies, we find that their results are not general
enough to include the very significant effect due to
the potential barrier at the surface. of the solid.

Since x-ray photon energies are much higher than
the surface barrier, we may argue that the effect
of the surface should be negligible. However, in
the high-frequency limit (a+» Es, where Ee is a
typical electronic excitation energy for dominant
transitions), we will show that the second-order


