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The six independent elastic moduli of Bi2Te3 have been measured from 4.2 to 300 K using a
continuous-wave resonance technique. Extrapolation of the measurements to absolute zero
gives Cl(=7.436, C66 ——2.619, C33=5.160, C44=3. 135, C)3=2.917, and C(4=1.541 in units of
10~~ dyn/cm2. These values correspond to a limiting Debye temperature of 164.9 + 0.2 K,
which agrees with the calorimetric value of 165 + 2 K. A Born-von KIrmfn lattice model
providing for central and angular forces between first and second neighbors is constructed to
fit the moduli. Using the model, the frequencies of infrared absorption and Raman scattering
are predicted and the density of phonon states and lattice specific heat are found. The cal-
culated specific heat differs appreciably from the calorimetric measurements, indicating the
possible importance of third- and fourth-neighbor interactions.

I. INTRODUCTION

There has recently been considerable interest
in the phonon spectrum of bismuth telluride.
Specific-heat data' show that the validity of the
Debye model does not extend above 1 K, presumably
as a result of the weak bonding between the cleav-
age planes existing in the material. Furthermore,
transport measurements have shown the impor-
tance of anisotropic phonon-electron scattering in
determining the magnetoresistance coefficients.
Both sets of experiments indicate the importance
of establishing the lattice properties of bismuth
telluride in considerable detail.

Information about the phonon spectrum may, of
course, be found directly from inelastic neutron
scattering as well as from infrared and Haman
scattering experiments. Since these data are not
as yet available, the present study of the elastic
moduli has been undertaken. From a fit of the
data to a Born-von Karman lattice model, the
phonon dispersion relations and the lattice specific
heat have been calculated. The fit of the latter to
experiment is not good and indicates that the in-
teratomic forces probably involve third and fourth
neareat neighbors, as in the case of bismuth.

II. EXPERIMENT

A. Crystal Structure and Properties of Bi2Te3

The unit cell for the Be&Te3 structure is
rhombohedral and contains the five atoms in one
molecule. At 293 K the rhombohedral unit-cell
parameters are

a R = 10.473 A1 oR ——24. 159',
which correspond to the hexagonal unit-cell di-
mensions

a = 4. 3835 + 0. 0005 A, c = 30. 487 + 0. 001 A .

The density calculated from these parameters and
the molecular weight is 7. 8624 g/cm .

Bi2Tes belongs to the space group 83m, which
has the following principal symmetry operations:
a threefold-rotation (trigonal) axis, three twofold-
rotation (binary) axes perpendicular to the trigonal
axis, three mirror planes perpendicular to the
binary axes, and an inversion center. For con-
venience in performing the lattice dynamical calcu-
lation and to define uniquely the components of the
elastic modulus tensor, it is necessary to give a
complete specification of the Cartesian reference
axes in terms of the rhombohedral axes. The z
axis is chosen along the trigonal axis in the [111]
rhombohedral direction, the y axis is chosen in
a mirror plane in the [11 2] direction along the
positive projection of a basis vector, and the x
axis, completing the right-handed system, lies
along the binary axis in the [ 110]direction. Cor-
respondingly, the Cartesian components of the rhom-
bohedral basis vectors are

j. w 1 I W 1
a&= -&a y —~v3a ~ + 3ck,

1 W g I W 1
ap=pa& —6 v3a] + 3ck,
a, =-,' v Sa)+-,'c k.

The sign of the elastic modulus c,~ depends on the
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TABLE I. Propagation modes for ultrasonic velocity
measurements in crystal of R3m symmetry.

was decided to prepare samples with faces per-
pendicular to all five directions in the table.

Mode Effective Propagation
number Axis modulus vector

Polarization
vector

C. cw Resonance Experiment

C„,

C33

c44

[1,0, 0]

[0, 1,0]

[0,0, 1]

[1,o, o]
[,C14 ~ x Cee]
[0, C14, C„—C66]

[1,0, 0]
[0, C 14 C 1f C~]
[0, C14, Cff —C~]

[0,0, 1]
[in xy plane]

9
10
11

[0, 1, 1] [0,2C„+-C33 C44y C13+ C44 Cf4]
[1,o, o]

[0 2C —C33 —
44, 13 + 44 14]

[0, —1, 1]13 Q CQ) [1,0, 0]
12 C„, C33 C44 2C + C f3 44 f4]
14 c„ [0,C33+ C44 —2C„„,C f3 44 f4]

2Cxk= (C44+Cee) + [{C44 Cee) +4C14]
2Cf = (C«+ C44) ~ [(C« —C44)'+4C12]' '

v P
= C44+ C66+ C14

4C„~=(Cff+C33+2C44 —2Cf4) + [(Cff C33 2Cf4) + (Cf3+C44 Cf4) ]
2CN p

= C44+ Cee —2C 14

4CN ~
—(C 11 + C33+ 2C 44+ 2C 14) + [(C1 1 C33 + 2C 14) + (C 13 + C44 + C 14) ]

plane and parallel faces cut perpendicular to the
wave vector k. Measurements are performed for
a number of directions and polarizations that is
sufficient to determine all of the components C&&.
Such a set of directions and polarizations is given
in Table I, corresppnding to those used by Refs.
5 and 6. It is desirable experimentally to use those
modes in Table I which are nearly "pure, " that is,
for which the particle displacement is nearly or
exactly perpendicular to k (shear) or parallel to
k (longitudinal). This requirement stems from the
availability of commercial quartz transducers to
excite these modes.

