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The contribution of Gd impurities to the spin-lattice relaxation of La ~ and Al nuclei in
the compound La& cGd/12 is studied for values of c from 0.0013 to 0. 10, applied magnetic
fields between 3.6 and 24. 4 kOe, and temperatures from 1.2 to 300 K. The impurity compo-
nent of the magnetization recovery for Al ~ is characterizedby anexp[ —(t/7. l) ] time dependence,
indicating diffusionless relaxation of the nuclei to the impurity. The recovery rate 1/v& has a
temperature and magnetic field dependence described by the derivative of the Brillouin func-
tion, and is found to be proportional to the impurity concentration. Longitudinal dipolar fluc-
tuations of the Gd moments are the principal source of the impurity relaxation, and these
fluctuations result from a spin-spin interaction between impurities. An analysis in the free-
electron approximation indicates that a Ruderman-Kittel-Kasuya-Yosida coupling is the
source of this interaction and yields a value of J»=0.09 eV for the strength of the conduction-
electron-rare-earth coupling constant. A comparison is made with previous magnetization,
susceptibility, and paramagnetic-resonance studies in the same system.

I. INTRODUCTION

We have studied the Gd impurity contribution to
the spin-lattice relaxation of La' and Al ' nuclei
in the intermetallic compound La, ,Gd, hl2. The
special properties of the LaA1~ host enable us to
analyze impurity effects in a more direct way than
has been possible in previous studies. ' We are
able to identify the relaxation mechanism, and use
these measurements to probe the dynamics of the
Gd impurity. We begin by discussing the process
of interpreting impurity relaxation results and
show how many of the usual difficulties are avoided
in the present system.

Experimentally, we measure the recovery of the
z component M, (t) of the nuclear magnetization at
times t after an initial saturation of the spin system.
Using such data to arrive at estimates for basic
properties of the system, e. g. , the strength of the
impurity-conduction-electron interaction, entails
an involved analysis of the data and a number of
assumptions. First, the recovery of M, (t) involves
both impurity relaxation and the contribution nor-
mally expected in the host material. This is not
usually a problem in insulators at low tempera-
tures, since the host relaxation is quite weak and
impurity effects dominate. ~ However, the presence
of the Korringa mechanism in metals results in a
relatively fast host relaxation rate even at liquid-
helium temperatures. This complicates the separa-
tion of host and impurity effects, especially at low
impurity concentrations where the host process may
dominate the recovery. Even after the impurity

component of the M, (t) recovery has been deter-
mined, the relation between this and the impurity
relaxation process is still not unambiguous, because,
in addition to being coupled to the impurities, the
nuclei are coupled to each other. The resulting
recovery of the impurity magnetization involves
both energy transfer from the nuclei to the impu-
rity and energy exchange among the nuclei via
spin-diffusion processes. A simple functional
dependence occurs only in certain select cases,
and determining the relationship between nuclear
spin diffusion and actual relaxation by the impurity
involves quantities such as the nuclear spin-dif-
fusion constant and the cutoff radius" that are not
well defined experimentally. Once the impurity
relaxation rate is obtained, it is related to the
basic properties of the substance by invoking some
model for the relaxation process. The magnitude
and fluctuation rate of the local field at the nuclear
site caused by impurities in metals can be ex-
pressed in terms of the coupling strengths of the
conduction electrons with the impurities and nuclei
and other quantities such as the dipolar moments
of both nuclei and impurities. ' However, for the
analysis to be tractable, the Ruderman-Kittel-
Kasuya-Yosida (RKKY) model' is generally used.
This simplified picture of the conduction-electron-
impurity interaction and the nature of the conduc-
tion electrons represents only an initial approxi-
mation to the real situation in actual materials
and must be treated with caution. ' To summarize
the situation, an interpretation of the data requires:
(i) a separation of the impurity contribution to mag-
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netization recovery from that of the host, (ii) an
unambiguous relation of the impurity component
of the magnetization recovery to the actual relaxa-
tion process, and (iii) a picture of the impurity
relaxation in terms of the intrinsic parameters
of the system.

We find that these usual difficulties are greatly
minimized in the La, ,Gd, A1~ system. First, the
Korringa relaxation process in the LaAlz host is
particularly weak for the Al~' nuclei, being about
an order of magnitude slower than in Al metal.
This simplifies the identification of the impurity
contribution to the magnetization recovery discussed
above. The second and most conspicuous aspect
of the experimental data is the nonexPonential re-
covery of the nuclear magnetization. The form
observed, being proportional to exp[- (f/~, )'~ ], is
associated with diffusionless relaxation to the impu-
rities. ' Such a diffusionless relaxation process
simplifies the analysis in two ways: The ambiguity
about relaxation to the impurity and diffusion among
the nuclei is removed, and the resulting expression
for 1/r, can be expressed in terms of well-defined
parameters which are independent of the diffusion
constant and cutoff radius, Finally, the variation
of the recovery rate 1/r, with changing magnetic
field, temperature, and impurity concentration
enables us to identify the impurity relaxation
process and the source of impurity spin fluctua-
tions solely on the basis of the functional dependence
of the data. This means that it is not necessary
to depend upon the BKKY picture for any crucial
portion of the analysis. Bather, we shall use the
experimental data for an examination of the model.

Section II contains a discussion of the experimen-
tal procedures and the basic observations: The
recovery of the magnetization has the form exp[-(f/
v, )'~ ~], the quantity 1/7z has a, magnetic field (H) and
temperature (T) dependence of the form eBz(x)/Bx
[where B~(x) is the Brillouin function and x= gee
&&SH/AeT], and the value of 1/7, is proportional to
impurity concentration. In Sec. III we demonstrate
that, in the absence of nuclear-spin diffusion, an
appropriate average of the contributions to the nu-
clear relaxation from various possible impurity
configurations about any given nuclear site results
in the exp[- (i/7, ) ~~] form for the magnetization re-
covery. The dependence of the rate on the deriva-
tive of the Brillouin function indicates that longi-
tudinal fluctuations of the impurity dipole moment
are responsible for the relaxation. ' We then use
the RKKY picture in a high-temperature approxi-
mation to calculate the fluctuation rate of the impu-
rities, again taking a configuration average over
possible impurity positions. Comparing this model
calculation to the observed values of the relaxation
rate, we obtain a value of the impurity-conduction-
electron coupling strength of J=0, 09 eV.

In Sec. IV, we relate this work to other previous
measurements in the system. The value of J ob-
tained by this analysis compares well with the
results of other experiments in the same system.
However, the BKKY picture cannot account for the
properties of magnetically dense GdAla with the
same values of J that are derived from the mag-
netically dilute studies. The larger J found for
the dense cases suggests an enhancement of the
BKKY range function for near-neighbor interactions.
Finally, we do not detect any evidence of long-range
magnetic order in the samples studied even at high
(c= 0. 1) concentrations. The significance of this
observation will be discussed.

