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dispersion relation discussed in Sec. II A. A simi-
lar expression holds for (0, I & I k, ) in the tight-
binding approximation but quite generally can be
expressed as

~,(u) = —, z,(a),

where E,(k) is the dispersion relation for s elec-
trons.
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Corrections to the Azbel'-Kaner theory of the magnetic-field-dependent surface impedance of
metals have been calculated. The results illustrate the effects of the finite transit time of the
electrons in their passage through the skin layer. The cyclotron-resonance line shapes are
modified from the Azbel'-Kanel results for both the high-(~, T) and low-(cu~T) limits. The bear-
ing of these results on experimental determinations of carrier effective masses and relaxation
times are discussed. Finally, the background signals from the nonresonant electrons are cal-
culated for an arbitrary cutoff angle for specular reflection of the electrons at the surface.

I. INTRODUCTION

Azbel' -Kaner cyclotron-resonance (AKCR) mea-
surements have played an important role in the
study of the Fermi surfaces of metals. The im-
portance of the technique lies in the precise mea-
surements provided of the effective masses and

lifetimes of the carriers averaged over particular
K-space orbits. Recent advances in experimental
techniques (the development of intense infrared
sources of radiation' ) and metals theory (the work
on the electron-phonon interaction ) have focused
interest on precise measurements of the frequency

and temperature dependence of the electronic
masses and relaxation rates. As the theoretically
predicted mass shifts are small, careful consider-
ation of line-shape effects are essential to proper
interpretation of the experiments.

The general problem of the magnetic-field-de-
pendent surface resistance of a metal has not yet
yielded an exact solution. The Azbel' -Kaner the-
ory4 is valid under the conditions of the extreme
anomalous skin effect (ASK) provided also that the
time of flight of the resonant electrons in their pas-
sage through the skin layer is small compared with
the rf period. This last condition can break down
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FIG. 1. The Azbel'-Kaner geometry in which the mag-
netic field is parallel to the sample surface and the rf
E field is perpendicular to H.

at very high fields where the orbit is totally inside
the skin layer and very low fields where the orbit
curvature is very small. Fundamental contribu-
tions toward an understanding of the high-field
case when the rf E field is along the applied H field
has been made recently by Meierovich. ' The im-
portance of the low-field case was first pointed out
by Koch and Kip as a possible explanation of the
low-field background signals often observed in
AKCR experiments. They argued that a peak in
the absorption might be expected when the time of
flight of the electrons in their passage through the
rf skin layer is one-half the rf period. From the
geometry of the experiment (Fig. 1) the criterion
for the maximum absorption they found was
(d 5 j4&p Vy = 1, 0 is the skin depth and vp for cir-
cular orbits is +p=eH/m*c, the cyclotron frequen-
cy. Smith~ noted that the Koch-Kip mechanism can
also be understood in terms of retardation effects
in the current integrals. Thus, the stationary phase
point is not at the top of the electron orbits as us-
ually assumed but at a later time when v, = 5,
where v, is the electron velocity z component. Al-
though much of the low-field structure was subse-
quently identified as transitions between quantized
surface levels, ' a broad background absorption
remains that can be related to retardation effects
on the skimming electrons.

In this paper we discuss the effects of the finite
time of flight of the electron through the skin layer
on the surface impedance in the low-field limit,
where the orbit dimensions are large compared
with the rf skin depth 5. We obtain quantitative
results for both. the resonance signals and the non-
resonant background signals. The bearing of these
effects on the interpretation of measurements of
m ~ and 7 will be discussed. In Sec. II the tech-
nique for calculating the surface impendance is
outlined. In Sec. III the trajectory integrals are
derived and evaluated. The results for cyclotron
resonance and the background signals are then dis-
cussed in Secs. IV and V.

II. PRELIMINARIES

The surface impedance is calculated by a varia-
tional technique previously used by Prange and
Nee. We consider a high-frequency E field applied
along one of the principal axis of the surface im-
pedance tensor and write the following functional:

C2 CO
OO

dz [E'(z)]'+ dzE(z)S(z)
~

[E(0)]',
g, 47Th) 0

(1)
where z is measured into the metal and Z(z ) is the
rf current induced by the field E (z) in the metal.

The integral is stationary with respect to E(z)
at the correct electric fields in the metal, where
it takes the value I= Z, where Z is the complex
surface impedance.

In an applied magnetic field the surface resistance
is often found to vary only slightly from the zero-
field value. Under these circumstances a pertur-
bation approach for calculating Z(H) may be use-
ful, Following Prange and Nee, the change in the
surface admittance for small changes in the con-
ductivity can be expressed as

Z (H)- Z (0)=f dz E( )zb J'(z)

or

m= —Z'(0) f, dzE(z)M(z).