In an anisotropic medium the direction of the
energy flux is not generally the same as the prop-
agation direction. " If the angle between these di-
rections is large enough, a portion of the energy
in the wave may strike a side face of the sample
and be scattered, i. e. , suffer "mode conversion. "
Depending on the sample-transducer geometry,
this effect could cause erroneous responses in the
measuring apparatus. Of course, unless the di-
rection of energy flux is parallel to k by symmetry,
its direction cannot be calculated without some
knowledge of C;&. In Table II are listed the angle
of deviation Q„of the polarization from a pure-
mode direction (either parallel or perpendicular
to k), and the angle P, between the energy flux and
the propagation direction. These angles are calcu-
lated from the elastic mpduli given in the quoted
references. Considering the requirement of small
Q„and Q, for a successful velocity measurement,
the modes numbered 1-3, 7, 9, 10, and 12 are the
most promising for Bi&Te3. Since these involve
propagation along all but the y axis in Table I, it

TABLE II. Angles P~ and Ps (in deg) for propagation in
Bi, Sb, and Bi2Te3.

Mode Effective Mode
number modulus description

Bia

4w &s

Bf2Te c

&s 4e &s

1 Cf1
2 C„,

Cx-

long
shear
shear

0 0
0 0
0 0

0 0 0
0 0 0
0 0 0

Cee
4 Cq~
6 cv„

shear
quasilong
quasishe ar

0 20.4 0 32.3 0 29.6
7.8 10.4 17.9 20. 1 16.4 20.4
7.8 24. 2 17.9 28.0 16.4 30.2

7 C33
c44

long
shear

0 0
0 32.5

0 0 0
0 287 0

0
25. 8

10 C„p
cv.

11 C„

shear
quasilong
quasishe ar

0 10.2
5.3 8.7
5.3 25. 6

0 26 0 30
37 43 20 25
3.7 44. 7 2.0 39.7

13 C„p
12 C„,
14 CN

shear
quasilong
quasishe ar

0 26.4 0 9.9 0 9.4
12.4 17.0 14.6 14.9 9.6 11.0
12.4 25.5 14.6 12.6 9.6 24.4

aReference 5. "Reference 6. Thzs work.

The cw resonance method' was used to perform
the velocity measurements. An rf voltage from
the tank circuit in the Q meter is impressed across
the system of the sample and a quartz piezoelectric
transducer bonded to it. The frequency is varied,
while maintaining the tank circuit in resonance,
until a standing-wave condition in the sample-trans-
ducer system is achieved, corresponding to a
sharp drop in the Q. The resonance frequency may
be read accurately from an electronic counter. As
the frequency is varied further, a series of simi-
lar resonances is found with nearly equal spacing.
The velocity is approximately 2d, r f, where d, is
the sample dimension parallel to q and Af is the
spacing of resonances.

Corrections for the transducer and bond,
amounting tp a few percent, must be included in
an accurate velocity calculation. By considering
the system of the sample, transducer, and bpnd
as a loss-free transmission line, the condition for
a resonance may be written

Zs tanes + Zt tan6t + Zy taney

= (Z, Z, /Z, ) tan8, tan8, tan8, , (4)

where Z, = p, v, and 8, = 2mfd, /v, for the sample,
with similar expressions for the transducer and
bond. For each medium the quantities p, d, and
v are the density, dimension along k, and velocity
of sound. Grouping terms containing v„one ob-
tains the nonlinear equation

tan&, +AH, = 0,
in which A is a constant depending on the measured
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TABLE III. Description of samples used in this work.

Sample

62Al&1

62AR12

Faces
Dimension

at 20'C (cm)

0.5425
0.6071
0.3670

0.6632
0.3152
0.4877

0.3327

Carrier density
(cm 3)

4x]0

4x 10"

3.5x 10'~

frequency of the resonance and known properties
of the sample, transducer, and bond. From Eq.
(4), this constant can be expressed as

1 Zg tan~g + Zy tangly

2vfp, d, 1 (Z, /Z, ) tan&, tan&,

The effective elastic modulus can be found from
(9, using the relation

C= p, v, = p, (2vfd, /8, )

so that Eq. (5) yields a value for C for each reso-
nance. Some care must be taken in solving this
equation to ensure that the correct branch of the
tangent is used; this corresponds to the choice of
the correct resonance order, discussed in Ref. 12.