II. EXPERIMENTAL

A. Procedure

The samples used in these experiments were
prepared by arc melting the appropriate stoichio-
metric amounts of 99.9%-pure La and 99.9999%%uo-

pure Al in an argon atmosphere. A series of alloys
were made with the ratio c of Gd atoms to La atoms
of 0.0013, 0. 003, 0.01, 0.02, 0. 05, and 0.10. The
impurity concentration of the c=0.0013 and c=0.003
samples were checked by measuring the depression
of the superconducting transition temperature T,.
The value of T, in our nominally undoped sample
(3. 10 K) indicates the presence of approximately
0. 04% magnetic impurities (most likely Ce or Fe)
in the host material. Buttons of the alloys were
crushed and passed through a 400-mesh screen.
The resulting powder was placed in a Teflon test
tube and covered with Dow Corning silicon oil.
X-ray diffraction studies of the initial materials
and the final powders indicate only the presence
of the cubic laves (C15) phase appropriate to those
systems. '0

The spin-lattice relaxation measurements were
made using a pulsed, phase-coherent, magnetic-
resonance spectrometer. " A dual-gating arrange-
ment was used for the transmitter which permitted
the use of different rf sources for the pulse pair
used to form the spin echo and saturating train
used in the T, measurements. The echo pulses
and the reference frequency used in the receiver
were produced by a Tektronix Model-191 constant-
amplitude signal generator, while a swept oscil-
lator (Kay Marka-Sweep Model w) was used for the
saturating pulse train. This allowed production
of rf pulses at various frequencies within the band-
width of the transmitter (-1.5 MHz) during the
saturating train.

B. Relaxation in LaA12

Since most of the impurity analysis will deal with
Al27 relaxation studies, we discuss the details of
the Al 7 resonance measurements made in the host.



McHENB Y, SILBEBNAGE L, AND WEBNICK

).00-

2
l4A kOe

N N
X X

O. f0

0 0.1 0.2 0,3 OA 0.5 0,6 0.7 0.8 0.9
t (sec)

FIG. 1. Recovery of the longitudinal magnetization of
the Al ' resonance in LaA12. A sexnilogarithmic plot of
data taken at T = 77 K and H= 14.4 koe indicates that the
recovery is exponential.

In the presence of a strong quadrupolar'~ coupling
([e~ qQ] =4. 7 MHz), it is difficult to saturate the
entire powder-pattern line profile. As a result,
spin-echo measurements of central portion of the
line [principally of the ( —,

' ——,') transition] do not
recover exponentially, but for the present case
(I = —,') have a magnetization recovery described as

peratures this sweep saturation technique is more
effective because more pulses can be applied in a
time short compared to the spin-lattice relaxation
time of the host, I'&K, which increases with de-
creasing temperature.

At liquid-helium temperatures, the presence
of the -0. 04% of magnetic impurities in the 99.9%
La used in making these samples is seen as a
slightly nonexponential recovery, shown in Fig. 2,
and causes a contribution to the relaxation rate.
If we analyze the data as in Sec. IIC, we find val-
ues of the Korringa rate 1/T, KT =0. 07 +0.005
(K sec) ' and an impurity rate (at 4. 2 K and an ap-
plied field of 14.4 kOe) of 0. 08+0. 04 sec . This
is al.so consistent with the decrease of the super-
conducting transition temperature discussed in
Sec. IIA.

The cubic site of the La"' nuclei precl. udes such
quadrupole effects, and we find an exponential re-
covery for the La magnetization. The magnitude
of the rate is (1/T, KT)'~9=1. 33 +0. 15 (K sec) '.
Impurity effects on the La'SQ resonance in this sam-
ple were not evident because (1/T, „)"9is much
greater than the impurity contribution even at
liquid-helium temperatures. Measurements of
the spin-spin relaxation times indicate values of
T~=600 psec for the Al ' nuclei and 450 psec for
the La,'3 nuclei.

I Z (f)//If (ao) pr e-0/r1~ o - te/TGl+ p e 15t /Tg-
where the appropriate values of the &'s are deter-
mined by the initial saturation conditions. ' For
uniform saturation of the resonance line (all spine
at a common spin temperature immediately after
saturation) a2 ——o.', =0, and the magnetization re-
covers exponentially.

In order to minimize the nonexponential character
of the magnetization recovery, we have used a train
of - 200 saturation pulses, of 1-2-psec duration.
The rf frequency of these saturation pulses is
swept at a rate of 1 kHz over the bandwidth of the
transmitter (-1.5 MHz). This procedure uniformly
saturates all but the wings of the + ~

~ + ~ tran-
sitions. A typical recovery is shown in Fig. 1 for
H=14. 4 kOe and T= 77 K. It is well described by
an exponential. function with a relaxation time of
182 msec; however the saturation is only 80% com-
plete because of the necessity of spreading the rf
power over a broad linewidth. At lower tem-
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FIG. 2. Longitudinal magnetization recovery at 4.2 K
and 14.4 kOe for the impurity doped samples. The re-
covery is decidedly nonexponential, and becomes more
rapid with increasing impurity concentration.
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FIG. 3. The impurity component of the magnetization
recovexy, p(t), for the situation shown in Fig. 2. The
effect of host relaxation process is removed as indicated
in Eq. (2). We find that p(t) is an exponential function with
an argument )&/2.
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C. Impurity Relaxation 100

The presence of Gd impurities affects the reso-
nance properties of the Al~' nuclei in several ways:
First, the time dependence of the magnetization
recovery changes. Second, the impurity relaxation
is characterized by a well-defined dependence on
impurity concentration c, magnetic field H, and
temperature T. Third, the resonance line is ob-
served to broaden and the signal intensity decreases
at low temperatures. We will discuss each of these
results in detail.

Figure 2 shows a typical series of magnetization
recoveries at 14.4 koe and 4. 2 K. The observed
behavior of M, (f) results from a combination of
host- and impurity-relaxation effects. We have
attempted to isolate the impurity contribution by
assuming that the Korringa and impurity relaxa-
tion processes are independent and have multiplied
each data point by e" 'K to remove the Korringa
contribution. The resulting impurity component
p(t) of the magnetization recovery, where
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does not recover exponentially, but rather has the
form exp[- (t/v, )'~ ]. This is seen in Fig. 3, where
P(t) is plotted semilogarithmically as a function of
t' . We will analyze the parameter ~, which
characterizes this t' ~ decay.

