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Lattice Dynamics and Electron-Phonon-Coupling Field and Vibronic Spectra

D. H. Kuhner, H. V. Lauer, and W. E. Bron
DePartment of Physics, Indiana University, Bloomington, Indiana 47401

(Received 5 November 1971)

Details of the dynamical properties of crystalline lattices are tested against vibronic spec-
tra accompanying electronic transitions of Sm2' probe ions. Dispersion relations and shell-
model parameters are presented for CaF2, SrCl2, and EuF2. Considerable information is also
obtained on the symmetry and nature of the electron-phonon-coupling field. It is shown that
long-range Coulombic and highly local, non-Coulombic fields are involved. Furthermore, it
is indicated that previously reported deficiencies in shell models concerning the prediction of
the dielectric constant and the dynamical polarization have a probable origin in the neglect of
extended, partially overlapping, electronic distributions.

I. INTRODUCTION

The authors and their co-workers have shown

in a series of papers' ' that the lattice dynamics
of some insulator crystals can be independently
tested againstvibronic spectra (see also Refs. 11
and 12). Vibronic spectra form a particularly
critical basis for models of lattice dynamics, since
such spectra not only contain information on eigen-
values, but also contain information on eigenvec-
tors.

In a preceding work by KGhner' the technique has
been applied to the SrF~ and BaF& lattices. It is
shown that vibronic spectra can be theoretically
reproduced in terms of the ideal dynamics of each
lattice as described by a shell model. The param-
eters of the model are fitted, with one exception,
to independently obtained macroscopic data. The
exception involves a decrease of roughly 20% in the
experimentally obtained high-frequency dielectric
constant. ' This change is required in order to
bring the energy, at which various features of the
calculated vibronic spectra occur, into coincidence
with those obtained experimentally. It was further
noted that the shell models lead to an apparent
overestimation of the dynamical polarization. This
effect has also been noticed in similar work car-
ried out on alkali halide lattices. 6

The calculations of the alkaline-earth fluoride
lattices mentioned above, and the earlier ones on

alkali halide lattices, ' ' ' are, however, com-
plicated by the possibility that the observed dis-
-crepancies stem from distortions in the lattice
which result from the presence of the optically ac-
tive probe ion. In these studies, vibronic spectra
accompanying intraconf igurational optical transi-
tions of the Sm ' ion have been used. In order to
eliminate possible distortional effects, we have in-
vestigated in detail the system EuF, :Sm". As is
the case throughout the alkaline-earth halides,
the Sm2' ion replaces substitutionally the cation. :

in this case the Eu ' ion. These two ions differ
only by one 4f electron, by 1.3% in atomic weight,
and have essentially identical ionic radii and outer
electron shell.

In order to study further the possible overesti-
mation by the shell models of the electronic polar-
izability, we have also investigated the system
SrCl~: Sm '. Since chlorine ions are more polar-
izable than fluoride ions, the discrepancy between
calculated and experimental vibronic spectra is
predicted to be more pronounced in the SrC1~ case.

Finally, in order to show that the technique
works equally well for vibronic spectra accompany-
ing interconfiguration (rather than intraconfigura-
tion) transitions, we have also investigated the

CaF, :Sm ' system.
We show that not only the details of the dynam-

ics of these lattices can be successfully tested
against the vibronic spectra, but that in addition
vibronic spectra lead to information on the nature
of the electron-phonon-coupling field. Further-
more, we show that the discrepancies in the cal-
culated high-frequency dielectric constant noted
above may originate from the use of point-multi-
pole charge distributions rather than extended,
partially overlapping, electronic charge distribu-
tions, in the description of the electron-phonon
coupling.

II. EXPERIMENTAL METHODS

Single crystals of SrCl2, containing Sm ', were
grown in an induction furnace by the Czochralski
method, and then annealed at 700'C for 12 h to
relieve strains. EuF& crystals, containing Sm ',
were grown from EuF, powder (containing SmF~)
by melting in a vitreous carbon crucible at 1450

C under a pure-hydrogen atmosphere. In this
method, EuF2 crystals slowly freeze out from the
melt via the reaction 2EuF, + H, - 2EuF~+ 2HF.
Crystals of CaF2, containing Sm ', were purchased
from Optovac Inc. '4 The nominal samarium con-
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FIG. 1. Curve (a) (solid line) is the measured
sideband of the 5D0(I'g) +()(I ~) transition of EuF2 . Sm '.
The overlap region with the ~DO(&g) +~(I'&) zero-phonon
line is shown by the dotted line. Curve (b) (dashed line)
is the dipolar sideband calculated with the SDM. Curve
(c) (dot-dashed line) is the rigid-ion-coupling case.
Curve (d) (dashed line), which is shifted up in scale, is
the calculated sideband on the basis of an ASM, where

Note that frequency increases to the left
on all such graphs.

of the transition corollary to the '80- Fo transi-
tion of the Sm in CaF2 has also been recorded.
This transition has been shown to originate from
a state belonging to the 4f' 5d configuration, rath-
er than from the Do state which belongs to the

4f conf iguration.
The vibronic spectra measured in zero magnetic

field at 4. 2 'K are shown in Figs. 1-5.
A problem exists in assigning frequencies to the

vibronic sideband with respect to the pure elec-
tronic transition in the EuF2. Sm ' and SmCl&. Sm '
cases. Only the 'Do- E& transition is an allowed
magnetic dipole transition, whereas the other
transitions are neither electric dipole nor mag-
netic dipole allowed. A "zero-phonon" line is,
therefore, only observed for the 'Do- 'F& transi-
tion. It should, however, be noted from the top
three graphs of Figs. 2 and 4 that the maximum
B is a dominant feature of each of the vibronic
sidebands. It will be shown in Sec. V that this

0.5—

tent in each case was 0. 05 mole/&&. The Sm ' in

SrCl~, and in CaF~, was reduced to Sm' by heat-
ing in a three-zone furnace to near the melting
point under the corresponding alkaline-earth- metal
vapor.

Optical emission spectra were taken using a
1-m Jarrell-Ash Czerny- Turner spectrometer

0
set to a resolution of 2 A in the region of the rel-
atively intense zero-phonon lines. Zeeman stud-
ies were carried out using a superconducting coil
capable of 100-kG fields with a homogeneity of 5

parts in 10' over the entire sample. The coil and

samples were immersed in liquid helium at 4. 2'K.
Polarization measurements were taken of the
emitted light in a direction perpendicular to the

magnetic field axis. Unfortunately, polarization
measurements of light emitted parallel to the mag-
netic field were inconclusive because of stray
light problems in the experimental apparatus.