The Bi,Te, samples were prepared from 99. 999%-
pure elements using a horizontal loaded-zone
technique. Single- crystal regions were selected
frpm the resulting ingot and oriented by I aue baek-
reflection x-ray photographs. The faces were cut
by spark erosion and etched lightly in aqua regia.
Three specimens, each in the form of a rectangu-
lar parallelepiped, were used, their orientatipn,
dimensions (accurate to 0. 0005 cm), and carrier
concentrations being given in Table III. The faces
on sample 62AR41, which were perpendicular to
the trigonal axis, were refined by cleaving a thin
layer from the surface.

The transducers were X-cut quartz (for longi-
tudinal waves) and 1'-cut quartz (for shear waves)
in the shape of disks of diameter 0. 3175 cm with
one plated electrode. At 293 K, the quantities in

Eq. (6) relating to the transducers are f, = 10 MHz,

p, = 2. 649 g/cm, with d, = 0. 01974 cm for shear
and d, = 0. 02865 cm for longitudinal types. It was
found that Nonaq stopcock grease was a satisfactpry
bonding agent over the range 4. 2-300 K for both
shear and longitudinal waves. At room tempera-
ture, bonds made with Salol gave a deeper reso-
nance, implying closer coupling between the trans-
ducer and the sample. However, these resonances
had much more "structure" and the true resonance
frequency was difficult to determine.

For frequencies near the transducer frequency

p= 2o', + &, = 48. 0ppm/K.

The volume coefficient at other temperatures is
given approximately by the Gruneisen law

P = ypC„/BM, (8)

where z is a dimensionless parameter, typically
between 1 and 3. Using the heat capacity per gram
C„/M obtained from published specific-heat mea-
surements' and the bulk modulus of 3. 74&&10'

dyn/cm computed from

f, , the correction to C due to transducer effects
is about 2p, d, /p, d, . This quantity vari. es from
2 to 6% for the experimental conditions encountered
and the transducer terms in (6) must be retained.
The analogous quantity for the bond is much smaller,
since d, is below the 0. 0002-in. resolution of the
micrometer used to measure the sample dimensions
Using db= 0. 0002 in. , it is found that bond effects
are less than 0. 08% for f near f, , so that the ef-
fect on C is less than the error due to the measure-
ment of d, and may be ignored.

The cw resonance measurements were performed
over the temperature range 4. 2—300 K, using Bn

apparatus in which the sample was held in thermal
contact with a copper block and both were encased
in an evacuated can immersed in a bath of liquid
nitrogen or helium. The sample temperature was
varied above the bath temperature by controlling
the current to a manganin heater coil wound onto
the block. A proportional regulator, sensing the
difference between the voltage across the thermom-
eter and a variable reference voltage, was used
to maintain the sample temperature to within 0. 1

K of the desired value during the process of locat-
ing the resonance frequencies. Data were taken
at roughly 20-K intervals; the sample temperature
was determined over the range 30-300 K by a
copper-wire resistance thermometer wound onto
the block and using the resistance-vs-temperature
table of Dauphinee and Preston- Thomas. ' Below
30 K a carbon resistor embedded in the block was
used in place of the copper-wire thermometer.
The thermometers were calibrated at liquid-helium,
liquid-nitrogen, and ice ppints, so that the tem-
perature was accurate to 0. 5 K, which is equiva-
lent to an error of less than 0. 02% in the elastic
modulus.

The moduli were corrected for the temperature
variation of the sample density p, and dimension
d, . At 293 K, the linear thermal expansion co-
efficients &, and &, for the basal plane and trigonal
axis are, respectively,

n, = 12. 9 ppm/K and o, = 22. 2 ppm/K,

which correspond to a volume thermal expansion
coefficient of
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l(C11 C66) C33 CIST/(C11 C66+ C33 2Cl3)

(9)
one obtains a Gruneisen parameter of 1.49 from
Eg. (3). The linear expansion coefficients at other
temperatures were calculated from P on the as-
sumption that the ratio o.', /&, was independent of
temperature; a numerical, integration then pro-
vided the density and sample dimensions as a func-
tion of temperature. The lattice parameters at
absolute zero obtained from this process are

ao = 4. 3699 A, co = 30. 325 A .

The results of the cw resonance measurements
using propagation modes 1-3, 7-10, and 13 are
shown in Figs. 2 and 3. Because of the energy
flux dispersion, it was not possible to use the faces
cut perpendicular to the y axis. However, by care-
ful positioning of the transducer it was possible to
measure C44 by mode 8 in spite of the large value
of Q, . An additional measurement of mode 2 over
the range 80-300 K was made but the response
deteriorated below this temperature; these results
are also shown. The error bars in the figures
represent (i) the uncertainty in the sample length
measurement; (ii) scatter in the values of C de-
termined from several resonances and due to such
effects as sample inhomogeneities, and surface
damage, which are difficult to treat theoretically;
and (iii) dependence of C on the resonance order
due to bond effects, nonparallel surfaces, and

mis orientation.