We have measured w, as a function of c, T, and
H. Figures 4(a) and 4(b) summarize these mea-
surements: 1/r, is plotted as a function of the

x '(K/Oe)

FIG. 4. Variation of the observed impurity relaxation
rate with the function x ~ =k&T/gp&SH. The data taken at
a wide range of field and temperature is seen to lie along
a universal curve 1/v~ = &c 8B~ (x)/8x (solid curves) for
any given value of the concentration. Comparison of this
curve to the functions B8 (x)/x (dashed curve) and 9B& (x)/~x
are shown for the c=0.02 sample.
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relaxation at these higher temperatures complicates
the process of extracting the relatively weak-impu-
rity contribution. However, with an uncertainty of
approximately 20% for the c= 0. 05 sample we find
a.t 77 K that
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PIG. 5. Variation of the single parameter fit for the
relaxation rate 1/7& with concentration. This log-log plot
indicates a linear dependence of 1jr~ with c.

parameter x ', where x= gpsSH/ksT. The data,
represent measurements for T between 1.2 and
20. 4K and II between 3.6 and 24. 4 kOe. For all
concentrations, we find the 1/7', data is well de-
scribed by a universal curve in this T/H plot. We
compare the experiment for e= 0. 02 in Fig. 4(a)
with plots of the functions Bs(x)/x and BBs(x)/Bx,
where Bs(x) is the Brillouin function of the Gd
impurities [J = 8=+2 for Gd and we therefore choose
to write the Briliouin function as Bs(x)]. We con-
clude that the data is best described by the deriv-
ative of the Brillouin function. The relation of this
dependence to possible relaxation mechanisms will
be discussed in Sec. III.

To analyze this data, we have obtained a best fit
to each set of data points of the form

1 1 sB, g2(x)
Vg Vg

0

These "best-fit values" I/r, are shown as a, func-
tion of concentration in Fig. 5. This log-log plot
indicates that I/ro, is directly proportional to e,
I/r0, =8e, where@ =1400 sec ' ~' and e is the fraction
of I.attice sites occupied by Gd impurities. As an
indication of the self-consistency of this analysis,
we show solid curves in Figs. 4(a) and 4(b) for
each value of c corresponding to the expression
I/r, = 6 c[&Bs(x)/&xj; the single parameter in this
fit is the value 0' given above. The fact that this
data can be fit over a one-order-of-magnitude
range in & and over a two-order-of-magnitude
range in c with a single parameter is very striking.

Measurements of w, were also made at 77 and
300 K for samples with higher impurity concentra-
tions (e=- 0. 01 —0. 10). The much stronger Korringa

f.2

9 MHz, 4.2 K

8 9
FfELD (f Oe)

10

FIG. 6. Broadening of the resonance line at low tem-
peratures. The width of the host resonance is compared
with that of the c = 0.05 line at 4. 2 K and an applied field
of 8.1 kQe. The linewidth in the c=0.05 sample is con-
sistent with paramagnetic broadening.

which is the expected high-temperature form of
&Bs(x)/&x Sa.turating the wings of the resonance
line becomes progressively more difficult at lower
fields. This places the lower limit (H-4 koe) on
our 7, observations.

We observe considerable broadening of the reso-
nance line at low temperatures and high fields in
samples of higher impurity concentration. An ex-
ample of the Al ~ field profile for the c= 0. 05 sam-
ple for 4. 2 K and 9 MHz is compared with the un-
doped sample in Fig. 6. Further information about
line broadening can be obtained from the variation
of the amplitude of the magnetization at the center
of the resonance line with changing II and T. These
results are summarized for various sample concen-
trations in Fig. 7. At a given H and T, the varia-
tion with c of the amplitude is compared with
(1 —e)", where n = 28 at 4. 2 K. In terms of a "sin-
gle-impurity' model, this would imply Al nuclei
that are first and second neighbors of an impurity
are shifted out of the range of observation by its
static fieM. In the presence of a large quadrupole
broadening and at such high concentrations, the
concept of an observation barrier no longer has its
previous significance. However the variation of n
with H and T and an estimate of the linewidth of
the c= 0. 05 sample at 4. 2 K using moment tech-
niques" indicate that the increase in linewidth
arises from static broadening by paramagnetic
impurities.
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sample). Subject to the qualifications mentioned
above p(t) was fit to an exp[- (t/r, )' ] time depen-
dence. The resulting values of ~& appear to exhibit
the sB~(x)/sx behavior, with a strength, expressed
in terms of Eq. (3) and the discussion following, of
g'39= 137P sec-'

III. INTERPRETATION
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To analyze this data, we will fol.low the procedure
outlined in Sec. I: relating M, (t) to the relaxation
process, using the fiel.d and temperature dependence
of v, to identify the relaxation mechanism, and

finally using an RKKY model to calculate the fluctua-
tion rate of the magnetic impurities. At each stage
we will compare the predictions of the model with
the experimental data of Sec. II.

FIG. 7. Variation of wipeout with temperature as ob-
served by monitoring the magnitude of the center of the
A12~ resonance line (see Ref. 8). The ratio of the unsatu-
rated value of the longitudinal magnetization M~(~), to
the magnitude Mo in pure LaA12, is plotted as a function
of c. The data indicates an exclusion number of 12 at
T=77 K and -28 at T=4.2 K.

Since low-field susceptibility measurements in-
dicate the onset of magnetic order in the c=0.05
and v=0. 10 samples at T-5-10 K, we would like
to summarize the results of this high-field study
which bear on it: First, there is no obvious shift
of the center of the resonance line at low tempera-
tures, and its width is consistent with the estimates
associated with polarization of paramagnetic spins.
Second, to within an accuracy of -20% the integrated
intensity of the line profile for the c= 0. 05 sample
at 9 MHz and 4. 2 K (see Fig. 6) is the same as that
for the undoped sample. Finally, there is no evi-
dence in the relaxation data of the critical fluctua-
tions usually associated with the onset of such or-
der. Thus, even at c= 0. 10, the sample behaves
like a paramagnet for the range of H and T studied.
Measurements at the wings of the profile lead to
approximately the same value of v', as seen at the
center. We will rel.ate these results to the problem
of magnetic order in Sec. IV.

The resonance results for impurity relaxation of
La'3~ are much less extensive. As mentioned in
Sec. IIB, the Korringa relaxation in the host is
twenty times more rapid for the La'~9 nuclei than
it is for the Al~' nuclei, and the impurity relaxation
rates are comparable, which makes isolation of
P(t) much more difficult, particularly in low-con-
centration samples. Strong impurity broadening
of the La' resonance limited measurements to
samples with c ~ 0. 02 at low temperatures. The
value of the spin-spin relaxation time is observed
to lengthen dramatically at low temperatures (from
T2-400 psec at T=77 K and H=15 koe to T~-1.7

A. Magnetization Recovery

We will assume that the Korringa process affects
all the nuclei in a uniform way, which is independent
of the impurity relaxation mechanism. We then
confine our attention to the impurity component p(t)
of the magnetization recovery, as defined in Eq. (2).
The observed behavior of P(t) is related to three
factors characteristic of the system: relaxation,
nuclear spin diffusion, and exclusion. The first
is the relaxation itself, arising from fluctuations
of the impurity field at the nuclear site, The relaxa-
tion rate 1/T, (t, &) for a nu'cleus at position r, re-
sulting from an impurity at position r& {x;&=

~
r;

—r, 1) can be estimated from perturbation theory
if the magnitude of the impurity field and the impu-
rity fluctuation rate can be determined. '~ The
nuclei are not uniformly affected since this field
falls off rapidly {~1/x';&). These rate calculations
will be discussed in Sec. IIIB, but for the sake of
the present arguments we assume 1/T, b &&) =&/~;&
for its form. The basic problem is to be able to
arrive at the behavior of the macroscopic quantity
P(t), representing an ensemble average of nuclei
in various different environments using this micro-
scopic information about the relaxation rate.

