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Lattice Dynamics with Three-Body Forces. II. Krypton
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An accurate pair potential for interaction of krypton atoms is derived by methods similar to
those previously used for argon. This potential, in conjunction with the Axilrod-Teller three-
body interaction, is used to calculate the Debye parameter, thermal expansion, and bulk modu-
lus for crystalline krypton at low temperatures [(0-12)'K). Agreement with experiment is
very good except for a discrepancy of about 4% in the bulk modulus. As in the case of argon,
this is tentatively ascribed to the effect of the helium pressure fluid on the lattice spacing.

U= Z u")(fj)+ Z u(3)(flak)+
f&g&k

(2)

in which we neglect terms beyond the triplet term,
and for the triplet term u'~)(ijk) we use the long-
range Axilrod- Teller form

I. INTRODUCTION

Follow'ing the successful construction of a real-
istic potential function for argon, ' we now describe
similar calculations for krypton. Ne have used
the analytic form for the pair potential first pro-
posed by Barker and Pompe and subsequently used
by Bobetic and Barker':
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where r=R/R, with R being the separation at the
minimum of the potential, and z the depth at the
minimum.

Here also we use the basic approximations of
Refs. 1 and 2, namely, we assume that the poten-
tial energy of a set of inert-gas atoms can be
written in the form

we used E(l. (1) with I = 5. We first attempted to
follow exactly the procedure of Ref. 1, in which
the potential function was constrained to agree
with high-energy molecular-beam scattering re-
sults, experimental second-virial coefficients, the
known long-range dispersion coefficients, the ex-
perimental value of the Debye temperature at 0'K,
and the experimental lattice spacing and cohesive
energy of crystalline krypton at 0 K.

For experimental second-virial coefficients we
used the measurements of Weir et al. , Trappe-
niers et al. ,

~ and %halley and Schneider. 7 For the
nearest-neighbor distance and cohesive energy of
solid krypton at 0 K, we adopted the values 3.9922
A and —2666+ 'f cal/mole given by Horton.

From the high-energy molecular-beam data of
Amdur and Mason, we adopted the values u(r)/k
= 7233 K, dlnu(R)/dR = —1.95 A ' at R = 2. 78 A.
For the long-range coefficients of 8, R, and
8 ' we adopted the values —122.43&&10 6 erg cme,

TABLE I. Potential for krypton.

u"'(ijk) = v(1+ 3cose, case, cos&,)/(R,RP,)'. (3)

For the coefficient p we adopt the value 220. 4
&&10 erg cm due to Leonard; this is close to the
value given by Bell and Kingston.

The solid-state calculations were made by the
same methods used for argon and described in
Refs. 1 and 2. In calculating the anharmonic cor-
rections, we again neglected non-nearest-neighbor
and three-body interactions.

II. POTENTIAL FOR KRYPTON

To determine the potential function for krypton

e/k('K)

Z, (A)
R (~)
A()

Ag

Ap

A3
A4
A5
C6
Cs
C~o

197.431
3.5944
4. 0152
0.247 948

—4.458 549
—13.688 81
—57. 824 025

—242. 091916
—337.0

1.074658
0. 171450
0. 014319

13.5
0. 01
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FIG. 3. Percentage difference between experimental
and calculated viscosities; experimental data of Dawe

and Smith (Ref. 12): o; Clarke and Smith (Ref. 15):H.

R(~I

FIG. 1. Comparison of present potential (solid curve)
with 6:12 potential with parameters due to Sherwood
and Prausnitz (Ref. 14).

—315~10 erg cm, and —423&&10 ergcm
The value of C6 is that of Leonard, while the values
of Ce and C~o are calculated using the approximate
values of Margenau' for the ratios C8/C6 and C~o/

C6 together with this value of C6.
The parameter 0. was tentatively varied from 13

to 21 to attempt to reproduce both the experimental
Debye parameter and the compressibility at 0 K.
We chose as a best estimate n = 18 for which in-
verse interpolation gave Ro= 3. 6184 A while the

bulk modulus was 3. 56~10' dyncm . This value
of the bulk modulus is 3.4/& higher than the experi-
mental value of Urvas et al. ' Smaller values of n
gave higher values of the bulk modulus, and for
larger values of n no solutions of the simultaneous
equations determining the parameters were found.