III. EXPERIMENTAL RESULTS

Emission and Zeeman spectra have been re-
corded for the following four transitions of Sm '
in EuF~ and SrCl&.
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Here the group-theoretic term assignments for
the electronic states follow those of the Sm ' ion
in other alkaline-earth halide lattices, i. e. , SrF2
and BaF~. " In addition, the sideband structure

FIG. 2. The upper three curves are the measured
sidebands of the Do(I'&) E&(I'4), 'E2(F4), 'E2(I'3) tran-
sitions of Sm ' in EuF2. The lower curves are sidebands
calculated with the SDM.
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FIG. 3. Curve (a) (solid line) is the experimental
sideband of the Do(I' f) Ep(I'g) transition of Sm ':SrCl&.
Curve (b) (dot-dashed line) is the dipolar sideband cal-
culated with the ASM. Curve (c) (dashed line) is the
rigid-ion-coupling case. The region of the unknown ad-
ditional structure is indicated in the graph.

maximum always occurs at the same frequency in
the directly calculated sidebands. We have, ac-
cordingly, adopted the relative frequency of this
maximum with the zero-phonon line of the 'Do- F&

transition as a gauge with which to determine the
frequencies of the other sidebands. This proce-
dure yields a consistent assignment in the
EuF2. Sm ' system. It is also in agreement with
the frequency assignments given by Cohen and
Guggenheim' for the SrF2: Sm ' systems.

A slight problem arises in the frequency assign-
ment for the SrCl, :Sm ' system. The 'Do-'Fo
sideband of SrC12 has unexplained structure in the
region of the longitudinal-optical limiting frequen-
cy. This structure is also evident in the side-
bands published for this system by Axe and Soro-
kin. ' The fact that the structure is not observed
in the sidebands of other transitions leads us to
suspect that it does not result from any lattice
vibrations. If this structure is ignored, a consis-
tent frequency assignment can again be made based
on a dominant peak in the 'Do- F, sideband, i.e. ,
in a manner similar to that described above for
the EuF~: Sm ' system.

Application of a magnetic field in the [100]di-
rection of the fluorite lattice lowers the site sym-
metry of the Sm ' ion from 0„to C4„. With fields
of the order of 90 kG, we find easily observable
splittings of 6 to 10 cm in the zero-phonon lines
of the 'Do(1";)- F&(I 4) transition. The Zeeman
components of the vibronic sidebands, on the other
hand, cannot be resolved, since the splitting is of

the same order as the width of the main phonon
peaks. Nevertheless, a net polarization of the
various features of the sideband is observed.

Actually, the inability, in the present measure-
ments, to determine the polarization of the emitted
light parallel to the direction of the magnetic field
allowed us to distinguish only I'3 from all other
possible phonons.

In order to carry the analysis of the symmetry
of the coupled phonons a step further, we repeated
the same measurements for SrF2: Sm '. A com-
plete analysis of this system has been reported by
Cohen and Guggenheim. ' Through comparison of
our results on EuF~: Sm ' and SmC1~: Sm ' with
those of SrF~: Sm +, plus the analysis of the cou-
pling probability (to be discussed in detail in Sec.
IV A), and through the direct calculation of the
sidebands (to be discussed in Sec. V), we conclude
that the symmetry of the coupled phonons is as
shown in Table I.
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FIG. 4. The upper three curves are the measured side-
bands of the Do(I'I) 'E~(I'4), E2(I"g), F2(I'3) transition of

Sm ' in SrC12. The lower curves are the I'4, 2, I'4 3, and
I'3 and the I'2 (dotted line) sideband calculated with the ASM.
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TABLE I. Symmetry type of coupled phonons.

Transition
5 7
Dp Fo

SD 7F
0 1

SD, -'F, (rg
'Do-'F2~r3~

Observed in
EuF2 . Sm2'

r-
4r-
4

r4, r;
r-

4

Observed in
SmC12 . Sm2'

r-
4

I'4, I'3

r4, r;
r-

4

Theoretically
allowed

r-
4

r5, 14, rz, I'-,

rs. r4. r3. r2
r-„r4

IV. THEORY

A. Vibronic Spectra

General theories of vibronic spectra have been
formulated by a number of authors. '"' We fol-
low here the formalism developed by Wagner.
Since the pertinent derivations appear in Ref. 5,
we state here only that part which is necessary to
define relevant parameters and the scope of our
calculations.

For 0 'K temperature the one-phonon vibronic
sideband, accompanying an electronic transition
from an initial state a to a final state b of an opti-
cally active ion, is given by the imaginary part of
the polarization tensor n:

8 5
Im&„,(&)= Z Z Z F",~r, „~ pr„.(e)F,'~r, „~,4~ r nn

x o „(nl'k) M, "', (4)

where 8 „is the sth component of the equilibrium
position vector of the ion & in the unit cell m, Z
is the ionic charge, and M, is the ionic mass. The
second term in the parentheses in Eq. (4) describes
the field resulting from the motion of the optically
active ion relative to the origin.

As noted earlier, the experimental observations
involve four intraconf igurational electronic transi-
tions. From Eq. (3) it is noted that, since the
initial a and final b electronic states are of the
same parity, the intermediate state and the cou-
pling field must be of odd parity (r is an odd-parity
operator). When the coupling is purely Coulombic,
as will be assumed here for the time being, it be-
comes useful to expand V in a series of odd-parity
multipole fields. Table II indicates the pertinent
multipoles and the representation under which they
transform in O„symmetry.

It is assumed that the intermediate states l be-
long to the nearest odd-parity configuration, i. e. ,
the 4f '5d configuration. These states are roughly
10000 cm ' above the Fo(&&) ground state and on
the average about 2000 cm ' above the emitting
'Do(I' f) state. '9 Therefore, the term in Eq. (3)
with IE&-E& —@&I is small compared to the term
with IE, -E,+ 0+ I . Experimentally only negligible

where p„„.is the projected density

p„"„,=Z (o(nf'j) ln(k&))(R(k~) lo(n'f'j)) 5(v —&a&(kx)).

.(3)
&(kX) and rI (k&) are the vibrational eigenvalues and

eigenvectors of the Sm'-doped crystal, respective-
ly. k is the wave vector of the ideal lattice;
describes the frequency branches. o(nI'j) is the

jth component of the symmetry vector n of the ir-
reducible representation ~. E,', ,„, is given by

,r ~ (4,(r) Ir, I @,(r)) (4,(r) I V„,(r)14', (r))
l E) —Eg —8&

(@,(r) I V„",(r) 14', (r)) ('0, (r) I x; I k, (r))
E, -E,+@~

r is the electronic position operator measured
from the lattice site of Sm '. (The lattice is as-
sumed to move relative to the Sm ' site. ) E„E„
and E, are the energies of the initial state a, final
state b, and intermediate state l.

V (r) is the symmetrized coupling-field opera-
tor which for a pure electrostatic electron-pho-
non interaction is given by
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FIG. 5. The upper curve shows the vibronic sidebands
of a 4f 5d 4f6 transition of the Sm ' in CaF2. The
lower three curves are the I'3, I'&, and 15 calculated side-
bands.
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intensity is observed in the sideband beyond a pho-
non frequency of 300 cm '. It is, accordingly, fur-
ther assumed that @+ is small compared to
IE, -E, I. Since the second term in Eq. (3) dom-
inates, and since the initial state a belongs to the
I'& representation, it follows immediately that the
symmetry of the coupling field V, and hence that
of the coupled phonon, must be the same as that
of the intermediate state.