The two other factors mentioned above generally
complicate this problem. In many solids, the spin-
spin interaction between the nuclei is strong and

energy in the nuclear spin system can diffuse from
one position in the sample to another by mutual nu-
clear spin flips. '~ Further, nuclei sufficiently
close to an impurity may be shifted out of the
range of observation by the impurity's static field.
Nuclei lying within this cutoff radius xo are not
retained in performing the ensemble average lead-
ing to P(t).

Thus the recovery to equilibrium for a nucleus
at the site r„P(r„t), should be described by'

{4)
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where both the effects of spin diffusion and relaxa-
tion to the impurity are explicitly considered. The
observed P(f) should be the spatial average of
p(r; t), which we will denote by double brackets,
i. e. , P(t) = ((P(r„t))). Nuclei lying within ro of
any impurity are excluded from the average. The
form taken by P(t) will be quite complex in general'
and will depend on the relative values of D Jp,
and the mean impurity spacing R= (3/4 mX, c)' ',
where No is the density of rare-earth sites. How-
ever in the case of LaA1~, the very weak spin-spin
interaction (resulting in a spin-spin relaxation time
T~-600 p,sec as opposed to T~-20 p,sec in Al
metal) and the close proximity of all nuclei to im-
purities resulting from relatively high impurity
concentrations should tend to minimize diffusion
effects. We will therefore examine the conse-
quences of choosing D=O in Eq. (4). We present
a numerical argument justifying this assumption
later.

If D-0, the solution of Eq. (4) becomes'

1.00

—0. 10
CL

=10.0A

= 8,5A

6.08 A

0.0 1

0
I I I I I I I I I

5 10 15 20 25 30 35 40 45 50
t "2 {m sec'/~)

FIG. 8. Impurity colnponent of the magnetization re-
covery in the diffusionless limit. We plot the loggp of p {p)

as a function t' for the c=0.02 sample, assuming 6
=y. 2x yP-4' cm' sec-'. The units of t'~' are msec'~' and

ro indicates the exclusion radius for each calculation.
The solid lines represent the results of an analytic solution
in the low-concentration limit, chile the dots are the
results of the general numerical analysis.

where j is summed over impurity sites. At any
given point r;, the recovery is exponential. How-
ever the configuration of impurities seen by the
nuclei will vary from site to site, leading to a dis-
tribution in relaxation rates. The resulting con-
figuration average leading to P(t) is not expected
to be exponential. Because of the unique form of
Eq. (5), P(t) can be expressed as the product of
contributions from each of the impurity sites as
indicated in Eq. (A2) of Appendix A. We have used
this product representation to evaluate P(t) numer-
ically for various forms of 1/T, (x;&). These cal-
culations were performed on an IBM-360 model-75
computer, the product being taken over 4093 adja-
cent rare-earth lattice sites. However, for low
concentrations (c«1), the configuration average
can be evaluated in a continuum model, resulting
in an expression for P(f) [Eq. (A5)j with an asymp-
totic long-time dependence of the form expI- (t/
T,)' ], where

(6)

Note that Eq. (6) does not involve the exclusion
radius. This removes much of the ambiguity from
our interpretation of magnitudes of ~, . The effect
of a finite exclusion radius xo is to cause deviations
from this behavior at short times. In fact, we show
in Appendix A that for &t/F06«1, p(t) is exponential.
The over-all effect is illustrated in Fig. 8 where
calculations are made for a hypothetical sample
with c= 0. 02 and a value of 6 = I.2 &10 cm sec
comparable to that deduced from our relaxation
measurements. A semilogarithmic plot of P(t) vs
t' for various values of ~0 illustrates the asymp-
totic t' long-time behavior and the bending over

of the curve at short t. The solid curves represent
the analytic form for p(t), Eq. (A5), derived in the
low-concentration limit, while the dots are numer-
ical calculations of the product form, Eq. (A2).
The agreement between the numerical calculation,
which involves no assumptions about concentration,
and the low-density continuum model is very good
and remains so even for c=0.1.

Before completing this discussion we would like
to analyze two of the assertions made in a quantita-
tive way: the contention that the process is diffu-
sionless and the assertion that for these measure-
ments 6 t/r, » 1. These problems have been con-
sidered in some detail ' in the single-impurity
limit (c«1). However, in the present case, with
relatively high concentrations of impurities, severe
quadrupolar broadening of the Al ~ nuclear resonance
even in the host material, and the presence of an oscil-
lating impurity field from RKKY polarization of the
conduction electrons, the usual conditions for a diffu-
sionless process based on the single-impurity model
can only be regarded as suggestive. We will make
these numerical estimates for the c=0.0013 sample,
which most nearly satisfies this singl. e-impurity
criterion. In this model the condition~ for weak
diffusion is (6/D)' '»R. This will clearly be most
severely tested at low concentrations when R be-
comes large. From the results of Sec. IIIB, we
find& =4. 7&10 /c cm sec '. For the c=0.0013
sample, the weak diffusion condition would be ex-
pected in the case D «8/R = 10 ~4 cm sec ~. It is
difficult to evaluate D accurately, but we can ob-
tain an order-of-magnitude estimate' from the
relation D -a20/50', where a„= 2. 9 A and Tm—-0. 6
msec. The value obtained, D-3&10 ' cm sec,
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Having established the significance of the re-
covery rate 1/v „we discuss the various possible
impurity-relaxation mechanisms and their relative
strengths in La, , Gd,Al, . As mentioned in Sec. I,
such a study can proceed qualitatively by an analy-
sis of the functional dependence of 1/v', as H, T, and
c are varied. Alternatively the order of magnitude
of the rate from various processes can be estimated
within the context of the comparatively simple
RERAN analysis. We shall use an RKKY model
wherever necessary in estimates of the relaxation
rate and the relevant parameters needed for such
estimates are included in Table I. We have chosen
our notation to be consistent with Ref. 5, except
that N(Er) replaces the quantity N(0)/N which ap-

TABLE I. Characteristic parameters for La&~Gd A12.

8. 145 A

1.48x1022 cm 3

i. 58 A.
-'

9.5 eV

Lattice constant ao
Molecular density No

Fermi momentum A. ~
Fermi energyb E~
Density of states

at the Fermi surface NNJ) 0.47 stateseV ~atom
Gd electronic gyro-

magnetic factor'
Al nuclear gyro-

magnetic factor e 6.97x10 sec Oe
Gd spin

2
A 1 hyperf inc constant 0.9x10-6eV

1.76xl0 sec Oe

Reference 9.
"From the free-electron model assuming s =3 electrons

per atom.
~Varian NMR table.
Calculated from LaA12 relaxation rate.

is somewhat larger than the upper limit required
for a diffusionless case. However, other factors,
most notably the RKKY oscillations of the local
field and the quadrupolar splitting of the nuclei, ~'

will tend to reduce the effect of diffusion even below
the prediction given above. It will be an even better
approximation at higher concentrations. Similarly,
we would like to identify the region in which the
bending over in the P(t) curve occurs: 8t/r06-1.