In Eqs. (2) and (3) the H= 0 rf fields are to be
used and ~J is the change in the current due to the
change in the conductivity. It should be noted that
this method correctly includes the effects of the
first-order changes in E(z) induced by the changes
in the conductivity kernel.

J (z) is calculated from the Chambers formula,
which is equivalent to the Boltzman equation in the
relaxation-time approximation

~(*,~«)=4,a„ f) f ««(~)' &)«, ~)«" ""'

ds, (4)
iv(tp) i

where E(z, f)= —eE(z, t) is the force on the elec-
trons due to the rf fields and v(t) is the velocity of
the electrons from the element dS of the Fermi
surface. The electrons are assumed to have a re-
laxation time ~.

The analysis is greatly simplified by replacing
the true (ASE) fields with exponential fields with
an effective complex skin depth chosen to approxi-
mate the ASE fields

I

E(z)=Epe *i

where 6= 5z —i62 is found from the ASK surface
impendance from

i4vr p) E (0) i4m&o

c' E'(0) c'



H. D. DRE%

III. TRAJECTORY INTEGRALS

In the current integrals the electric fields must
be evaluated as a function of position and time along
the electron trajectories. For simplicity we con-
sider a cylindrical section of Fermi surface of
length K,. The metal is taken to occupy the half-
space s &0. The applied II field is along the y axis
and the rf E field is along the x axis. The equa-
tion of motion of the electrons can be expanded
about the effective point (v, = 0). For an electron
at z (to) with velocity v„= vocos8 at t= to, we have

z(t) z(to)+ vosin8(t —to)+ 2&doq& (t —to)o,

&t)o= (eH/ch) (vo/Ko), where Ko and vo are the radius
of curvature of the Fermi surface and Fermi ve-
locity at the effective point.

The terms higher order in t —tp in the equation
of motion can be neglected for Iz(t)-z(to)i/R «1
where R = vo/o)o is the real-space radius of the tra-
jectory at the top of the orbit, since the rf fields
are small for z &5 and we have assumed that 5/R
«1. Similarly, to the first order in 5/R the dot

product v(t) F(z, t) can be evaluated at t= to as
evoE(z, t)cos8.

The following contributions to the current are
considered: (i) Jo,: the bulk electrons z (to)
—vo sin 8/2o)o & 0 for to —))/(d, & t & to (nonresonant
contribution); (ii) 8„,: the bulk electrons for t & to
—)&/&o, (resonant contribution); (iii) clod. the elec-
trons which have collided with the surface z (to)
—vo sin 8/2o)o & 0; (iv) 8'o, : the specularly reflected
electrons.

The skipping electrons (v„&0) have not been con-
sidered. The quadratures become more eomplie«

cated and moreover the work of Prange and Nee
on magnetic-field-induced surface-state resonances
have shown that a quantum treatment is required for
the contribution of these electrons. From E&ls. (2)
and (3) it is seen that one must calculate the com-
plex power integrals defined as

P= Jp dzE(z)Z(z) .

Using the Chambers formula for the different
current contributions, the corresponding power in-
tegrals become

2 0 «

Ppp = Ep Jp dz exp — — dx 1 —x exp
&

d& exp —-- it+- - + ~t
0 e 0

2O 2 0 2m
2 1/2 VOX Vpp X )

Pod E()Jo —-dz exP - dx (1 —x ) exP — dtexP — t+ —
~

+i&()t
2(dp Q 25 o)o )

(10)

1
V X

e

Pe=dept , de exP — dxP(6, )(1 —x')' exP dt exP — I ——2T) t (tet, (11)ps 0 0 2p 5 2g ~0

t&0 + xm
g 27t'(d —2z

Prb = Eo o &'xp - —'I dz exp—
I

CO 00 4 «X"m

X
dx (1 —x )"' exp- o dtexp—

2470 5

(12)

where

do —e 2K,K() vo/4 noh,

xm =»oz/vo

and

i (d = 'l &d + 1/ 7 .

T= [x- (x'-x')"']/&oo,

P(8, ) is the probability of specular reflection of
the surface electrons which strike the surface with
angle 8,:

sin8, = (sin'8 —2zo &oo/vo)'to . (13)

For the resonant electrons P„„is readily integrated
using the properties of the complex error function
to give

" o~"0"0 [ 'ox& "~"p) 1]-~ (14)
Vp

For the other integrals above it is convenient to
evaluate the II-field derivatives, which is the quan-
tity usually of most interest in the experiments.
%e define Po= Pp&+ Pp&, which is the appropriate
power integral for the case of diffuse reflection
of the electrons at the surface.