Examination of the results of the calculations of
solid-state properties using this potential with
o, = 18 showed much larger corrections for anhar-
monicity than were found for argon. Since this
appeared unlikely, we calculated viscosities for
gaseous krypton, finding discrepancies of about 4%
from the measurements of Dawe and Smith at
high temperatures. A communication from Mason'
indicated that because of experimental difficulties

the logarithmic slope of the potential for krypton
derived from his measurements is less precisely
known than the corresponding number for argon
and should be regarded as uncertain. Accordingly,
we decided to use this as another adjustable param-
eter, seeking the value which gave best agreement
with the viscosities. The resulting value for the
logarithmic slope at 2. V8 A was —3. 5 A '. With
this value and following otherwise the procedure
described in Ref. 1 for argon, we found the param-
eters for the potential function for krypton listed
in Table I. In Fig. 1 we compare the presentpo-
tential with a Lennard-Jones 6:12 potential with
parameters e/k= 164 'K, o= 3. 82V A as determined
by Sherwood and Prausnitz '

III. RESULTS

ln Fjg. 2 we show (by means of a, deviation plot)
a comparison of calculated and experimental sec-
ond-virial coefficients. Agreement is excellent.
Figure 3 makes a similar comparison for gas
viscosities. The agreement is excellent at higher
temperatures (as expected) and good at low tem-
peratures. Calculated and experimental thermal
diffusion ratios are shown in Fig. 4. The most
recent measurements, those of Paul and Watson,
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FIG. 2. Difference between experimental. and calcu-
lated second-virial coefficients; experimental data of
Weir et al. (Ref. 5): e; Trappeniers et al. (Ref. 6):
g; Whalley and Schneider (Ref. 7): .
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FIG. 4. Thermal diffusion ratio +. Solid curve,
calculated values; experimental data of Corbett and
Watson {Ref. 16): &&; Moran and Watson (Ref. 17):
Moran and Watson (Ref. 18): &; Paul and Watson {Ref.
19):
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FIG. 5. Calculated (solid curve) and experimental
(Ref. 20) (circles) Debye parameters.

are close to the calculated curve.
For the nearest-neighbor distance and cohesive

energy at 0 'K, we found 3.9921 A and —266V. 9
cal/mole, compared with the experimental values
8.9922 A, —2666+7 cal/mole. This of course is
simply a measure of the accuracy of our fitting
procedure.

In Fig. 5 the calculated Debye parameters 0~&

are compared with the experimental data of Fine-
gold and Phillips. Considering that the specific
heat data at nonzero temperatures were not used
in determining the potential the agreement is good.
The deviations in the range (8-12) 'K may be partly
attributable to error in the perturbative calculation
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FIG. 7. Differential collision cross-sect;ions (B,ef,
23} intensities for krypton (upper curve) and argon.

of anharmonicity.
In Fig. 6 we show calculated and experimental

values of the integrated thermal expansion d(T)
—d(O), where d is the nearest-neighbor distance.
The expansivity data of Tilford and Swensona~
were integrated using Simpson's rule. As a check,
a seven-point integration formula gave negligible
differences from the Simpson's-rule results. In
the same figure comparison is made with the x-
ray lattice-parameter measurements of Losee and
Simmons. The calculated results agree better
with the x-ray data than with the results of Tilford
and Swenson, although the latter are probably more
accurate. This may indicate that the third deriv-
ative of our potential near the minimum is a little
too negative (i.e. , numerically too large). If this
derivative were reduced in magnitude by about 8%,
it would bring our results into agreement with those

0.0002— TABLE II. Bulk modulus v dp/d (10~0 dyn cm ~).
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FIG. 6. Integrated thermal expansion d(T) -d(0) (in
A); solid curve calculated; experimental data of Tilford
and Svenson (Ref. 21}: o; experimental data of Losee
and Simmons (Ref. 22): I.
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TABLE III. Contributions to energy.

a(0) g) U»
(calc. ) (cal/mole)

3. 992 09 —3051.53

(cal/mole)

+236. &3

U

(c a 1/mo le)

+146. 84

Utot
(cal/mole)

—2(i67. 86

of Tilford and Swenson. This is in qualitative and

even roughly quantitative agreement with conclu-
sions that can be drawn from molecular beam dif-
ferential scattering measurements of Cavallini
et al. which became available to us after the
present work was completed. These results are
shown in Fig. 7. From these data Cavallini et al. a

estimated R du(R)/dR at the inflexion point of the
potential to be 660 K, whereas our potential gives
598 'K. Since this quantity is roughly inversely
proportional to the third derivative, these differ-
ences are consistent with the evidence of the ther-
mal expansion.