0
Taking ~, =6 A corresponding to the exclusion ob-
servations of Sec. IIC, and the value of 6 appro-
priate to the c= 0.0013 sample above, we find
f -ro'/8= 1 msec. Thus our observations should
be well into the asymptotic l.ong-time region for
t ~10 rnsec. As indicated above, 6 is proportional
to 1/c, so this criterion becomes more difficult to
satisfy as the concentration increases, If the sin-
gle-impurity model were correct in the c= 0. 1 case,
P(t) would not reach its asymptotic form until t -100
msec. This behavior is not observed experimentally
(see, e. g. , Fig. 3), indicating a breakdown of the
single-impurity picture at high concentrations.

B. Relaxation Mechanisms

TABLE II. Impurity relaxation mechanisms in metals.

Longitudinal dipolar (LD)

Tq(y, ~) y

» 8B,(,) ~mi

~6 tft ex 1+(~ g )2
sin icos &

Transverse dipolar (TD)

1 TD

T, (y, e) 7D

6 (&m&P) ~
8 (x)

1+(~~~~)'

xr(1 —3cos 9) +9sin4e)

Benoit-de Gennes-Silhouette (BGS)

Ti«) ms

~AJN (E )E ', B,()2

x

Giovannini-Heeger (GH)

f52

1+(~~~~)'

1 CGH mAJN (E~)E~ &2 Bs(x)
T(«) GH ~5 28k x

pears in that paper. We assume a free-electron
picture for the Fermi-surface electrons, with each
atom contributing three electrons to the band.

Impurity relaxation in metals has been the sub-
ject of a recent review, ' in which the various re-
laxation mechanisms are discussed. In addition to
relaxation from longitudinal (LD) and transverse
(TD) fluctuations of the impurity's dipolar field
which are also common to magnetic insulators,
an impurity can relax the nuclei via its polarization
of the conduction electrons, originally suggested
by Benoit, de Gennes, and Silhouette (BGS), ' and
via virtual scattering processes, suggested by
Giovannini and Heeger (GH). In the context of the
RKKY model and assuming an exponential decay of
the longitudinal and transverse impurity-spin cor-
relations with decay rates 1/v, and 1/v 3, respec-
tively, it is possible to obtain expressions for the
quantity I/T, (r,&) discussed in Sec. IIIA. We pre-
sent the results for the four mechanisms discussed
above in Table II. In order to be able to present a
simple discussion of results, we have averaged
over the trigonometric parts of the range function
which occur in the expressions for [I/T, (r)]sos and
[1/T, (r)]o„. The resulting simplification of the r
dependence enables us to use the analytic low-con-
centration expression [Eq. (A4)] in our analysis.
However, we have also performed calculations in
which the full trigonometric formZ are preserved,
using the product expression [Eq. (A2)] and evalu-
ating the result by computer. The differences be-
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TABLE III. Estimates of relaxation rates for several
mechanisms: c = 0.01, T = 4. 2 K, H = 14.4 kOe, J = 0.1 eV,
7.

m
——5. 8x 10 ~~ sec.

LD TD

(1/A/) sec" 3.4 0.10

BGS

0.02 5x10' 3.0

For definition of v& for GH, see Appendix A.

tween the values of v'& obtained in these two ways
are very small.

From Eq. (6), it is clear that all field and tem-
perature dependence of v, is associated with .
In addition to factors like B~(x) and &u which ob-
viously vary with H and T, there is also the pos-
sibility that 7

&
and v.

~ might have such a depen-
dence. However, on the basis of recent EPR
studies of Gd in LaA1~, ' which we will discuss in
Sec. IV, it appears that RKKY exchange narrowing
of the dipolar fields is the major contribution to
the Gd linewidth at liquid-helium temperatures and
that the resulting correlation times v, -v z are in-
dependent of field and temperature and have a mag-
nitude I/v =2. 9x 10 c. From this estimate of
7 we observe that (~„7 ) « I for the fields and

concentrations that we have studied. Thus, the
only field and temperature dependence of the LD
mechanism is SB~(x)/Sx, in good agreement with
the observed behavior of I/r, shown in Figs. 4(a)
and 4(b). Therefore, on the basis of the EPR ob-
servations which provide necessary information
about the dynamics of the impurities, we are able
to identify the relaxation as resulting from LD pro-
cess solely on the basis of the functional depen-
dence of Tg .

It is also possible to obtain a quantitative esti-
mate of the contributions to I/r, from the various
mechanisms. The extreme simplicity of the model
must be remembered in attaching significance to
such calculations, but the order of magnitude of the
results are instructive. The magnitudes of these
mechanisms are compared with the observed value
of v, in Table III for a typical set of experimental
conditions. In agreement with our functional anal-
ysis, it is evident that the LD mechanism is the
dominant process and the magnitude of I/r, is in

good agreement with experiment. We also note
that (~ r ) =75 for c=0. 01 and &= 10 kOe, so the
factor I + (m v' ) in the denominator of the TD and
BGS mechanisms has greatly reduced their strength
in large magnetic fields and for low impurity con-
centrations.

An especially significant consequence of the
dominance of the LD process, is that the BKKY
mechanism is only involved in determining the im-
purity dynamics and plays no role in the magnitude
of the impurity field seen by the nucleus. This en-
ables us to perform a particularly direct analysis

of the RKKY model in determining the rate I/r
As discussed above, EPR results yield a value
I/v =2. 9x10' c sec '. We can obtain a value for
v by comparing the results of our experiments
[Eq. (3)] with the prediction for I/v, from the LD
process. Using the expression for t'~D from Table
II and Eq. (A4), we find

(
1 16@3 a eBs x

y y„kNO cS (7)

where we have assumed N(E„) = 3z/2E~, k~ = 3v
&& (3Noz), and g = 3 conduction electrons per atom.
This transition from Gaussian to exponential be-
havior at small c is the exact analog of the change

Using the experimental value of I/ro, obtained in
Sec. II C (1400c sec '), the resulting value for the
correlation rate is found to be I/7 = 1. 75&10"c
sec ', in reasonable agreement with the EPR re-
sults. These results differ slightly from those
reported earlier. This is because we previously
averaged the angular dependence of I/T, (r) before
performing the integral in Eq. (A4). We believe
that the present procedure is more appropriate,
and results in a change in the numerical factor
of Eq. (7) from P, to 9 . This results in an increase
of 20% in the estimate of r

C. Spin Dynamics

Having obtained two experimentally determined
values of I/r, we would like to test whether the
assumption of an exponential decay of the autocor-
relation function and the magnitude of the rate can
be justified in the context of the RKKY picture.