D. Results and Discussion

A least-squares fitting procedure was used to
determine the six independent elastic moduli by
minimizing the weighted differences between the
experimentally determined constants and those
calculated from the equatipns in Table I, using a
trial set of mpduli. The least-squares procedure
does not distinguish between two possible values
for the modulus C», which arise since it occurs
only in mode 9 as a squared term. To resolve
the ambiguity the lattice stability cpnditions" may
be invpked, namely, that the principal minors of
the matrix C;& be positive. The equivalent re-
quirements on the six independent moduli are

C11 C«0t C44 0u C33 0& CSSC44 C14

Css(Cis —C8q) —C~& & 0, (10)

where the last relation is only satisfied by one of
the roots for C&3. Of course, the other relations
are well satisfied by the fitted moduli. In Table
IV, the resulting six fitted values are given as a
function of temperature, the values of 0 K being
extrapolated from data taken at 4. 2 K.

Four of the elastic moduli have been measured
previously by Ilisavskii' at 300 K. His results

C„= '—, n Noks ( T/ &0)'. (12)

The limiting Debye temperature 0 may be obtained
from the elastic moduli at absolute zero by averag-
ing the inverse cube of the wave velocities over
all modes and directions of propagation. It may
be shown that 80 is given by the equation

TABLE IV. Temperature dependence of the elastic
moduli. All units are 10 dyn/cm . The moduli are be-
lieved accurate to 0.25% except C&3, which was determined
to 0.5/p.

Temp.
C,4

0
20
40
60
80

100
120
140
160
180
200
220
240
260
280

7.436
7.430
7.406
7.371
7.332
7.291
7.249
7.206
7.162
7.117
7.072
7.027
6.382
6.937
6.847

2. 619
2. 617
2.606
2.592
2. 570
2. 549
2. 512

' 2.494
2.475
2.457
2.437
2.416
2. 395
2. 734
2. 335

5.160
5.151
5.132
5.107
5.080
5.052
5.025
4.997
4.978
4.939
4.910
4.882
4.853
4.824
4.768

3.135
3.125
3.108
3.083
3.059
3.032
2.998
2. 972
2. 944
2.914
2.884
2. 855
2.826
2.798
2.738

2.917
2.921
2.911
2.901
2.875
2. 856
2.827
2.812
2.800
2.788
2.777
2.762
2.747
2o 733
2.704

1 541
1.537
1.527
1.515
1.500
1.484
1.457
l.444
1.429
1.415
1.400
l.385
1.369
1.355
1.325

are C»=6. 46, C«=2. 88, C»=4. 73, and C«=2. 50
in units of 10"dyn/cm . The agreement with the
present work is only fair, with C33 alone differing
from the results in Table IV by less than the com-
bined quoted errors. Also there is some doubt
about his value for C«, since the propagation and
polarization directions quoted do not apply to C«
but to some combination of modes 2 and 3 for C„.,
and C„. Neither of these latter mpduli agree with
the value Ilisavskii gives for C«.

For crystals in which each atom is at an inversion
center and the interatomic forces are purely cen-
tral in nature, the elastic modulus tensor C&& „ is
symmetric in all four indices and the elastic
moduli satisfy the Born relations. "For media of
rhombohedral symmetry, these are

3C6~/Cgg = 1, C44/C, s = 1.

For the elastic moduli in Table IV, these ratios
deviate from unity by 2. 3 and 1.3%, respectively,
at 300 K. However, since the crystal structure
does not have the required inversion symmetry at
each atomic site, the extent to which relations
(10) are obeyed may not be used as an indication
of the importance of central forces and should be
regarded as fortuitous.

At low enough temperatures, the specific heat
per gram atom due to lattice vibrations is given
by the Debye law, namely,
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8,= (h/k, ) (Se/4V) "p
~ n/2 I+r/6

sjn8 d6I

where V is the primitive cell volume, p is the
density, n is the number of atoms in the basis, and
the sum extends over the three effective moduli
for each direction 0, P. These effective moduli

5.2

7.3
5. I

5.0

O

49

7.0

4.8

I I

IOO 200
Temperature ( K )

(a)

300 4.7 I I
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300

3.2 1.36—
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3.0 I.30

I.28

O

o I.26

2.8
I.24

I.22
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Temperature ( K )

I

300
I

IOO 200
Temperature ( K )

I
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FIG. 2. Temperature variation of the elastic constants (a) C&&, (b) C33, (c) C44, and (d) C„o for Bi&Te&.
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are obtained by solving the secular equation for
propagation in a large number of directions and
approximating the integral in (13j by a sum, which

may be evaluated easily on a computer. The re-
sult is 80=164. 9+0. 2 K, which agrees well with
the calorimetric value of the Debye temperature,