The discrepancies for krypton in Fig. 7 are
similar to, but somewhat larger than, those for
argon. In the case of argon a small change of the
potential led to excellent agreement both with the
molecular-beam data and with liquid-state pres-
sures. There is every reason to believe that a
similar small change would make our krypton po-
tential consistent with all the facts, but this re-
quires further investigation.

In Table II'we show calculated va.'ues of the bulk
modulus. Its value at 4. 25 'K is 3. 599& 10' dyn
cm ', and this is about 4. 6/g higher than the experi-
mental value of 3. 44x10 dyn cm due to Urvas
et al. " This discrepancy is in the same sense as,
but only about half as large as, the corresponding

discrepancy which we found for the case of argon.
%e suggested that the discrepancy for argon was
due to the effect of the helium used as pressure
fluid on the lattice spacing. The present result
lends some weight to that suggestion, since the ob-
served irreversible effect of helium on the lattice
spacing in krypton (7 ppm) was a little less than

half that in argon (17 ppm).
Phonon dispersion curves calculated with the

present potential have already been published, a~

and are in good agreement with available experi-
mental evidence.

To give some feeling for the magnitude of various
effects in crystalline krypton we list in Table III
the separate two-body and three-body contributions
to the static lattice energy, as well as the vibra-
tional zero-point energy.

Rowlinson et al. as, av have discussed three-body
interactions in terms of their contributions to an
"effective pair potential" which depends on tem-
perature and density. In the case of argon, Barker
et al. as found that these contributions accounted for
only a small part of the difference between the 6:12
potential and the actual potential. The major dif-
ference is due to the incorrect shape of the 6: 12
curve; the long-range coefficient of A s is too
large by a factor of about 2, and this must be com-
pensated by a reduction in the depth at the minimum.
Similar conclusions are valid in the case of krypton.

ACKNOWLEDGMENTS

Vfe are grateful to Dr. Q. Scoles, Dr. C. A.
Swenson, and Dr. C. R. Tilford for communicating
their results to us, and to Dr. E. A. Mason for
helpful comments.

M. V. Bobetic and J. A. Barker, Phys. Rev. B 2,
4169 (1970).

J. A. Barker and A. Pompe, Australian J. Chem. 21,
1683 (1968).

P. J. Leonard, M. Sc. thesis (Melbourne University,
1968) (unpublished).

R. J. Bell and A. E. Kingston, Proc. Phys. Soc.
(London) 88, 901 (1966).

R. D. Weir, I. Wynn Jones, J. S. Rowlinson, and G.
Saville, Trans. Faraday Soc. 63, 1320 (1967).

6N. J. Trappeniers, T. Wassenaar, and G. J. Wolkers,
Physica 32, 1503 (1966).

E. Whalley and W. G. Schneider, Trans. ASME ~76

1001 (1954).
G. K. Horton, Am. J. Phys. 36, 93 (1967).
I. Amdur and E. A. Mason, J. Chem. Phys. 23, 2268

(1955).
H. M. Margenau, J. Chem. Phys. 6, 897 (1938).

iiA. O. Urvas, D. A. Losee, and R. O. Simmons, J.
Phys. Chem. Solids 28, 2269 (1967).

R. A. Dawe and E. B. Smith, J. Chem. Phys. 52,
693 (1970).

E. A. Mason (personal communication).
A. E. Sherwood and J. M. Prausnitz, J. Chem. Phys.

41, 429 (1964).
A. G. Clarke and E. B. Smith, J. Chem. Phys. 48,

3988 (1968).
J. W. Corbett and W. W. Watson, J. Chem. Phys.

25, 385 (1956).
T. I. Moran and W. W. Watson, Phys. Rev. 109,

1184 (1958).
T. I. Moran and W. W. Watson, Phys. Rev. 111, 38

(1958).
R. Paul and W. W. Watson, J. Chem. Phys. 45,

4132 (1966).
L. Finegold and N. E. Phillips, Phys. Rev. 177,

1383 (1969).
C. R. Tilford and C. A. Swenson (private communica-

tion).
D. L. Losee and R. O. Simmons, Phys. Rev. 172,

944 (1968).
M. Cavallini, M. G. Dondi, G. Scoles, and U. Val-

busa, paper presented at the Cannes Symposium on
Molecular Beams, Cannes, France, 1971 (unpublished);
and personal communication.