In Appendix B, we discuss a simple model for
the spin dynamics of a randomly distributed collec-
tion of magnetic impurities coupled by an RKKY
Hamiltonian, Eq. (Bl). In the high-temperature
limit, the autocorrelation function (S~&(t)S&(0)) can
be studied by performing a short-time expansion.
For the purposes of the present simple estimate,
we will neglect the effect of pair correlations, and
assume that the decay of (S&(t)S&(0)) can be de-
scribed by a Gaussian time dependence. Recent
detailed calculations in magnetic insulators indi-
cate that this is an oversimplification of the prob-
lem, but the numerical error associated with such
a model should not exceed a factor of 2.

To determine the dynamics for an ensemble of
such spins, we must perform a configuration aver-
age over the possible arrangements of magnetic
impurities about any given impurity site. In the
absence of pair correlations between the impuri-
ties, the spatial average (( (S&(t) S&(0) ) )) has an ex-
ponential time dependence in the limit of small im-
purity concentrations. The characteristic decay
time is found from Eq. (B9):
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f.oo nearly proportional to c ' for c ~0. 10, we feel
justified in using the exponential form of the cor-
relation function in describing all of our results.

Using our model for the dynamics, we can arrive
at a prediction for the value of J on the basis of
Eq. (8) and our observed value of I/7' = 1. V5x10 c
sec '. In the free-electron picture, we arrive at
a magnitude of the sf coupling of I J i =0. 09 eV,
which is in extremely good agreement with pre-
vious observations. We will discuss the signifi-
cance of this result in Sec. IV.

D. La Results

QQf I 1 I I

0
I

fQ

t/&ex

FIG. 9. Decay of the impurity autocorrelation function
g(t) for varying concentrations of impurities plotted as a
function of t/v~„[v~„ is defined in Eq. (87)]. The form of
the decay of g(t) is assumed to be Gaussian at high con-
centration, but becomes more exponential with progressive
dilution.

For a Gaussian decay, we expect (r, ) CC e I~~,

while for exponential decay, (r, ) ~c . In Fig.
10 we present a plot of (v, ) determined from the
calculations discussed above. Since the data is

of the nuclear magnetization recovery from expo-
nential to expf- (f/~I)'~2j in the small-e limit. It is
for this reason that we chose to characterize the
decay of the correlation function by an exponential
in Sec. IIIB.

This observation about the spin dynamics was
initially made by Kittel and Abrahams, who used
moment methods to demonstrate the change of the
EPR line profile from Gaussian to Lorentzian at
large dilution. They estimated that the transition
region should be around c - 0. 01. Within the limits
of the present model, we can calculate (( (S&(t)
xS&(0)) )) for arbitrary c, using the product nota-
tion, EII. (Ba), and numerical methods. The re-
sults of such a calculation are presented in Fig. 9,
where the cluantity g(t) ~(( (S&(t) S&(0)) )) is plotted
semilogarithmica. lly as a function of t. As expected
from the model the decay of the correlation function
is Gaussian for c=1.0, and becomes progressively
more exponential as the concentration diminishes.
We can establish a direct connection with the mo-
ment approach by using the reasoning of Anderson
and Weiss. We say that the width of the EPR pro-
file in this case should be r H ~ M~( v, ), where

(~, ) =J" (( (S~I(t) S~(0)) )) dt .

50,

0.of O.fo

C

I I I I I I I I

f.00

FIG. 10. Investigation of the change in character
of the decay of g(t) at low concentration. The symbol
(v, ) represents the integral of g(t) for all positive values
of time. The reduced quantity (T,) /v. e„ is plotted loga-
rithmically as a function of concentration. We find
(T~) cf- c for c ~ 0.1, indicating exponential decay of the
correlation function for all values of interest in these
experiments.

Since the La'" data are not nearly as precise as
those of the Al, we do not wish to analyze it in
great detail, but several basic factors are worth
consideration. Both the Knight shift and the re-
laxation rates indicate that the La'" nuclei are
strongly coupled to the conduction electrons and
are sensitive to their partial non-s character.
Although nominally situated at a site of cubic sym-
metry, its quadrupole moment makes the La,

nucleus sensitive to any distortions of the lattice
which occur. The presence of strains in the ma-
terial could explain the large value of T2( 450 use-c)
observed in the host. ' The large increa, se in T~
observed at low temperatures probably results
from further decoupling of the spin-spin interaction
caused by RKKY polarization of the conduction
electrons by the magnetic impurity. These effects
can combine to produce a diffusionless recovery
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in the La case as well.
An interesting aspect of the La' data is that

the relaxation rate (1/7, )' is almost identical to
that observed for Al . Since our analysis of the
Al ' results enable us to obtain a complete picture
of the impurity dynamics, we can compare pre-
dictions for I/v01 for the two nuclear species to ob-
tain a value for the impurity field at the La site.
The functional dependence of I/r, indicates that
longitudinal fluctuations of the impurity field are
the dominant relaxation mechanism. However,
if only the LD process were operative in both
cases, one would expect from Eqs. (3) and (7) that
the ratio of the relaxation strengths would be

(I/~0)27/(I/~0)139 ( 27/ 139)2 (9)

In this section, we relate these present results
to previous studies in the La, , Gd, Alz. We dis-
cuss the values of J obtained in the interpretation
of various experiments, contrast the nature and
strength of the interaction at high and low Cd con-
centration, and discuss possible magnetic order
at low temperatures in the dilute systems.

Using the HKKY model, values of J can be readily
obtained from EPR studies of Gd impurities in
LaAl2, the depression of the superconducting tran-
sition temperature T, of LaA12 by Gd impurities,
and impurity broadening of the La linewidth.
The electron-spin resonance studies are especial-
ly interesting, since three parameters are related
to J: the g shift (bg), the Korringa contribution to
the linewidth (&Hz), and the temperature-indepen-
dent component of the linewidth (AH, ). In mea-
surements on a sample with c = 0. 0045, values of
~g=+0. 027, ~H~= 22. 5T Qe, and ~H, =51 Ge were
reported. a~ In this free-electron picture, ~g
= JN(E2), which implies d'=+0. 057 eV. If the EPR
is not bottlenecked, av

with a resulting prediction of j J) = 0. 066 eV.
Finally, if we attribute the temperature-indepen-
dent component 4H, to exchange narrowing of the
Gd-Gd dipolar interaction by an RKKY coupling
between the spine, we expect22y AH, =M2(v, ) „
where (r,) is evaluated as in Appendix B, and M2
is the second moment of the dipolar interaction
among impurities. The resulting value of the
correlation rate obtained from this analysis is
1/(7,)=-1/7„=2.9&&10' c sec 1, and using Eq. (8),

The fact that this ratio is observed experimentally
to be nearly equal to one, indicates that an addi-
tional contribution to the impurity field, presum-
ably from a pseudodipolar interaction, must exist
for the La nuclei. This is consistent with the other
observations.