In order to determine which multipole of V is
dominant in the various sidebands, V is next rep-
resented in the spherical harmonics F& up to N = 5.
In Table II pertinent N values are indicated. Val-
ues of N of 1, 3, 5, etc. , correspond, respective-
ly, to a dipolar (2'), octopolar (2 ), and 32-polar
(2') electrostatic coupling field. It is perhaps valu-
able to point out immediately that it is unlikely that
classical, electrostatic, point-multipole coupling
indeed dominates the higher-order (higher than di-
polar) coupling. Since the higher-order-coupling
volume does not extend beyond the nearest neigh-
bors of the optically active ion, it is more reason-
able to assume that classical and quantum-mechan-
ical overlap, spin-orbit, and exchange fields will
dominate. We shall return to the basis of this
assumption in Sec. VA. It should be noted that
this assumption is in contrast to the one made by
Wagner which limits intraconfiguration transi-
tions of the Sm ' ion to interactions with electro-
static fields. Whatever the coupling field, it can
be expanded in spherical harmonics. It is, ac-
cordingly, useful to retain the multipole labels in

order to refer to the component of the spherical
harmonics involved.

Before proceeding, it is necessary to consider
possible admixtures to the electronic wave func-
tions. The final electronic states F~(1',) trans-
form in free space according to the total angular
momentum J. Since these states belong to the
shielded inner 4f electronic shell and have ener-
gies well below the 4f'5d states, it will be as-
sumed that they are not affected by the crystal
field. These conditions are, however, not ful-
filled for the initial 'Do(i'&), state and the inter-
mediate states for which admixtures are expected
through the presence of the N= 4 and K= 6 compo-
nents of the cubic-crystal field.

TABLE II. Decomposition of coupling field.

Table II indicates that under the above assump-
tions dipole, octopole, and 32-pole coupling is
possible. It is possible to estimate the relative
strengths of the higher-order Coulombic-coupling
fields, by comparing matrix elements of the form
(4f' 5d lr" 14f ). Judd has tabulated the values

of this integral using wave functions of Nd '. In-
serting these values in Eq. (1) shows that the low-
est-order coupling will dominate the vibronic side-
band structure, when such Coulombic coupling is
allowed, even if higher-order Coulombic coupling
is made possible through strong admixtures to the
initial state. We shall further assume that the same
conclusion holds for higher-order fields which are
not Coulombic in origin.

Since the symmetry of the coupled phonon must
be the same as that of the intermediate state, only
I"4 phonons (see Table I) can couple to the 'Do(I",)

F p(&g) transition. In Table II it is indicated that
I'4 phonons can be coupled by either dipolar, octo-
polar, or 32-polar fields. It will be shown in Sec.
VA, by direct calculation of the sideband, that
the coupling field in this case is dominantly di-
polar in character.

Table I indicates that I"&, I 3, I"4, I", phonons
can in principle couple to the 'Do(I"&)- 'E&(I'4)
transition. If the total angular momentum J is a
good quantum number for the initial, intermediate,
and final electronic states, then the selection rules
require that only dipolar fields can be involved.
Table II indicates that in this case only I', pho-
nons could couple. However, it can be observed
from Fig. 2 that the shape of the sideband accom-
panying this transition differs from that of the
Do- I"0 transition in Fig. 1, which latter has been

identif ied with dipolar coupling. Furthermore,
in Table I it is shown that experimentally I'3

phonons are observed to be coupled, which latter
phonons can only couple via 32-polar fields (see
Table II).

For the 'Do(I';)- Ez (I';) transition Table I in-
dicates that I'„ I', , I"4, I', phonons can couple.
According to the J selection rule, dipolar and

quadrupolar coupling is possible. However, ex-
perimentally coupling of I3 phonons is observed in

addition to I"4 phonons.
The coupling of phonons by higher-order fields

rules out the possibility that the J selection rules
apply in the present case and affirms the assump-
tion made earlier of the existence of crystal-field ad-
mixture to the electronic states.

Phono n
symmetry

Pa

I'2

F3
1"

4
I'5

Coupling field
N index of spherical harmonics

none & 7
3
5
1, 3, 5
3, 5

B. Lattice Dynamics

Equations (1)-(3) of Sec. IV indicate the rela-
tion of the eigenvectors to the vibronic sideband
structure. The next task is to define the lattice
dynamics of the Sm '-doped system. The latter
is, in principle, related to the ideal lattice dynam-
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TABLE III. Macroscopic parameters.

Macroscopic
parameters

(r=p K)

R
C&&

C»
C44

Cp

&'(r, so)
~(r, R)
~(r, L, O)

'

Ag

Q2

CaF2

2. 722 x10
17.400 x 10"'
5.600 x 10"
3.593 x 10'
2. 04~
6.654
268'

330.4+ 1%
484~
1 23x10-241
6.45x10 25'

EuF2

2. 922 x 10-S*b

12.40 x 10 + 2% "
5.08x10 +2%%u

"
3.18x 10 +2%"
2.42'
7, 52+

03' e

293+ 1% ~

358*'
2. 53 x 10-24 J

4 10 24 i

SrCl2

3.492x10 2 '
7.55x10 +5%
1~ 72 x ].0&2 + 5% b

1.03x10' +5
2 ~ 7
l. 94*
155+

187.9+1%~

248*
1.55 x1p-'4 ~

2.974x 10

Units

cm
dyn/cm'
dyn/cm2
dyn/cm'

cm-'
cm-'
cm"
cm"
cm3

~Reference 23.
Reference 24,
Reference 25.

~Reference 26.
'Reference 27.

&p from room-temperature value measured by one

of us (H. V. L. ).
~Reference 28.
"From the Lyddane-Sachs- Teller relation.
'Reference 29.
&& was calculated from & and &2 of Ref. 29.

ics of the pure host lattice. ' We shall restrict
our attention to two dynamical models. The first
is the shell-deformation model (SDM) introduced
by Kuhner, ' which allows ionic polarization as well
as radial and axial deformation of the electronic
shell. The reduced equation of motion has the
form

~ ~ q=A q+8 ~ P+C ~ Q,
0=8" q+D 5+E g, (5)

0= C* g+ E'* 0+ G Q,

where q is the mass-reduced ionic displacement,
P the polarization, and Q the deformation of the
electronic shell. The reduced-f orce- constant
terms are defined in the Appendix. In addition,
we have carried out calculations based on the dy-
namical model introduced by Axe ""(ASM), which
does not include ionic deformation. The reduced

equation of motion for the ASM is obtained by ne-
glecting the ionic deformation Q in Eq. (5). (The
breathing-shell model introduced by Schroeder
is obtained if only radial deformation of the elec-
tronic shell is allowed. )

Microscopic parameters such as ionic polariz-
abilities, force constants, etc. , of each model are
obtained directly from macroscopic parameters
such as the optically observable infrared- and Ra-
man-active frequencies, the elastic constants,
the dielectric constants, etc. The values used are
indicated in Table III. In certain instances (indi-
cated in Table III by asterisks) the low-temperature
data are not available. In this event extrapolation
from high-temperature data to 4 K has been car-
ried out through comparison with similar data for
SrF2 and BaF&. The parameters of the models are
tabulated in Table IV, and their physical meaning
indicated in the Appendix. It should be realized that

A((e /g) B((e /g)

TABLE IV. Shell-model parameters.