J. A. Barker, R. A. Fisher, and R. O. Watts, Mol.
Phys. 21, 657 (1971).

J. A. Barker, M. V. Bobetic, and M. L. Klein,



LATTICE DYNAMICS %'ITH THRE E -BODY FORCES. II. KRYPTON 3189

Phys. Letters 34A, 415 (1971).
G. Casanova, R. J. Dulia, D. A. Jonah, J. S.

Rowlinson, and G. Saville, Mol. Phys. 18, 589 (1970).
R. J. Dulia, J. S. Rowlinson, and W. R. Smith,

Mol. Phys. 21, 299 (1971).
J. A. Barker, D. Henderson, and W. R. Smith,

Mol. Phys. 17, 579 (1969).

PHYSICA L REVIEW 8 VOLUME 5, NUMBER 8 15 APRIL 1972

Deformation Potentials for Excitons in Cuprous Halides~

J. B. Anthony* and A. D. Brothers
Department of Physics, Benedictine College, Atchison, Kansas 66002

and

D. %. Lynch
Department of Physics and Institute for Atomic Research, Iowa State University, Ames, Iowa 50010

(Received 6 December 1971)

The hydrostatic-pressure shifts of the Zl 2 and Z3 exciton peaks were measured in thin films
of cubic CuCl, CuBr, and CuI at 90 K. That of the El peak in CuI also was measured. The
deformation potentials of all Z excitons and of the El excito . in CuI, about —1 eV, are more
than twice those of the Z excitons in CuCl and CuBr. This suggests the two valence bands in
CuI may be considerably more mixed than in CuC1 and CuBr.

I. INTRODUCTION

The cuprous halides, CuCl, CuBr, and CuI, are
insulators whose band structures have been con-
sidered tobe related to those of the group-IV, -III-
V, and -II-VI cubic semiconductors, when account
is taken of the increased tonicity. '~ They are cu-
bic (zinc-blende structure) below about 640 K.s '
Cardona measured the absorption spectra of these
compounds and found two sharp peaks at low energy
and a stronger peak at higher energy. Up to that
time, it was believed that the valence band was
largely composed of halogen-p-like functions. The
splitting of the two lowest-energy peaks was inter-
preted as a spin-orbit splitting, since it increased
from chloride to bromide to iodide, but because it
was smaller than the spin-orbit splitting of the
halogen, an appreciable Cu-3d component was be-
lieved to be present in the valence band. The posi-
tions of the band edges could not be reconciled with
predictions from the gaps in III-V and II-VI com-
pounds.

Song ' calculated energy bands for CuCl. He
found that there were two valence bands, with a gap
of about 2 eV between them (Fig. 1). At the center
of the zone, the uppermost band is derived primari-
ly from Cu'-3d levels (-30% of the charge density
for the I'„state) while the lower is predominantly
from Cl -3p levels (-SO'/o for the lower I'„). He
showed that only the lower band was to be associ-
ated with the valence band in cubic semiconductors,
and its position could be extrapolated with reason-
able accuracy from band gaps in cubic semiconduc-
tors.

The exciton spectrum of CuCl consists of a sharp
line called the Z3 line, followed at higher energy by
the Z» line, which often is split into two by
strain. According to Bong these originate from
the spin-orbit-split I'„ levels, I', and I'8, respec-
tively, both in the upper valence band (Fig. 1).
The lower valence band gives a series of absorp-
tion structures, beginning with a peak called E& and
extending into the vacuum ultraviolet. ~ The E, peak
originates at the lower I'„ level and corresponds
to the lowest-energy direct exciton at I' in the
group-IV, -III-V, and -II-VI semiconductors.

The E, peak is stronger than the Z, 2 and Z3
peaks, and is "allowed, "while the Z& 3 and Z3 peaks
correspond roughly to dipole-forbidden atomic
transitions, Cu'3d- Cu'4s, that are allowed at k
=0 by the admixture of Cl 3p wave functions. CuBr
presumably has a similar set of valence bands,
and so might CuI, but in both of these, the Z, ~

line is at lower energy than the Zs line, indicating
a reversal of sign of the spin-orbit parameter.
The gap between the lower and upper valence bands
may diminish in CuBr and CuI. (The Z» —E,
separations diminish. ) The two valence bands then
would become more mixed in atomic-wave-function
character. (In AgC1, the Cl 3p and Ag'4d states
completely mix, except at a few points, into one
complicated valence band. '0) Extensive mixing
should make the Z, 2 and Z3 absorption peaks
stronger with respect to the E~ peak, but this does
not seem to be the case.

Measurements of the hydrostatic-pressure coef-
ficient of band gaps have shown that, within a group
of materials of identical crystal structure and simi-