4.3
6. I

Eo 4.2

U

E

6 0

4. I

Q

C3 5.9

4,0

I I

IOO 200
Temperature ( K )

(o)

300 IOO 200
Temperature ( K )

I

300

I 30
g 0.2'/o

1.28

CV

C

I.26

I.24

C4

E

OP

4. I

O

+
X

I.22

I.20

IOO 200
Temperature ( K )

300

3.9—

I I

100 200
Temperature ( K }

{d)

300

F'IG. 3. Temperature variation of the elastic constants (a) C„o, (b) C„„(c)C, and (d) C„, for Bi&Te3.
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0'0 ' —165+2 K.

III. DETERMINATION OF LATTICE MODEL

In the following sections the Bi~Te3 crystal is
described in terms of a Born-von Karmanmodel. "
Neighboring atoms are assumed to be held together
by springlike forces, which may be central or non-

central in character and which are specified by
certain adjustable bond parameters. An optimiza-
tion procedure is used to obtain a best fit of these pa-
rameters to the experimentally determined elastic
moduli, using the relations between them deter-
mined by the model. Once the bond parameters
are selected, the dynamical matrix can be diago-
nalized for a series of k values to give the phonon

dispersion relations. The density of phonon states
and the lattice contribution to the specific heat are
found by a root sampling technique and the results
are compared with the published specific heat from
calorimetric measurements.

A. Force-Constant Matrices

It is assumed that the motion of atoms under
acoustic vibration is governed by a crystal poten-
tial function C. For small atomic displacements
u(t; s) from equilibrium, the potentia, l may be ex-
panded and terms higher than quadratic in u dis-
carded, corresponding to the harmonic approxi-
mation. In a lattice dynamics calculation, one is
interested in the "force-constant" matrix

(14)
which relates the ~th component of the force on
atom (t; s) to the jth component of the displace-
ment of atom (t'; s'). The total force on atom

(t; s) is the sum of the contributions from all atoms
in the crystal:

f(t; s) =- —5~ C (t, t'; .s, s ) u(t; s )~ . (15)
F's'

However, for practical reasons it is assumed that
only atoms near to atom (t; s) need be considered
in (15). For each basis atom there are three
neighbors in the next layer above and three neigh-
bors below; these are the first neighbors of the
given atom. There are six equivalent atoms in
the same layer at a distance a, which are the sec-
ond neighbors. In this work, only forces between
these first and second neighbors, comprising the
set of atoms shown in Fig. 1, are considered.
The force-constant matrix elements are generally
regarded as adjustable parameters to be fitted to
elastic moduli, phonon dispersion data, etc. These
elements are not all independent but are related
to each other by symmetry considerations, which
in this case show that there are thirty independent
components.

C. Fit of Bond Parameters to Elastic Moduli

It is possible to calculate theoretical values of
the six independent elastic moduli from a set of
nine bond parameters X&. Of course, since there
are no more than six measured quantities available
and hence six independent conditions to be met for
a perfect fit, the number of bond parameters per-

TABLE V. Bond
model to

parameters used in fitting the lattice
the elastic moduli of Bi&Te3.

Bond
parameter

X1
Xp
X3

X4
x5
X6

I"orce
type

central
central
central

central
central
central

Bond length
or angle

3.06 A

3.23 A

3.62 A

4.37 A

4.37 A

4.37 A

Atoms involved in bond

Bi-Tel in neighboring planes
Bi-Te& in neighboring planes

Tel-Tel in neighboring planes

Bi-Bi in same basal plane
Tel-Tel in same basal plane
Te2-Te~ in same basal plane

angular
angular
angular

91'
8
74'

Bi-Tel-Bi,
Bl-Te,-B1,

Te,-Te,-Te, ,

Tel —Bi-Tel
Te2-Bi- Te2
Te2- Te 1

—Te2

B. Expressions for Elastic Moduli

Born" has derived expressions for the elastic
moduli in terms of the force-constant matrix ele-
ments by considering the propagation of waves in
the lattice, and comparing the resulting wave equa-
tion with that for a continuum having an elastic
modulus tensor C~j „. The expressions relating
the elastic moduli to the thirty force-constant
matrix elements of Bi2Te3 are rather complicated
and will not be presented here.