A2(e /g) 82(e /v) KD1(e /p) KD2(e /y)

SrCl,

Error
(%)

ASM
SDM

33.600
34, 708

-2.5074
—2.6743

4.2452
3.4598

0. 09487
0, 56011

75.104
75. 083

Eu F2

34, 842
34, 645

0, 081552 —0.18186 2.22 1, 0
0. 26361 -0.11908 2.22 4. 1

ASM
SDM

35.045
35.291

—4.6424
—4. 7125

0.91538 0.63120
1.0334 0. 5974

26. 995
26. 998

CaF2

74, 212
74, 217

0.09252 —0.33398 2, 05 1.0
0. 08175 —0, 34473 2. 05 1.0

ASM 32, 626 —4. 2033 2.3882 0.3397 31.737 5S.525 0, 1132 —0.3378 2 0

The error is calculated from the sum of all relative deviations from the macroscopic data of Table III, except for &„.
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in each case, i. e. , for CaF2, EuF2, and SrC12,
low-temperature neutron-scattering data are not
available. Therefore, the shell models' param-
eters have not been fitted to the dispersion curves,
as is done in the Cowley-Cochran shell models.

We now turn to the problem of the effect on the
ideal lattice dynamics of the presence of the Sm '
ion in the lattice. It may be safely assumed that
no observable lattice perturbation exists in the
case of EuF~: Sm ', since in this case the elec-
tronic configuration differs only by one 4f elec-
tron, and the differences in atomic mass and ionic
radii are slight.

The situation in SrC12: Sm ' is not immediately
as clear. It can be readily shown, in the event
the coupling field is dipolar or that only even pho-
nons are coupled, that in cubic symmetry the field
due to the motion of the optically active ion van-
ishes. Accordingly, the only possible observable
disturbance is that due to changes in the forces be-
tween that ion and its neighbors. Although there
is no a P~io~i reason to expect such, we now show
from empirical facts that such force changes must
be negligibly small for this case.

For SmC1~: Sm ', Axe and Sorokin' report a
sharp vibrational peak at 213 cm ' in the vibronic
structure of the absorption spectrum. This struc-
ture must be due to even-parity vibrations. It is
found from our calculations, assuming no force
changes, that the projected density of the I'& vi-
brations of the nearest neighbors has only one sharp
peak at 210 cm '. This maximum accounts for the
observations of Axe and Sorokin. ' We assume,
accordingly, that for EuF, and SrCl~ the changes
in the nearest-neighbor forces in the vicinity of the
Sm ' are negligibly small. The direct calculations
of the vibronic sidebands, to be discussed in Sec.
V, have been carried out using the ideal lattice
dynamics of the respective alkaline-earth halide
crystals.

V. ANALYSIS

A. Vibronic Spectra

We now turn to a comparison of the experimental-
ly observed vibronic sidebands to the sidebands
calculated directly from Eq. (1). Eigenfrequen-
cies, eigenvectors, and the dynamical polariza-
tion were calculated for 326 k vectors in 48 of the
first Brillouin zone. " The small number of cal-
culated solutions lead to unimportant uncertainties
in the low-frequency region. Three types of cou-
pling fields have been employed. These are (i) an
electrostatic dipolar field, (ii) an electrostatic
octopolar field (used for EuF2 only), and (iii) a
field which can couple independently to various
components of the vibrational modes of the Sm '
ion and its nearest neighbor. The latter simulates a

highly localized higher-order coupling field.
actual form of the latter field can be viewed as
some unspecified combination of the multipole
fields. We shall refer to this as the "nearest-
neighbor field. " It will be shown that the calcu-
lated sidebands further strengthen the assign-
ments of the symmetry of the coupled phonons and
the apparent order of the coupling field as given
in Sec. IVA.

l. EuF,

In Fig. 1 are shown the experimentally observed
[curve (a)j and theoretically calculated [curves
(b)-(d) j vibronic structure which accompanies the
'Do(&;)- Fo(l",) of Sm ' in EuFz. The theoretical
calculation for this and other transitions is based
on the SDM. The calculations have been repeated
for the ASM (not shown in Fig. 1). No apprecia-
ble difference is observed. The vibronic side-
band is calculated on the assumption of a pure-
electrostatic dipolar-coupling field. Curve (b)
shows the results based on the macroscopic pa-
rameters taken from Table III. It can be seen
that the calculated frequencies of the major maxima
are about 15-20 wave numbers lower than those
observed experimentally. Kuhner' has reported
obtaining the same result in the SrF2. Sm and

BaF2. Sm ' systems. It is shown that this dis-
crepancy can be consistently removed by lowering
the cation polarizability by approximately 20k.
Within the context of the model this reduction im-
plies a concurrent reduction in the high-frequency
dielectric constant (see Ref. 29). A similar re-
duction in the Eu ' polarizability results in curve
(d) in Fig. 1. Curve (c) contains the result of a
calculation in which the coupling resulting from
dynamical polarization is artif icially suppressed.
Comparison of curves (c) and (d) yields an indica-
tion of the contribution that polarization makes to
the sideband structure. It can be seen that its in-
clusion leads to an over-all improvement in the
relative intensities. It should particularly be noted
that the sideband is satisfactorily described by
electrostatic dipolar coupling.

In Fig. 2 are plotted the experimental and cal-
culated vibronic structure accompanying the
Do(I"~)- F~(I"4), Ep(I'3), and F~(I'~) transitions.

Theoretical sidebands have been calculated on the
basis of electrostatic octopolar coupling (not
shown) and on the basis of the nearest-neighbor
field.

Vibronic structure calculated solely on the basis
of electrostatic dipolar or octopolar fields does
not correspond to the observed structure for these
transitions. Octopolar coupling leads, in addition,
to unobserved intensity in the lower-acoustic-fre-
quency region. Considerably better agreement is,
however, obtained if the nearest-neighbor coupling
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field is used. The latter results are discussed
below.

The theoretical sidebands shown in Fig. 2 are
those due to I'3 and to two I'4 vibrations of the
nearest neighbors, providing that these vibrations
are independently coupled to the electronic transi-
tion. It is useful to distinguish the three components of
the vibrations which correspond to the I"4 vibrations
of the Sm ' ion plus its eight nearest neighbors.
Accordingly, we distinguish between a I 4, &

vibra-
tion which is that of the Sm ' ion itself, a I'4, &

vi-
bration which is a transverse motion of the near-
est neighbors, and a I'4

~ 3 vibration which corre-
sponds to the remaining possible I'4 vibration of
the nearest neighbors.

By comparison with Fig. 1 it is seen that maxi-
mum B is mainly due to a remnant of the dipolar
coupling field. The same is true for maximum D.
Based on the similarity of the structure in the
acoustic region, we assign the I'4, 3 vibration to
that region of the 'Do(I",)- 'F2(I'5) sideband. The
latter vibration produces no shift in the center of
mass of the nearest-neighbor halides, contrary
to the case of the I'4 ~ vibration. A stronger cou-
pling of the I'4, 2 vibration is accordingly expected:
a fact which is indeed observed by the appearance
of maximum E in all three sidebands. The inten-
sity of the I'4 3 vibration in the lowest-frequency
acoustic region is found theoretically to cancel out
with the vibration of the Sm ' itself, stemming from
the fact that these two modes possess only a very
small relative phase shift in this frequency region.
Maximum G of the 'D, -'F, (I'4) sideband is uniquely
produced by the I'4, vibration.