For P(8, ) in E&l. (11)we consider the model in
which the electrons are specularly scattered for
8, less than a cutoff angle ~p and diffusely scattered
for 8, &6)0.

After some tedious manipulation of these inte-
grals and making use of the condition 5/R «1, one
finds the following results:

J 2

[1—&t z be' erf c(b)], (15)
dH

dPo. ~0 &~2
+&) 2

dH 2v~ [-a(a+b) [e' " erfc(a+b)]
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fects. The retardation factor has the effect of re-
ducing the amplitude of the resonance and mixing
the real and imaginary parts of the Chambers re-
sult. Thus the resonance condition can differ from
the Chambers result by an amount of order ~/IIO
-1/~r and the relation for &v in terms of the line-
width can also differ somewhat when retardation
effects are considered. The cyclotron resonance
line shape is shown in Fig. 2 for various values
of

m,*Vp ~5y'=n
@Kp Vp

Retardation effects on low- (&u, 7) data have a
more insidious effect on the line shapes. The
resonance factor in Eq. (17) can be expanded in

powers of e ' """&', giving

r
ivi (&/& &) ~ 1-1 p -i an n(v/ v )C

n=2

For u, T & 10 it is sufficient to keep the f irst term
in the series so that &Z becomes

I

-2
I

-4 0 2 4
mv b, H/Hz

FIG. 2. The Chambers line shape in the presence of
retardation effects. The retardation parameter is de-
fined in the text. H„ is the resonance field for the nth
subharmonic and ~=H -H„.

+5 e' erfc ~, 16

IV. CYCLOTRON RESONANCE

where b =i(d(6/2vo(do))/2, () = (v2/25m&2)"2sin6(), and

erfc(t) is the complex complimentary error function
defined by erfc(b ) = (2/Wm) fg e ' dt .

dl p~ ~ e~+ R4
-td~5/f)p~p -i aft~/~CC

~SE 1 'I~ 25&

2))vo g ((d7') / ()7'1 (21)

««5«KK), ««5«KK«1
)2m*vo ) 2)(nz*vo (2 t)2

(20)
In this case the retardation factor inters the

line shape in just such a way as to cause peak posi-
tion shifts and amplitude reductions that could be
misinterpreted to give erroneous effective masses
and relaxation rates. %e can determine the ap-
parent mass m,* and relaxation rate v., that would

be obtained by analyzing these line shapes in the
conventional way':

%e first consider the contribution to the surface
impedance of the electrons which return period-
ically to the skin layer. In the weak signal limit
E(l. (14) gives

)/4))(v)2 e K, 2i 4)
QZ= —Z (0)Prb ( e2 / 4~2@2

For circular orbits (Italo= m*vo) the apparent
masses and relaxation rates become

(22)

-1022 / ca()1«p
(

(211(&a/ ««~) 1 )-) (17) (24)

Under Chambers line-shape conditions (i. e. ,
weak signal and &, r ~ 50), the resonance factor is
usefully expressed as a sum of Lorentzian lines

[
')211(~/««I) 1]-(

= -2'( —1+ ((d, r/)) ) P [1+i((d —n, ~,)v] '}. (18)

Using E(l. (18) the Chambers result is obtained
with a complex prefactor due to the retardation ef-

The result is an apparent frequency dependence
of the mass and relaxation rate.

An analysis of AKCR data on bismuth at micro-
wave frequencies appears to confirm these re-
sults. 7, was determined from AKCR measure-
ments at 8, 28, and 36 0Hz on the same sample
of bismuth with H~~ binary axis, Since 5 ~ w' for
the anomalous skin effect conditions, the retarda-
tion effect should produce a ~" frequency depen-
dence for w, . The microwave results plotted



H. DREW

= gO'

N
r = O.OP27

].pw-f j.eldalcu].atedpIG 3'
er in the ~

'@he p
73)&]08 cInf—3 o7 2 0Hz, Ko=

d g 1.088 m sec, anii xis QQ1/ ~

ie fpr
vo '

is the cU"+go cm . f the electr
mar

specUlar
ghe arrowat „,pondlng

th.e sar&ace . to the condie fj.eld co
tion (aPB/~0 "0

I

MO
I

pOO

flection thF r specu]areflection ~SPecular
'butio»sU

I

lOOO

,.th en increase~

ht line wit"6/3 gave a stralg
d 36 6Hz.