Since the only measured quantities available to
be fitted by the lattice model are the six indepen-
dent elastic moduli, further assumptions must be
made to reduce the number of adjustable param-
eters. A simple model' of the interatomic forces
will now be introduced, in which two types of bonds
are considered: (a) a central-force bond between
two atoms, acting along their line of separation,
and (b) an angular-force bond relating three atoms,
acting to restore the included angle to its equilib-
rium value. Only angular bonds, in which the end
atoms lie in the same basal plane and the center
atom is their first neighbor, will be considered.
The strength of each bond is specified by an ad-
justable bond parameter, dimensionless and of
order unity, assigned according to Table V. The
30 independent force-constant matrix elements
can then be expressed in terms of the resulting
nine bond parameters. Simplifying assumptions,
such as that of purely central forces or the absence
of second-neighbor interactions, are conveniently
introduced by fixing the appropriate bond param-
eters.
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TABLE VI. Results of fitting various lattice models to
observed elastic moduli.

Model number

Number of
variables

Relative )( 0.02 0.00003 0.04 0.0

Bond Xi
parameters X2

X3
X4
X7
X8
xg

Percent C11
errors in C66
elastic C33
moduli C44

C&3

C14

29.470
20. 516
10.846
1.923
[0]
[0]
[0]

0.7
—6.4

—14.4
—5.0
17.6
32.8

19.728
26. 078
9.256
1.818
4. 829

[o]
[o]

—0 5
4.2

—0. 7
1.6
0.5

—1 9

37.869
16.591
8. 612
1.798

[0]
3.192

[0]

0.0
0.04

—0.03
0. 12
0.02

—0.21

26.481
29.341

5 921
2. 174

[0]
[0]

2. 256

0. 9
—7.4
—0.6

1.6
—0.1
—0. 6

36.155
14.955
9.833
[1.792]
0.782
2. 132
0.252

0.0

0.0
0.0
0.0
0.0
0.0

mitted to vary in the fitting procedure must be
limited to six or less. Basically the problem is
one of minimizing a set of quantities Ei (in this
case, the differences between the measured and

calculated values of the elastic moduli) as functions
of parameters X&, where the number of functions
equals or exceeds the number of parameters. The
two methods used ' provide an estimate of the

step in parameter space from the current best es-
timate X& to the optimum X&, based on the gradi-
ents of the functions I" and the history of recent
steps. The methods are used iteratively until con-
vergence is obtained.

All combinations of four and five bond param-
eters consistent with crystal stability, i. e. , that
provide a force of some kind between each first-
neighbor atom pair, were tried. Table VI shows
the results for a few of the best fits. The quantity
labeled "relative y

" is proportional to the sum of

the squares of the differences between the mea-
sured and calculated moduli and may be taken as an

inverse measure of the goodness of the fit. Sec-
ond-neighbor central-bond parameters X4, X, , and

X6 appear in expressions for the elastic moduli

only as the sum 8 = X4+ X,+ 0. 5X6 and cannot be
determined independently by a measurement of the
elastic moduli. The quantity shown in Table VI is X4
= 0. 4B, which would be obtained if the three param-
eters were equal. Model 1 includes purely central
forces for first and second neighbors. This was
the best of the four-parameter models tried, but

could only fit C&4 to 32. 8% . Of the five-parameter
models tried, only model 3 was able to fit the
moduli to experimental accuracy. Models 2 and 4
are included for comparison. In model 5, the

quantity X4 was fixed at 1. '792 and X, , X2, X3, X, ,

Xe, and X9 allowed to vary to see the relative mag-
nitudes of X7, X, , and X9 that would be obtained.

From (13) the equation of motion for the atom
(f; s) may be written '

m, u;(t; s)= — Z 4;;(t —t'; s, s')u, (t'; s'),
f's' j

(16)
where the sum includes all the matrices consis-
tent with the model discussed above. Introducing
the plane-wave solutions

(t. ) ~ (s)e2rik x(t;s) i~t-
)1/2 i

the usual determinantal condition is obtained

//Li, , (k; s, s') —~'5„,5,, ii=0,
where the dynamical matrix is defined by

1
Dig(k' s s ) = pip

(mmmm

Xh@;,. (6; s, s')e "'~'"'"'""
t

(18)

(19)

For a given k the solution of (18) yields the 15
eigenvalues of the dynamical matrix for Bi2Te3,

Of course, in this model the moduli were fitted
exactly.

It should be possible to correlate the relative
magnitudes of the bond parameters with the pro-
posed chemical bonding schemes. ' The Te,—Te,
bond, having parameters X3 and X9, is believed to
be very nearly of the van der Waals type. Since
this force is weak and central, one would expect
to find the central bond parameter Xs smaller than

X1 or X2 and the angular bond parameter X9 very
small indeed. This is the case in the best fits 1,
3, and 5. It has been suggested that both Bi and
Te, atoms are bonded covalently with d'sP
orbitals because of their approximately octahedral
coordination (note the 85 and 91' angles in Table
V), while the shorter Bi-Te, bond is supposed to
possess an ionic component. On this basis one
would expect X1 and X& to be large, with X, larger
than X2, while X& should be smaller than Xa be-
cause of the central character of the Coulomb in-
teraction, Table VI shows that all models have a
large Xq and X„and that the best fits (1, 3, and 5)
give X1 greater than X2. Also in model 5, where
both X7 and Xs are allowed to vary, X7 is less than

Xs
In performing an exact least-squares fit, as in

the case of model 5, the parameters obtained are
usually quite sensitive to small changes in the
functions (experimental C;&) being fitted. Since
model 3 was the simplest model able to predict
the elastic moduli to experimental accuracy, it
was used in all subsequent calculations.