LO

300—

o 200—

IOO

0.5 0.25 0.0 0.25 0.5 0.75 I.O 0.75 0.5 0.25 0.0
q,=ay+0

WAVE VECTOR

FIG. 6. Dispersion curves for EuF& based on the SDM.
The representation deviates from the standard one. In-
cluded is the path along the zone face from the X point
over the 8' point to the K point. RT and RL refer to the
Raman transverse and Baman longitudinal branches,
respectively.

In addition to the coupling described above, even
higher-order coupling is apparently also observed.
The maximum F in the 'Do- F~(l';) sideband corre-
sponds to the sharp maximum in the I'3 density.
The latter vibration couples, according to Table II,
over a 2'-polar field. The symmetry assignment
is in agreement with the experimentally observed
polarization in this region of the sideband.

Of course it is possible that, in addition, a weak
coupling of I', , I"~, and I", vibrations also exists.
Considerable coupling of these modes can, how-
ever, be ruled out for the EuF2: Sm ' system by
the following arguments. The I'& and I', modes can
be excluded because they would produce unobserved
maxima in the acoustic or in the region of the longi-
tudinal-optic branch. The I", mode is excluded by
the fact that there is no I'y vibration of the nearest
neighbors and that the coupling field is 2'-polar or
higher as can be seen from Table II. Since such
fields must be highly localized about the Sm ' ion,
it is very unlikely that this coupling is observable.

Two-phonon coupling is also observed in the re-
gion of the one-phonon sideband. In Fig. 6 is
shown the frequency dependence of the density of
states of EuF, as calculated from the SDM. A
frequency gap can be observed between the acoustic
and the optic modes. Also observable is a region
of very low density between the region of the longi-
tudinal-optic branch and the other optic branches.
These gaps are, in fact, observed experimentally
in the sideband of the 'Do- I"0 transition. In con-
trast, the other sidebands show considerable in-
tensity in these frequency regions (see maximum
A, in Fig. 2). It is possible that the maximum C
also results from two-phonon coupling. It cannot
be accounted for solely by one-phonon coupling.

2. SrC1,

The theoretical curves of Figs. 3 and 4 are based
on the ASM. Similar curves have been calculated
based on the SDM. As is the case with EuF~, no
appreciable difference is observed. The analysis
of the vibronic structure accompanying the transi-
tion of Sm ' in SrC13 closely follows that given above
for EuF& with the following exceptions.

The inclusion of dynamical polarization in the
calculation of the sideband of the 'Do I'0 transi-
tion leads to an experimentally unobserved maxi-
mum in the transverse-acoustic region. A pos-
sible source of this disagreement will be discussed
in Sec. VI.

As can be seen from Fig. 4, the 'Do(l';)-'Fz (I';)
sideband is mainly a combination of the I4 3 and
the I'& vibrations. The latter vibration, which was
not detected in EuF2: Sm ' system, appears to be
required here in order to account for the additional
maximum near the maximum E. The I'3 vibration,
which also could account for the additional maxi-
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FIG. 7. Frequency density of EuF2 based on the SDM.

As noted earlier, the one-phonon sideband ac-
companying the dipole-allowed 4f'5d-4f transi-
tion of Sm ' in CaF2 is limited to even-parity pho-
nons. Two-phonon structure, which is also ob-
served, is not so limited. We shall not be con-
cerned with the latter here. Even phonons are
coupled over monopole or higher-order even-polar-
ity fields. Since such fields are local in charac-
ter, we assume for simplicity that only even vibra-
tions of the nearest neighbors are important. We
further limit attention to those vibrations which in-
volve essentially radial motion of the nearest-
neighbor ions, since these are expected to be more

mum, was not detected by polarization measure-
ments (contrary to the EuFz. Sm ' case). The main
peak of the 'Do(I",)-'F~(I"3) transitions is mainly
due to the I"4 3 vibration. Maxima A and B are due
to dipolar coupling. Maximum C is too strong to
be explained only by dipolar coupling. The compo-
nents of the sideband of the 'Do(I';)-'F, (I"4) transi-
tion are the same as those of the 'Do(1';)-'Fz(I", )

transition, except that maxima F and E are due to
the I'3 vibration, as is indeed predicted by the po-
larization measurements.

One further, but important, difference exists be-
tween the analysis of SrC12: Sm '

and the EuF~: Sm '
systems. This has to do with the assignment of
the energy of the 'Do(I';) F~ (I'~) and the 'Do(I';)
-'Fa(I";) electronic transitions. The assignment is
complicated to some extent by some overlapping of
the accompanying vibronic sidebands. We obtain
the best agreement (discussed in the preceding
paragraph) if we assume that the 'F, (I'~) state lies
lower in energy than the ~Fz(I';) state. This is
contrary to the situation normally observed in the
alkaline-earth fluorides, but is in agreement with
what is expected from simple, zero-order, crys-
tal-f ield theory.

3. Cap.

strongly coupled than tangential vibrations. These
are the I",, I"3, and one of the I", vibrations.

In Fig. 5 we compare the measured sideband in
the one-phonon region with the theoretical side-
bands. Maximum A and maximum B are very well
reproduced by the I"& and I"3 sidebands. Maxima
D and E correspond to I'3 vibrations, whereas the
characteristic maximum I" is due to I'& vibrations.
The small peaks C and 6 may be due to the 1",' vi-
brations, although these vibrations are of minor
importance. Electrostatic quadrupole coupling al-
lows only coupling of I'3 and I', vibrations. The
observed strong I'& coupling is, therefore, due to
monopole or a higher-order coupling.

Maximum B, as well as A, are calculated to lie
slightly at lower frequencies than observed experi-
mentally. This discrepancy could have been re-
moved by decreasing the polarizability of the cation
in a fashion equivalent to the procedure used for
EuF2 and SrC12. However, the difference between
the ionic radii~ of Sm~' (- l. 29 A) and Ca' (0. 99 A)
may involve an appreciable increase of the force
constants to the nearest neighbors, which may
equally well account for an increase of the fre-
quencies.
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FIG. 8. Dispersion curves for SrC12 based on the ASM.

B. Ideal Lattice Dynamics

In Figs. 6 and 7 we present dispersion curves
and the one-phonon density of EuF2 as derived
solely from the model parameters of the SDM and
the vibronic spectra. Similar results are shown
in Figs. 8 and 9 for SrC12 for which the Axe model
was used. No neutron-scattering data currently
exist to check the predicted dispersion curves.
In the absence of such direct data, we now carry
out an estimation of the inherent error, in the pre-
dicted dispersion relations, in terms of the vibron-
ic data.
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FIG. 9. Frequency density of the SrC12 based on the ASM.

Equations (l) and (2) reveal that the structure of
the vibronic spectra depends on three quantities:
the coupling field E, the eigenvalue &(k&), and the
eigenvector p(kX). The eigenvector is directly re-
lated to the polarization vector Z(k) by

q„(k X) = e(kX) e' '"m .
Accordingly, the error in the present results may
originate from the following three sources: (i)
error in the dispersion relation, (ii) error in the
polarization vector, and (iii) error in the coupling
field.