against
f 8 betwee"

h deduced
f a factor p

he skin dept
04rface lmPe

R p]ated ~a

sur
9 The extrRp
y0 sec

2& 2pV&=8,
-1 Thus Rt 3

plitude de-
uency w s . tes the amp

~ero freQ
ff ct dpmlna

. s. No
the retRrd

nance sub
ation e

hax monlc ~

d in these
clotron-res

~ as observe
cay of cy

ce of ~a w

d'or was not
d epend en

pf ~ 0

freque" y
th e~pect~d

Qtal accu
data; howev

&

than the exp
t e

erimenntly greater;f;cant y

jficance f
racy

t have part
d temper atu

tiCU»»'~'
Ure-

resul s
„ ncy a

'pn rates re
the measur

nd relaxatlo
t carefu

Qt mas~~~
yg ls clear"

de@en
1'terature.

e effects ln
ted lnthe 1

f line-shape e
repor

t be taken 0attent'p
u]tsatlng su

addi

dH

~ ~'Z, »'
( a(a+bdd&s —

2 fgH

47i'&

+b

[
& erfc(f)1a+&)~ ' f2

ch r
SIGNGROUN

oftenb ckgrpund
Studies by

signals ar
.

Koch
I,ow fle

KCR signals.
his struc-

wlthA
epft

serv~d
12 show~ th

hlch ca"
iken12 have s.

lectrons, w 1

a„d Khalk
skipping ele

'
ld induced

~

due to th
a Qetic

ture ls " . t rms of mag
addltiona

broad bRC g
dation eff

.
ggested

rpuQd s lgn
ts cou]d aThat the retar

als was first su
xima-

or.
kgrpund sign

.
Qa] approx

1pw field b
. 6 ~ the sma

trlbutipn
h Rnd K p

the nonreson
djffuse

culate
The res

tjon we . electrons ~f the sk jmming
scat terlng ls

2
54

f " erf c(h) I
d&~~
d&

e Ky
[$ —v&

(25
C

e-beeQ dcont»b '"",
t e

cattering c
g]e 80 for

The»e "
bltrary cuti ed fpr RQ R

(~ erfc(x[e

at the B= 0 ].imit ot rest to o
„d (26)

ft,s of intere
d by ggs (25) a"

8 ~p Since
dd&/dB P

n snd non
fnnction of

for d~
e lmpedan e

f the skipp»g
the tota»

h contribut o"lt foll.owsSthatt e
be mlnu

'
us d++~(

d 4 where
rons

n i»'gs
ele

its Rre show
f fluency

These r
H for the hi~

(&i) case

~

lptted vs
nency (~r

dg/dH is P
d the iow-fr &"

&ar scatter-
o g) case

f g .For sPe "
/d& ~hosepronounce . tely givenfie]d posl

~ g t2 = & for
ency back-

pn ls PP
(d7~o 1 Rnd ~

h.gh-frequetal da R P

ed samP
E„perlmenta

f„lly pr~pa~~
13 These

Qals in car
b Dpezema.

ground s g
easured

t'c field
h ve receipt y

' e to strong
g R high

been m
magne 1-les gRve

ces jnd lca
same samp

t te resonances,
n

R ncnduced surfa
parameter

Cu Rnd

j.n U

1 rlty,
surface o

rd

egree o p
known Perm

d by pipp
s pndtothe Q

e as measure
and

co»e p
resistanc

ll ].ine shRpe

the 0= 0 s
t fpr the pv

bserved

surf RCe

ver-ad agreemen
entally 0 s

give good ag
The experlm .

h our cal-
the Peak Po .

p G comPar
deaf/de is

psltj, pn.
ared wit 0is 10

~
'

entally,
eak ln dA

8 0 Experlm
greementfjelds

culated pe
e at high fle

thought to
to go negative

h s effect ls
fpund o g

t theory T ls
b tlon to the

wjth the presen
t contrl Unresonan

lect rons.
be related

f m the sklpp
etlcal

to the np"
i ing e elstance ro . b the thepr

reS
f r this»ew

14 Rnd receipt

Support
d Makar pvwprk of Kaner an



RETARDATION EFFECTS IN AZBEL' -KANER. . .

dR
dH

FIG. 4. The calculated surface
resistance derivative for copper in
the low-~T limit. The parameters
chosen were f=5 MHE, %0=0.373
xl0 cm ', vo-—1.11x10 cm/sec,
l =vDT =100 p, and g =2 p, . The ar-
row marks the field correspond-
ing to the condition R&/l2=1.

I

ro 20

H (G)

ments by Sibbald, Mears, and Koch. "
It is interesting to speculate that the retardation

effect peak in dR/dH might provide a direct mea-
sure of 5. Doezema's results would indicate that
6 in Cu at 100 G is 20/o smaller than the zero-field
value. From Eqs. (25) and (26) we estimate the
total change in the surface impedance due to the
skimming electrons 'o be the same order of mag-
nitude. Also a decrease in 5 is suggested from
experiments and theory' in the presence of the
surface states of the skipping electrons. How-

ever, further experimental and theoretical work
will be required to confirm this conjecture.