IV. CALCULATIONS USING LATTICE MODEL

A. Dynamical Matrix and Normal Modes
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Trigonol-
)(

Bisectrix

PIG. 4. Brillouin zone for Bi2Te3 showering location of
principal symmetry points.

which are the normal-mode frequencies. The
allowed values of k in the plane-wave solutions (17)
may be determined by applying the usual periodic
boundary conditions. Figure 4 shows the resulting
Brillouin zone for Bi2Te3 giving the wave vector k.

By diagonalizing the dynamical matrix determined
previously at a series of points along a specific
direction in the BriQouin zone, the 15 branches of
the dispersion relation &= &(%) may he obtained.
If the points are taken close enough, it is possible
to assign each eigenvalue to its proper branch by
making use of the continuity of the branches. Fig-
ure 5 showers the dispersion relations for k along
the trigonal, binary and bisectrix directions. In
the limit k-0, three of the eigerivalues approach
zero and represent the propagation of acoustic
waves in the crystal. The remaining tvrelve branch-
es are the optical modes and at k= 0 have the finite
values given in Table VII. There are four nonde-
generate k= 0 modes in which the atoms vibrate
in the trigonal direction and four doubly degenerate
modes in which the atoms vibrate i.n the ba.sal
plane.

8. Group Theory and Optical Activity

The degeneracies found in Table VH may be pre-
dicted by a group-theoretical analysis of the k= 0
modes. At the BriQouin-zone center I' the group

of the wave vector is 3m, the six irreducible rep-
resentations and their characters being given in
Table VIII. The number of acoustic modes at I'
belonging to each irreducible representation is
determined by the reduction of the polar-vector
representation A»+E„, vrhile the number of all
modes at I' belonging to each irreducible repre-
sentation is determined by the reduction of the
unit-cell representation R4&~+ 34»+ 2E~+ 3E„.
The difference between these toro reductions gives
the distribution of optical modes among the six
irreducible representations. The optical modes
in Table VII mere assigned to their irreducible
representations by an inspection of the eigenvee-
tors.

The selection rules for infrared absorption may
be found from the reduction of the polar-vector
representation. Thus the optical modes belonging
to A. ,„and E„are allured to be infrared active.
For infrared photons incident along the trigonal
axis, modes 4 and 6 in Table VII may produce
reststrahlen at 116.4 and 84. 6 cm '. However,
at this time no measurements of optical absorption
in this range are available to verify these predic-
tions. The selection rules for Haman scattering
are given by the reduction of the second-order sym-
metric-tensor representation 2'A, ~+ 2E~. The com-
ponents of the electric field and polarizability
shown in Table VOI may be found from the basis
functions of the representations. 8ince the group
3m possesses an inversion center, there is "mu-
tual exclusion" between reststrahlen and Haman
scattering„ the former occurring for modes belong-
ing to ungexade representations and the latter to

ge'YQde repl esentatlons.
The degeneracies apparent in Fig. 5 may also

be accounted for using group theory. For a gen-
eral point A on the trigonal axis of the Brillouin
zone, the group of the wave vector is 3m(C~„).
There are two one-dimensional irreducible rep-
resentations of this group, A.

& and A.a, and one
two-dimensional irreducible representation, E.
The unit-cell representation reduces to R4&+ 5E,
giving the five nondegenerate and five doubly de-

TABLE VII. Optical modes at I'.

Normalized atomic displacements
Te2(0) Teg(I1) Bi(2) Direction

26.610
24. 165
22. 320
21.923
17.616
15.944
13.392
9.533

141.3
128.3
118.5
116.4
93.5
84. 6
71.1
50. 6

0.359
0.310
0.346
0.423
0.192
0.012
0.553
0.520

-0.175
0.636
0. 617

—0.448
-0.574
—0.421
-0.441
-0.479

-0.825
0
0

—0.491
0.518
0. 803

0
0

—0. 175
—0.636
-0.617
—0.448
-0.574
—0.421

0.441
0.479

0.359
—0.310
—0.346

0.423
0.192
0.012

-0.553
-0.520

A(„
A)~
Ee
Eg

Agg

Eg
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TABLE VIII. Symmetry analysis of lattice modes at I'.

repo
Class characters

2C3g I 3Cg 2C3

Number of
modes at I'
Ac. Opt.

Selection rules for
optical activity

H.es ts tr. Raman

Agg

A2

»u
~e

Polar-
vector
rep.

Unit-
cell
rep.