In Sec. VA1 we have shown that the vibronic
sideband of the 'Do- I 0 transition of Sm ' in EuF2
can be very well accounted for in terms of a di-
polar coupling field. If we assume that this is
exactly the case, then the error must reside in
the dispersion relation and the polarization vector.

Errors in the polarization vectors lead to in-
correct intensities in the vibronic spectra, where-
as errors in the dispersion relations can be
most readily detected in incorrect frequencies of
various features of the spectra. It is known from
the perturbation theory of eigenvalue problems
that small errors in the dynamical matrix lead to
smaller errors in the dispersion relation than in
the eigenvectors. It follows that the error in the
dispersion relations can be estimated from a com-
parison of the frequency of the calculated and mea-
sured maxima as long as the average error in the
intensities is of the same magnitude as that of the
frequencies.

In the case of EuF~: Sm ', Fig. 2 shows that the
maximum E is calculated to be approximately 3%%uo

lower in frequency than observed. In Fig. 1 it is
shown that the gap between acoustic and optic
modes is shifted to slightly lower frequencies.
The latter discrepancy apparently stems from a
too low optic-transverse frequency. The low-tem-
perature value for this frequency was estimated

from high-temperature data and from the temper-
ature dependence of this frequency in other alka-
line-earth halides. We estimate on the basis of the
over-all agreement between observed and calcu-
lated vibronic structure in the EuF2: Sm ' system
that the error in individual eigenvalues is on the
average 3'%%uo. The average error in the intensities
is 6%%uo, as determined from the ratio of the area
between the calculated and measured structure to
the area of the measured structure. We conclude
that the average error in the predicted dispersion
curves is approximately 3/o for this system,

The experimental values for the elastic constants
of SrC12 are attached with an error of 4'%%uo.

4 The
low-temperature infrared-active optical frequency
is again estimated from high-temperature data.
The over-all mismatch of the frequency of the var-
ious peaks in Figs. 3 and 4 is not more than 5/0.

As will be discussed in Sec. VI, the coupling field
in this system is not as well understood as in the
EuF2. Sm' system. Based solely on the frequency
mismatch, we estimate an average error of 5/0 in

the dispersion curves. The real error may be
somewhat higher.

From the discussion in Sec. VA3, it follows
'that local perturbations may be responsible for
the mismatch observed for the calculated and

measured sidebands of Sm ' in CaF2. Therefore,
a judgment of the quality of the predicted disper-
sion curves of CaF2 at T = 0 is not possible. Com-
parison between the calculated low-temperature
dispersion curves and those measured at high tem-
perature. shows that the main difference is a shift
to higher frequencies at low temperature.

A comparison also can be made of the error in-
herent in calculations based on the SDM and ASM
and those generally obtained from calculations us-
ing Cowley-Cochran shell models. It should be
kept in mind that the error quoted for the present
calculations is based on a determination involving
a sum of contributions from phonons with 4 vectors
from all parts of the Brillouin zone. A comparison
with results based on phonons of a known, but re-
stricted, set of 4' vectors along symmetry direc-
tions, such as the dispersion curves normally pub-
lished from neutron-scattering experiments, is
therefore not particularly meaningful. A more use-
ful comparison can, however, be made with results
from perturbation-induced infrared absorption
Raman-scattering experiments. Timusk and
Ward have found that the frequency of structure
in the defect-induced infrared absorption of KBr
can be reproduced to within 5% by the Cowley-
Cochran model. In a recent paper by Harley, Page,
and Walker, on calculations based on the Cowley-
Cochran model and results obtained from perturba-
tion-induced Raman scattering in the alkali halides,
deviations of 4-5% are observed which cannot be
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explained by defect-induced distortions. We con-
clude that the error inherent in the Cowley-Coch-
ran method is of the same magnitude as that in-
herent in the method used here.

VI. DISCUSSION
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FIG. 10. Calculation of Dp Ep of Sm ' in SrC12 in-
cluding the effects of charge overlap. Curve (a) (dashed
line) is the calculated sideband for R = 0.1a. Curve (b)
(solid line) is the R = 0.7g case; curve (c) (dashed line) is
the R =0.9g case. R is given in units of the nearest-
neighbor distance.

We have used vibronic sidebands of Sm ' in EuF„
SrCl~, and CaF, to test the shell-deformation mod-
el introduced by Kuhner' and the model introduced
by Axe. We have shown by fitting independently
obtained macroscopic data that excellent agree-
ment between calculated and measured sidebands
can be reached. The calculations represent, with
two exceptions, an ab initio determination of the
ideal lattice dynamics of the host lattices. One ex-
ception is that the inclusion of dynamical polariza-
tion does not always lead to an improvement of the
intensities of calculated as compared to the experi-
mental sidebands. In the case of SrCl2. Sm ' it
leads, in addition, to experimentally unobserved
structure in the VO-cm ' region. A second excep-
tion is that the calculations lead to values of the
high-frequency dielectric constant which are ap-
proximately 15/0 lower than experimental values.
Similar. deviations are obtained with the Cowley-
Cochran models' for the alkali halides. In the
latter systems the calculated dielectric constants
tend to be 5% smaller than the experimental val-
ues. "'" Recently, a discrepancy as high as 35%
has been reported for RbBr. ""'

The discrepancies cannot be removed with the
more sophisticated shell-deformation model in-

stead of the simpler Axe model. Both models lead
to very similar results, and the necessity to in-
clude deformation effects in a model for the ideal
lattice dynamics of alkaline-earth halides could
not be proved. We have, therefore, to consider
the observed overestimation of the polarization
as a breakdown of some basic assumption of the
shell models. In a preceding paper, Kuhner has
enumerated the approximations necessary to ob-
tain a system of equations of motion which is in
one-to-one correspondence with the shell-model
equations (see also the Appendix). One of the
assumptions is that the charge distributions of the
ions are well separated and that a point-multipole
expansion is valid.

We consider in truly ionic crystals that the elec-
tronic charge distributions of unpolarized ions are
well separated. Even for such crystals, however,
we expect that polarization involves some extension
of the spacial distribution of charge due to admix-
tures of excited, or charge transfer, states. The
effects of extended charge need, accordingly, to
be considered even for the nominally ionic crystals
investigated here. In order to demonstrate this
point, we have performed a crude model calculation
of the vibronic sideband accompanying the 'Do- Fo
transition of Sm~' in SrCl~. In the calculation of
the electron-phonon coupling (but not in the lattice
dynamics), we have substituted for the point-di-
pole charge an extended-dipolar charge distribu-
tion p(x). The polarization then is

P,(r, kX) = P,(kX) p(x), (5)

where P, (kk) is the polarization normally used in
the shell models. p(r) is chosen to be constant
within a sphere of radius R and zero for x &R. For
additional simplicity we set p(r) equal for cation and
anion.