At low frequencies (~r«1), the experimental
data' on highly polished Cu samples do not agree
with the results presented here. In this case the
skipping electrons can contribute much more sig-
nificantly to the surface currents. Since 7'«1,
the rf fields can be regarded as time independent
and each electron contributes to the current in
proportion to the time it spends in the skin layer.
The skimming electrons are curved out of the skin
layer and for large enough fields spend less than
their mean free time in the rf field. However,
the skipping electrons always spend their entire
mean free time in the skin layer.

VI. CONCLUSIONS

The above results are indicative of the retarda-
tion effects on the magnetic-field-dependent sur-
face impedance of metals. Although some accu-
racy in the line shapes was undoubtably sacrificed
by approximating the ASK fields as exponential,

we believe that the main features are preserved.
The major advantage of the present treatment is
that it gives analytic results with Fermi-surface
parameters, electronic lifetimes, and surface
scattering parameters as adjustable parameters.

Our treatment of the background signals is in-
complete in that we have not considered the skipping
electrons. This is clearly a serious omission but
one we have been unable to rectify. Our results
should therefore be taken as indicative of one class
of background signals that one might observe.

From the retardation parameter x= I& 6/&novo I,
one observes that retardation effects are important
at high frequencies and low fields. With the pres-
ent activity toward extending the cyclotron reso-
nance studies into the infrared spectral region, it
is clear that work on the line-shape theories will
be essential. In addition to the retardation effects,
one must also consider the consequences of the
more nearly local conditions (6/R, &/ &1) and
quantum aspects of the cyclotron resonance.

Note added in Proof Retardation . effects on
AKCR line shapes have recently been observed in
Ga by Kamgar, Henningsen, and Koch (unpublished).
Both the subharmonics attenuation and the pro-
gressive modification of the Chambers line shape
are clearly demonstrated.
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The Fermi level or electrochemical potential p, is considered as a function of concentration
in disordered alloys. In the case that the perturbation introduced by substituting one type of
atom by another is localized around the site of substitution, p is a constant independent of con-
centration. Localization of the perturbation requires that there be no volume change in alloying
and that the perturbation be shielded so that it decays in an exponential manner away from the
site of substitution. When boundary conditions between the interior of the alloy and exterior to it
are considered, nonlocalized perturbations are introduced which cause a variation of p with con-
centration. However, such nonlocalized perturbations do not change the microscopic properties
of the interior of the alloy but cause simply a rigid shift in energy of the electronic structure.

I. INTRODUCTION

Because of the mathematical complication in
treating disordered systems, it is always necessary
to make some approximations in the calculations of
their properties. In evaluating the validity of any
approximation it is helpful to have as guidelines
some exact results to which the calculation can be
compared. Also, exact results themselves are
helpful guides to suggest appropriate approximation
or even to help directly in the calculation. Our
fundamental understanding of disordered systems,
even in a qualitative way, is still undeveloped, mak-
ing it all the more important to have some exact re-
sults with which any approximate calculation can be
compared.

In this paper it is proved that in a disordered
metallic alloy, where the perturbation introduced
by substituting one type of atom by another is local-
ized about the site of substitution, the Fermi level
or electrochemical potential p does not change with
composition. The constancy of p was proved by
Friedel for the case of very dilute alloys, ' but he
estimated that for any finite concentration, the
Fermi level will vary in an exponential fashion.
The discrepancy between the result proved here and

the previous result of Friedel will be shown to be
due to the fact that Friedel inadvertently varied the
potential origin as a function of concentration. In
a real alloy the presence of a boundary will intro-
duce long-range perturbations which will shift p,
but such an effect causes no change in the micro-
scopic properties of the alloy in its interior, except
for a rigid shift in energy.

Section II introduces some properties of the
Green's functions which are used in Sec. ID to prove
that p, is constant for localized perturbations. Sec-
tions IV discusses the effects introduced by consid-
ering boundary conditions. Section V consists of a
discussion of the results, while Sec. VI gives a
summary.

II. GREEN'S FUNCTIONS

To prove the desired result, we will calculate the
change in the Fermi energy ~p caused by a small
change in the concentration &c and show that Ap/4c
-0 as ~c-0. We prove that such a result is true
for all values of the concentration, thus proving
that p is independent of c.

In the course of proving this result we will find
it convenient to introduce the Green's function of
the alloy G~ defined as