Symm. —

tensor
rep.

1
1
]

—1
0
0

1
1
1
1

—1

1
]
1

—1
2

—2

1
—1
—1

1
0
0

1
—1

1
—1
—1

1

~ ~ ~

E ltz axis

~ ~ 0

Egz axis
XC& $C& ~ & XX

~ ~ ~

points in the unit cell. A histogram of the eigen-
frequencies was formed with 10800 bins over the
range 0& ~&80x10" rad/sec, a condensed version
with 300 cells being shown in Fig. 6. It can be
seen that the frequency spectrum is separated into
two parts by an energy gap at 15x10"rad/sec,
where the lower part contains the acoustic modes
and the lowest three optical modes and the upper
part contains the remaining nine optical modes.
A similar division of the frequency spectrum has
been found in bismuth at 12.6x10" rad/sec 3' and
is apparent in the published dispersion curves.

The specific heat per gram atom is calculated
by substituting the histogram representation of
g(~) into Eq. (21). The corresponding curve of
the Debye temperature is shown in Fig. 7, includ-
ing smoothed calorimetric data for comparison.
At temperatures below about 2 K, only the values
of v & 1x10"rad/sec contribute appreciably to
C„because of the exponential dependence on of
the Einstein specific-heat function in the integrand
of (21). The corresponding histogram bins have
few counts and the calculated C, values are there-
fore inaccurate below this temperature. The val-

I I 1 t I I I I I I [ I I I I I I I I I I I I I I I I I I

D

Xl
O

FIG. 6. Calculated density-of-
states curve for Bi2Te3 with the as-
sumed Born-von Kfrmhn model in-
volving nearest-neighbor and next-
nearest-neighbor interactions.

0 IO 15 20
I I I I I

30

cu (IO radisec )
l2
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FIG. 7. Comparison of Debye temperature OD(T) com-
puted from Born-von KIrmfn model with that obtained
calorimetrically.

ue of 8n(0) is known from the elastic moduli, how-

ever, and smoothed values of 8n(T) were used be-
low 2 K in Fig. 7.

The true region of validity of the Debye theory
appears not to extend above 0. 5 K or 8D/300, pre-
sumably because of a departure from linearity of
the acoustic modes for small k. The discrepancy
between the curves at higher temperatures is an
indication that a lattice model involving interactions
between only first and second neighbors is not an
adequate description for Bi2Tes. Calculations
based on the dispersion curves and elastic moduli
of bismuth ' indicate that force contributions
from fourth neighbors are significant for this sub-
stance. Presumably, the lattice model for Bi2Te,
could also be improved by including force contri-
butions from third and fourth neighbors and effects
due to the polarizability of the atoms. However,
the additional adjustable parameters would make
it necessary to acquire more experimental data.
The zone-center optical-mode frequencies could
be obtained from measurements of infrared ab-
sorption or Baman scattering, or points on the
dispersion curves could be measured directly by
neutron diff raction.

V. CONCLUSIONS

The six independent elastic moduli for BiaTe~
have been determined by a cw resonance experi-
ment over the temperature range 4. 2-300 K. The
moduli are used to construct a lattice model of
the Born-von Karma, n type, providing for central
and angular forces between first neighbors and
central forces between second neighbors. Using
the lattice model, the frequencies of infrared ab-
sorption and Raman scattering are predicted and
the phonon density of states and the lattice specific
heat are found. There is a good agreement be-
tween the Debye temperature at absolute zero cal-
culated from the elastic moduli ' nd from calori-
metric measurements, However, a comparison
between the calculated and measured lattice specif-
ic heats indicates that the model does not accurate-
ly describe the Bi&Te3 lattice. Although the gen-
eral features of the 8&(T) curve are reproduced
by the model, the disparity in the 8 n(T) values in
the temperature range 1-10 K, where only the
acoustic modes contribute appreciably to the specif-
ic heat, indicates that greater departure from
linearity in the dispersion relations of these modes
at low k is required. Thus is appears that the
calculated dispersion curves differ considerably
from the true curves for BiaTee. It has been
found that forces from third- and fourth-neighbor
atoms are necessary to obtain agreement with
the measured dispersion curves in a Born-von
Klrmkn model of the bismuth lattice. If a similar
situation exists in the case of Bi&Te, , it will be
necessary to include third- and fourth-neighbor in-
teractions into the model. It is also possible that
first- and second-neighbor forces are sufficient
to achieve good agreement in 8 rI(T), if fewer re-
strictive assumptions are made about the force-
constant matrix elements. In either case the
additional degrees of freedom would make it neces-
sary to include more experimental data in the
fitting procedure. Thus the next step toward a
more sophisticated lattice model should be a de-
termination of the zone-center phonon frequencies
by infrared absorption or the Raman effect, or a
direct measurement of the phonon dispersion
curves by neutron diffraction.
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