In the event that both distributions do not overlap,
then the only difference with the point-dipole ap-
proximation is a finite electrostatic interaction be-
tween the dynamical polarization of the optically
active ion and its electrons. To demonstrate this
case we have assumed that R=O. la, where a is
the ' neares t-neighbor distance. The result is plotted
in curve (a) of Fig. 10. It can be seen from com-
parison with curve (b) of Fig. 3 that this does not
lead to any noticeable changes. This situation may
change for higher than the dipolar coupling. The
effect of considerable overlap is simulated by set-
ting R= 0. 7a [see curve (b) in Fig. 10]. Compari-
son of this result with experiment Icurve (a) in
Fig. 3] shows that overlapping effects tend to de-
crease the intensitites in the 0-120-cm re-
gion. In particular, the intensity of the unobserved
maximum is considerably reduced. For R = 0. 9a
the unobserved maximum disappears and the re-
sulting curve (c) is similar to the rigid-ion case
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[Fig. 8, curve (c)]. It is seen that charge overlap
reduces the interaction between polarized ions.
The effect is to reduce the. effective field at a po-
larized ion resulting from the polarization of its
neighbors. Nevertheless, the total macroscopic
polarization remains unchanged, as would the ex-
perimentally determined dielectric constant. It
would be expected, and is indeed observed, ' that
the effect is more noticeable in alkaline-earth
halides as compared to alkali halides, since in the
former short-range overlap forces are about three
times stronger. Thus, the previously noted dis-
crepancy in the dielectric constant may be account-
ed for.

It should be noted that information on the over-
estimation of the polarization by the shell models
is inherent in the vibronic spectra from the fact
that the intensities of various features of the spec-
tra are related to the dynamical eigenvectors. Vi-
bronic spectra, therefore, constitute a critical
test of the dynamical models.

It is also worth noting that Sinha has shown,
for semiconductor crystals with considerable charge
overlap, that the dynamics of such systems can be
recast into a set of equations which formally have
the same structure as the shell-model equations,
and which reduce completely to the equations used
here if point-dipole charges are imposed. This
indicates that even in the presence of strong over-
lap, the formal structure of the shell models can
be maintained, although (of course) the interpreta-
tion of the various model parameters changes.

With regard to the nature of the electron-phonon-
coupling field, it is observed thai only the 'Do- I'0
transition of Sm ' is coupled to a dipolar field which
is most likely electrostatic in origin. The other
4f-4f transitions observed involve coupling to
higher-order fields which do not originate from
electrostatic point-multipole fields. It is further
observed that the latter fields must be highly lo-
calized about the Sm ' ion. We suspect that these
fields originate from overlap, spin-orbit, or ex-
change interactions.

VII. CONCLUSION

We have demonstrated that a study of vibronic
spectra yields information on ideal lattice dynam-
ics. The analysis yields the dispersion relation-
ships of the lattices and constitutes a stringent test
of the dynamical eigenvectors, and of the dynami-
cal model employed. In addition, we are able to
identify the symmetry and physical nature of the
electron-phonon-coupling field. In contradiction
to previous assumptions that the 4f-4f electronic
transitions of the Sm 'probe ion are coupled only
to point-multipole electrostatic fields, we suspect
that the electron-phonon interaction includes short-
range overlap, exchange, or spin-orbit effects.

APPENDIX

In the quantum-mechanical theory of lattice dy-
namics, developed in Ref. 8, it is shown that the
following assumptions and restrictions have to be
made in order to establish simple shell models.

(i) The dynamical change of the charge distribu-
tion of any two neighboring vibrating ions is such
that the total charge pertaining to each individual
ion is not altered [see Ref. 8, Eq. (64)]. This
means that there is no dynamical charge transfer
between the ions.

(ii) The k dependence of the energy gap between
the conduction and valence band is small compared
to the mean value of the gap [see Ref. 8, Eq. (62)].

(iii) Overlapping of the electronic wave functions
is small and a two-center approximation can be in-
troduced.

(iv) The dynamical change of the local charge
distribution of an ion is developed in a hierarchy
of moments. The lowest-order approximation
would be to keep only the dipole moment:

P, = f ~,(r)r dv (A1)

where g is the index of the ion in the unit cell m,
and x is the electronic coordinate. This would
lead to the Cochran model (CSM). The next ap-
proximation is to include the moments of the defor-
mation:

Q,„=f ~,(r)~„'&~ Q„„, Q„„, cyclical. (A2)

This leads to the shell-deformation model (SDM).
(v) The pseudopotentials describing the overlap

and exchange interaction between the ions are in
principle different for each electronic transition.
Within the set of all odd transitions and within the
set of all even transitions, we neglect these differ-
ences (see the Appendix of Ref. 8).

(vi) The average pseudopotentials themselves
are functions of the dynamical change of the charge
distribution. We include this effect in a moment
expansion which includes the moments of Eqs. (1)
and (2).

All these approximations permit a description of
the behavior of the ions, under the influence of the
short-range forces, by a tensor of the polarizability
[see Ref. 8, Eq. (7'7)] and by a tensor p",*'"which
describes the deformability per ion &. This tensor
has, in cubic symmetry, only two different ele-
ments, which describe the radial and axial defor-
mation of the ion e. All shear deformation (y",'"')
is neglected.

For further simplification we a'ssume that all
pseudopotentials are central-force potentials. The
force-constant matrix N describing the interac-
tion between two polarized ions is then
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R R R
N ( 00I ')=-8' " ' —8 ll'— 0 N

)
(A3)

In order to describe the interaction produced by
the dipole moment I' of a polarized ion and defor-
mation moment Q of a deformed ion, we need an
additional three parameters. For the deforma-
tion-deformation moment interaction we need
another four parameters. At this point it should
be noted that 24 parameters would be required to
describe the short-range interaction between two
different ions and 16 parameters between two iden-
tical ions. In order to reduce the number of pa-
rameters, we note that the short-range interaction
decreases i.n R with a power between 6 and 12.
Therefore, only the two highest derivatives of the
pseudopotential are important. Accordingly the
force-constant matrix of the short-range interac-
tion between a polarized ion at the origin and de-
formed ion rn& is

No (00k, m «i) = —(A'" —SB') lR, l

(A4)

and the matrix of the short-range interaction be-
tween two deformed ions is

RO 0~
No (QQ

' «') (AII 6BIII
)

IliiiRm89 BIII

lR', l'

(Rmii+Rmig+ 4RmiiRm 6i ) (A5)

We further assume that the Coulombic interaction
is included in A", B" and A"', 8". Accordingly,
the required parameters have been reduced by
three.

The short-range-force-constant matrix, due to
the motion of the rigid ions from their equilibrium
position, is given by a matrix of the form of Eq.
(3). However, in this case we assume a noncen-
tral-force potential. The short-range interaction
between a polarized, or deformed, ion m& and the
moving ion at the origin is represented in the form
of Egs. (4) and (5), respectively.

In order to further reduce the number of differ-
ent parameters, we assume that the force con-
stants of the short-range interaction F(x', v), which
are due to the displacement of the two rigid ions &

and &', differ only by a factor of proportionality
A.„.from the force constants N(x, v') of the short-
range interaction, which is produced by the dis-
placement of the ion, &, in the ground state from
the equilibrium position and by the polarization of
the ion K'. Entirely in the same way, the force
constants of N (x, x') which are produced by the
polarization of the ion v and tc' differ from N(x, z')
only by a factor X„. This approximation is equiva-

+ &, FQ(k, «x, «,j) X, Q, (kz),

Q=Z &oFQ*(k, «x, «,j) aR„,(kX)
8$$

+ &,EQ*(k, «x, «~j ) A, ,~PI ) (kX)

(A6)

+ [Xo QFQ(k, «x, «,j ) H, KQ",~ 5, , ]Q (kZ)

where &R„(k&), P&~(k&), and Q,&(kX) are the polar-
ization vectors of R, P, and Q. Z is ionic charge
and C is the reduced-force-constant matrix given
by Srinivasan.