IV. DISCUSSION

we find ) J) = 0. 11 eV. Also note that the Kor-
ringa-relaxation rate, I/rz = y„6Hz -4 &&—10'T sec 1,

is much smaller than the exchange-correlation rate
at liquid-helium temperatures. It is for this
reason that we neglected Korringa effects in cal-
culating the decay rate of the impurity correlations.

Measurements of the depression of 7, by Gd in
LaA12 give the value (dT„/dc), .0= 3. 79 K per percent
Gd, for the rate of depression. Interpreting this
result in terms of the theory of Abrikosov and
Gor'kov, 3

dT,
dc

a value of ) J) =0. 0V3 eV is obtained. Finally,
broadening of the linewidth of the La~39 NMR in a
c = 0. 001 sample' yields a value of 27. 4 Ge at
4. 2 K and 14 kGe. Using the above data and a
moment analysis~ for the linewidth leads to a
value of ) J) =0.1 eV.

All of these diverse measurements give values
of J that are between 0. 057 and 0. 11 eV when in-
terpreted in the free-electron model. The results
of such an analysis in magnetically dense GdAlz
differ from those in Laq, Gd, A12 in several re-
spects: First, the g shift is negative indicating
a negative value of &(= —0. 04 eV). '1 Second,
the temperature-dependent part of the ESB line-
width is a factor of 10 less than that found in the
dilute samples, and is presumably the result of
"bottlenecking" of the impurity spin-lattice relax-
ation. ~ Third, the magnitude of J as determined
from spin-disorder resistivity measurements'2
and from an analysis of the ordering temperature
and Knight-shift33 data indicate values of

~ 4) (= 0.4
eV) that are considerably larger than the values
found from the measurements we have discussed
in the dilute systems.

In order to properly deal with an analysis of the

g shifts or the disparity between values of d in
dense and dilute magnetic materials, it is neces-
sary to have a more accurate description of the
Fermi-surface conduction electrons. For ex-
ample, the g shifts depend on the uniform (q = 0)
component of the s-f exchange, Z(0). The sign
and magnitude of Z(0) are believed to result from
two sources: a "Heisenberg exchange" whose
contribution to J'(0) is positive, and a negative
term resulting from interband mixing of 4f or-
bitals with the conduction band. Since these are
comparable in magnitude any slight change in the
character of the Fermi-surface electrons with in-
creasing Gd concentration could account for the
change in sign of Z(0) observed. A systematic
study of the g shift as a function of concentration
is needed to clarify this problem. Unfortunately,
at the present time the theory of interband exchange
is not developed to the point of predicting such
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phenomena.
The disparity of values of J in the dense and

dilute cases is an analogous problem. This larger
Z value observed in GdAl~ could be explained by a
short-range superexchange process between
neighboring Gd atoms. Such an overlap mechanism
would presumably not be affected by slight changes
in the Fermi-surface electrons. However, the
value of the paramagnetic Curie temperature of
GdA12 as determined by susceptibility measure-
ments is found to vary strongly with slight dilutions
of Th and La, which indicates that conduction
electrons play a major role in determining the
changes in J(0). The resolution of this problem
appears to lie in the fact that the range function
in LaAl~ deviates from the customary form ex-
pected from the free-electron approximation. In
particular both exchange enhancement ' 7 and the
effects of the real scattering potential (rather than
the assumed 5-function form) and the non-s char-
acter of the Fermi-surface electrons ' can pro-
duce significant enhancement of Gd-Gd interaction
at short range. However it is difficult to arrive
at a unique prediction for interaction strength
from these formalisms.

Finally, we discuss one of the most puzzling
aspects of these experimental results: the fact
that the c = 0. 05 and the c = 0. 10 samples exhibit
the same functional dependence of v'~ on H and T
as observed in the more dilute samples. This is
in sharp contrast to the bulk magnetization and

susceptibility measurements made on other La, ,
Gd, Alz samples, which appear to indicate the on-
set of magnetic order. '3 Although there are
certainly ambiguities associated with such mea-
surements, 3 the results are self-consistent, and

when interpreted in terms of a molecular-field
model, indicate ordering temperatures of 4-5 K
for the c = 0. 05 sample and 10-14 K for the c = 0. 10
sample.

If the long-range magnetic order did occur at
some temperature, one would expect deviations
in the observed 8B,~z(x)/Bx behavior of r, and a
change in the line profile. No such effects have
been observed, and measurements of 1/v'~ (Fig. 5)
and the exclusion radius (Fig. 7) below the pro-
posed ordering temperatures appear to remain
consistent with the paramagnetic interpretation.
As mentioned in Sec. IIC, v& measurements at
various positions in the line profile appear to in-
dicate the same behavior for all nuclei observed.
These observations lead us to believe that, for
temperatures greater than 1.2 K and at magnetic
fields greater than 3. 6 kQe, most of the material
remains paramagnetic. The relaxation data in-
dicates an absence of long-range magnetic order
in these samples in the field and temperature
range studied.

We believe that this qualitative difference be-
tween the present relaxation studies and the pre-
vious magnetic measurements is directly related
to the very subtle problem of magnebc order
among randomly situated impurities in a metal.
A detailed discussion of the theory is not war-
ranted in the present context, but we will examine
several experimental aspects which bear on the
differences observed. First, these measurements
were not performed on the same samples, and
there is experimental evidence that sample prep-
aration can significantly affect the magnetic prop-
erties in some systems. ~ However, the experi-
ence of a number of investigators in the ternary
alloy system La&,Gd, A13 indicates that the mag-
netic properties of samples with the same chemical
composition are reproducible. We theref ore
believe that the samples used in both investiga-
tions were magnetically similar.

Second, one might expect different behavior if
the two types of measurement were preferentially
sampling different parts of the specimen. For ex-
ample, in systems with c = 0.05-0. 10, there is a
significant probability that a given spin may have
one or more magnetic neighbors. The strong
exchange between these spins could lead to an en-
hancement of their contribution to the susceptibility.
At the same time the large local fields in the
vicinity of such a pair (or larger cluster) would
tend to remove nearby nuclei from our range of
observation. Although the variation of 1/v'~o with
concentration does not indicate any dramatic
change at low temperatures for the higher concen-
tration samples it does not preclude such cluster
effects. Similarly, the interpretation of the sus-
ceptibility data is involved in itself4~' 3 and it
would be difficult to argue against such a clustering
on the basis of that data, .

Finally, the magnetic measurements were made
primarily at low fields (- 250-500 Oe), while the
minimum value of magnetic field used in the re-
laxation measurement was 3. 6 kOe. Dramatic
changes in the magnetic susceptibility have been
observed in Lao.94Gdo. o6 when a magnetic field of- 250 Qe was applied to the sample. ~ Although an
explanation has been proposed for this behavior 3

the experimental situation is still unclear. This
possible field effect could be studied by perform-
ing magnetization measurements at higher fields,
and also by performing relaxation studies at zero
magnetic field using NQR. The resolution of
this problem amaits these experimental results.

V. CONCLUSION

Although the interpretation of nuclear spin-
lattice relaxation results is often quite difficult,
a number of favorable factors, most notably the
absence of spin diffusion, enable us to perform
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APPENDIX A

In this appendix we justify the form chosen above
for the impurity component of the magnetization
recovery. In the absence of nuclear-spin diffusion,
Eq. (4) predicts that recovery of a nucleus at site
i o~ing to the presence of an ensemble of magnetic
impurities is

p(r, , f) = exp{- O~, [I/T(r, ,)]], (Al)

where r;& = (r; —r& I and the j sum extends over the
impurity sites. To describe the magnetization
recovery of the entire system, we must perform
an ensemble average over all possible impurity
configurations about a nuclear site.

We consider a lattice containing No rare-earth
sites, a fraction c of which are occupied at ran-
dom by magnetic impurities. If a particular site,

is occupied (with probability c) the contribution
to the recovery will be e ' ~&'"~f', while if the site
is unoccupied [with probability (1 —c)], the appro-
priate expression for the relaxation function is
unity. Taking a weighted average of these contri-
butions, we obtain the following expression:

~(f) g [(I +)+ + + c/rg(1 ]y)] g, ~
& f'0

for the relaxation function. We have excluded
from consideration any nuclei lying sufficiently
close to the magnetic impurity (x,I & xo) to have
their field for resonance shifted from our range

a direct analysis in the present case. The func-
tional dependence of the relaxation rate with
varying H and T establishes that the LD process
is the dominant mechanism, and the linear depen-
dence of 1/v' on c suggests that Gd-Gd coupling
via the RKKY interaction is responsible for the
decay of spin correlations. The resulting value
for the strength of the host-impurity coupling is
in good agreement with previous investigations.
Similar observations are currently being made
on LaA12 samples doped with non-8-state im-
purities such as Ce and Tm. These results will
be published elsewhere.
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of observation.
If c=1.0, we find P(t) =exp[-tZ~1/T, (xo)], i. e. ,

the magnetization recovery is exponential and the
contribution must be summed over all sites. For
low concentration, Eq. (A2) may be written in the
following form:

p(f) = exp[- cZ, (1 —e ' ~'"u')], ~„&r, (A3)

which is equivalent to Eq. (A2) to order c. If we
choose to express the lattice sums Eq. (A3) in a
continuum approximation we obtain

P(t)=exp[-N, c J(1 —e ' r&'"'~')d'x], r&xo (A4)

where 1/T&(r, 8) implies that angular dependence
may be explicitly included (see Table II).

Eq. (A4) makes it possible to obtain analytic ex-
pressions for the recovery of the magnetization
and these prove to be extremely useful in a qualita-
tive analysis of the problem. For example, if
we choose 1/T&(x) =6/re (no angular dependence)
Eq. (A4) can be integrated to obtain 6

- et/r6P(t) = exp( , vr3oN- ~—c[e e'~"o —1

~ (vlf/y 8)ll2 erf(Q f/y6)i/a ]) (A5)

In the limit 6t/xo»1, p(t) assumes the simple
form p(t) ~exp[-(t/v )"'], with (I/~, )' '=3~v' '
x No c e~ ~ 2, while for 6 f/r06 «1 one obtains

P(t)=e '
& with 1/T~=4vNocp/3y30

It is important to note that, in spite of assuming
c«1 and adopting a continuum description, the
analytic form of P(t) [Eq. (A5)] gives almost ex-
actly the same result as obtained using numerical
results for c & 0. 10 evaluation of Eq. (A2). We
compare the prediction of the analytic form with
the computer-calculated product Eq. (A2) over
4093 lattice sites for several values of xo in Fig.
8, and the agreement is very good.

A similar analytic expression can be obtained
for the GH mechanism, where 1/T&(r)~ 6o„/r'
The resulting analytic form is obtained in terms
of incomplete y functions, but in the limit Coat/x
» 1, it has the form p(t) ~ exp[- (f/7)'~ ].

APPENDIX B

We use the averaging procedure of Appendix A
to arrive at an expression for the decay of the
autocorrelation function of the impurity spin caused
by the HKKY interaction. We consider a system
containing No rare-earth sites, a fraction c of
which are occupied by Gd impurities. We assume
that the Gd spin-spin coupling arises from the
RKKY interaction

X„„x„=Z J(r„)S, ~ S,i'
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8(S'(t)S;(0)&/S(S+1) =1 —t' & (~.)$ (B4)

where

S(S+1) 4vE~X2(Er)J cos22k~r„
+e tj 8kR (2k )8 6

(B6)
(sin2k~r,

&
can be ignored as long as 2kzr;&» 1).

As discussed in Sec. III C, we assume a Gaussian
form for the correlation function of any given spin:

3 (S,*(t)S,'(0) )/S(S+ 1)= e ' "'»' (B6)

where

I/&-= [~ (&.)~~]
iAj

(B'I)

As in Appendix A, we take a weighted sum over all
sites

g(t) =(((S&(t) S&(0))))=II, [(l —c)+ ce ' '""&y] . (B8)

where

sin2kzr&, —2kzr„cos2k r„
ll g p (2krr„)'

(B2)
The short-time expansion of the autocorrelation
function is then

(Sf(t)S)(0))=(SJSf) —(I/2tf~)a tl+ ~ ~ ~ (B8)

where n =([i6, S~][Sf,X]) and the brackets indicate
a thermal average: (0) = Tr(e ~ 0)/Tr(e ~). In the
high-temperature approximation for 2kzx» 1, we
find

We can calculate this product numerically, and the
results are shown in Fig. 9. We can also proceed
as in Egs. (AS) and (A4) to express this in terms
of a e «1 continuum approximation. If we take an
average cos 2k'&x = &, the integral equivalent to
Eq. (A4) can be performed, with the result that
P(t) = e ' '~, where

I/v~= -3 w' [—', mS(S+ 1)]" [N (Er)J EJ,~oc/kk p ] .

(B9)
By analogy with the nuclear relaxation problem

of Appendix A, we expect a change in form of the
decay of the autocorrelation function as the concen-
tration of impurities decreases. For c = 1.0 we
have chosen the decay to be Gaussian, while for
c «1 an exponential decay is obtained as has been
noted previously. For our purposes it is crucial
to know if g(t) changes significantly over the range
of concentrations studied here. We have investi-
gated this problem by using a computer to evaluate
g(t) directly from Eg. (B8) and then evaluating the
quantity (7;) [ (r,)= fo" tfr(t)dt] numerically for arbi-
trary values of c. As indicated in Ref. 23, a
Gaussian decay of P(t) implies that (r,)~c '"while
an exponential decay implies that (v,)~c '. The
variation of (7',) for changing c obtained in this way
is shown in Fig. 10, and we conclude that g(t) is
approximately exponential for c ~ 0. 1, is Gaussian
for c & 0. 8, and assumes an intermediate form in
the range 0. 1 +«0. 8. This provides justification
for our choice of the exponential form for g(t).
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