With the abbreviations

C„=cos(qxm), S„=sin(qxm), cyclical (A7)

C„2= cos(Bqxw), S„2=sin(2qxw), cyclical (A8)

we obtain for the reduced-force-constant matrices

F(k, lx, lx) = 4 (A, + 2B,),
E(k, lx, 2x) = —f(A ~+ 28~) (C„C, C, —iS„S,S, ),

F(k, lx, Sx)=E*(k, lx, 2x), , (A8)

E(k, 2x, 2x) = E(k, Sx, 3x) = [QgA g + 2B~) + (A 2+ 2B2)],
E(k, 2x, Sy)= 0,
E(k, lx, 2y)= B(A~ —B~)*(-S„ZS~C,2+iC„C,2S,~)2,

E(k, lx, 3y ) = F* (k, lx, 2y );
EQ„(k, xx, zx)=EQ„(k, &x, zy) =0,
FQ„(k, lx, 2x) = —B(l/v3)(A, + 6B,)

x (-C„2S, S, +iS„C C, ),
EQB(k, 2x, Sx) = —iA, S„,
FQN(k, », 2y) = -A, (2/SvS)

x (- C„2S„j'$,2+iS„ZC,2C, ),
F Qgg(k, lx, 3y ) = FQ„(k, lx, 2y), (A10)

lent to the assumption of Cochran et al. that the
short-range interaction between the shells and the
ions and between the shells are equal. In accor-
dance with this concept, we introduce ~„as the
force constant of shell deformation. Accordingly,
the number of required parameters is reduced to
six for the fluorite structure.

The reduced equation of motion of the general
SDM has then the following form:

iVi, I (k&) 4R (kX)

=Z [[E(k, «x, «,j)+ Z, C(k, «x, «,j)Z, ]&R„(kA)

+ [E(k, «x; «,j)&„+Z, C(k, «xi «,j)]&„,(kX)

+FQ(k, «xI«~j) X, Q, ~(kX)],

0 =2 &, [E*(k,«x, «,j)+C*(k, «x, «,j)Z, ] cm„,(kX)
R~g

+ [X,F (k, «x, «,j)X, +KB, 58 5„~+C(k, «x, «qj)]R, )
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FQ„(k, ly, 2x) = —Ay (2/3~3)

EQ„(k, 1y, 3x) = FQ)(k, ly, 2x),

FQ„(k, 2x, By) = —i B2S„;

QEQ(k, 1x, 2x) = —
9 (Ai+ 12Bi)

&& (C„,C„C„-iS„,S„S.,),
QFQ(k, 2x, 3x) = -A, C„, (A11)

QFQ(k, lx, 2y)= —~A~(C„C C, —iS„S S, ),
QF Q(k, 2x, 3y) = —B2(C„+C~),

QFQ(k, K„, Kq) = Z QEQ (0, K x, K y) .
|t' "-k

All other matrix elements can be found simply from
symmetry considerations. The polarizability per

&, = —Z (DED(k= 0))„„',„„
DFD is given by

(A12)

DFD(k) „„„,„,= KD„5„„.5„„,+ XgE(k, zx, a'x')&„. .

(A13)
(X, )

' is formally the shell charge introduced by
Cowley and Cochran. The eigenvalue, eigenvec-
tor, and dynamical polarization depend only on the
ratio between (X o)~ and KQ„as one can easily de-
rive from Eq. (6). It is, therefore, no approxima-
tion to assume that X~= X, . In the SDM we have
assumed that KQ, = KD, . The Axe model may be
simply obtained by setting ~@ = 0. The tensor of
deformation is defined analogously to &.

ion is given according to Cowley's general deriva-
tion
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Theory of Inelastic Scattering of Slow Electrons by Long-Wavelength Surface
Optical Phononss
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The purpose of this paper is to present a quantum-mechanical theory of the inelastic scatter-
ing of slow electrons by long-wavelength surface optical phonons for simple models of an

ionic crystal and for a nonionic crystal such as silicon. It is argued that a quantum-mechan-
ical approach is necessary for this problem. However, the expression we obtain for the
one-phonon cross section is found to be identical to the one that follows from the earlier classi-
cal theory of Lucas and co-workers, provided one replaces their parameter Po by the quantum-
mechanical reflection coefficient for specular reflection. The angular distribution of the
scattered electrons and the energy dependence of the one-phonon cross section are discussed
for the case of ZnO and silicon, where the surface optical modes have a very different charac-
ter. For the surface mode in silicon, we define a dipole-moment effective charge, which is
nonzero by virtue of the absence of inversion symmetry in the surface region. A quantitative
estimate of the magnitude of this parameter is extracted from the data of Ibach.

I. INTRODUCTION

The effect of a surface on the phonon spectrum
of crystals and on the magnetic properties of
crystals has been the subject of a considerable
theoretical effort. In many instances, the theory
has reached a high level of sophistication, as one
can see from the recent theoretical work of Chen
et al. ' on the lattice dynamics of ionic-crystal
films.

However, while theoretical studies of the phonon
and magnon spectrum of finite crystals indicate
the presence of a complex'variety of surface modes,
and also important effects on the eigenvectors and
frequency distribution of the bulk modes, until re-
cently direct contact bebveen detailed predictions
of the theories and experimental data has been
confined to the effect of the surface on quantities
that depend on complicated averages over the
phonon spectrum. Two examples are the effect of
a, surface on the phonon specific heat and the de-
termination of the mean-square displacement in
the suxface from the temperature dependence of
the low-energy-electron-diffraction (LEED) in-
tensity.

The study of the energy-loss spectrum of slow
electrons scattered, from the surface should be,
in principle, a powerful probe of the vibrational
and magnetic properties of the surface region.

Howevex, such experiments are extremely difficult
to carry out. If, for example, one wishes to study
inelastic scattering of low-energy electrons by
phonons uti1. izing low-energy electrons with en-
ergies in the range of 1 to 100 eV, then the incident
beam must be extremely monoenergetic. It is very
difficult in practice to obtain an electron beam

.sufficiently monochromatic to enable the study of
the extremely small energy transfers involved in
electron-phonon or electron-magnon scatterings.

However, Propst and Piper have reported an
experimental study of the vibrational modes of
hydrogen and other species absorbed on the sur-
face of tungsten by means of low-energy-electron
spectroscopy. More recently, Ibachs'4 has pub-
lished two very complete experimental investigations
of the inelastic scattering of low-energy electrons
from the surfaces of ZnD and the (ill) surface of
silicon. In each case, a discrete-ioss (and energy-
gain) peak is observed in the energy spectrum of
the emerging electrons. These loss and gain peaks
are associated with emission and absorption of
surface optical phonons by the electron.

In both ZnQ and silicon, the scattering is appar-
ently px'oduced by a long-range electr ic fiel.d set up
outside the crystal by the surface optical mode.
That this is so is evident from the angula, r distribu-
tion of the inelastically scattered electrons. ' In
both cases it is obsex'ved that the inelastically


