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Elec troabsorption was measured
polarization of light, and direction
lines of Elliot's theory of indirect
tion-band minimum to the point Z=
The assignment of the maximum of
by the reported measurements.

on selenium single crystals as a function of temperature,
of the modulating electric field. Interpretation along the
excitonic transitions yields the assignment of the conduc-
(0, 0, 1)7f/c of the Brillouin zone or its close neighborhood.
the valence band to the point H= (3 7l/a, 0, 7l/f.") is reinforced

I. INTRODUCTION

Until recently it has been a matter of some con-
troversy whether the band gap of trigonal selenium
is direct or indirect. Some results favored an in-
direct edge awhereas other measurements pointed
to a direct edge described by the Urbach rule.
Band-structure calculations gave rather flat energy
bands ' and left the question open, too. Recently
Fischer clarified the problem to a great part by ab-
sorption measurements on thin crystal platelets
grown from the vapor phase. At low temperature
several steps were found at the absorption edge for
both polarizations of light (E II c and E J.c) which
were interpreted as an indirect excitonic transition
with emission of phonons. With increasing tempera-
ture these steps disappeared rapidly and also the
transition with absorption of phonons could not be
observed. Therefore, a determination of the ener-
gies of the indirect transition and of the involved
phonons was not possible from absorption measure-
ments alone. Fischer derived these values by com-
paring his electroabsorption results measured at
1.8 'K with the luminescence spectrum of trigonal
selenium. Since electroabsorption measurements
are particularly useful for an extended analysis of
indirect transitions, in the present paper such in-
vestigations at different temperatures are reported.
Besides the phonon-emission replica of the indirect

transition, now the peaks due to absorption of pho-
nons are also observed. Therefore, the energies
of the involved phonons can be determined directly
and compared with the values given by neutron scat-
tering. The energy of the indirect transition, par-
ticularly its temperature dependence, is also ob-
tained and, using results of theoretical band mod-
els, the relevant minimum of the conduction band
can be located in the Brillouin zone.

II. EXPERIMENTAL

A. Experimental Procedure

The measurements were performed on selenium
single crystals grown as thin platelets from the
vapor phase. The surfaces of these crystals were
of good quality so that no further treatment was
necessary. This is very advantageous because
cleaving and polishing of the samples increase the
number of lattice defects in the soft selenium crys-
tals considerably, and thus inhibits the investigation
of fine structure in the optical spectra. The thick-
ness of the platelets varied between 15and200 p.m.
The external electric field was applied using two
gold electrodes evaporated on the same crystal face
with a distance of 0. 5 mm. This arrangement
easily allows the orientation of the electric field
both parallel and perpendicular to the c axis. The
low conductivity of trigonal selenium and the rela-
tively high frequency of the electric field (1 kHz)
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exclude anomalous results due to modulation of the
temperature within the samples.

The optical system consisted of an iodine-tungsten
lamp, a prism double monochromator, polarizer,
and photomultiplier, with a spectral resolution of
about 1.5 meV. Wavelength, intensity of trans-
mitted light, and its field-induced change were mea-
sured simultaneously and automatically evaluated.
The lock-in amplifier, detecting the change of trans-
mission, was tuned mostly to the double frequency
of the applied sinusoidal electric field because, for
trigonal selenium, a quadratic dependence of elec-
troabsorption on field strength exists. 6' The re-
sponse of the electroabsorption at the fundamental
frequency is small and differs strongly for the ori-
entation of electric field F ll c and Flc. This is
probably a result of the piezoelectric effect.

The selenium platelets were carefully fixed on
electrically insulating but heat-conducting sapphire
crystals and clamped to the sample holder of a
cryostat having automatic temperature regulation.
The temperature could be maintained constant within
1'Kin the range 4. 5-200 K.

B. Evaluation

responses. Therefore, the thickness of samples
was varied between 15 and 200 p. m.

III. EXPERIMENTAL RESULTS

A. Survey of the Electroabsorption Spectrum

The general features of the electroabsorption
spectrum and its temperature dependence are shown
in Fig. 1 for light polarized parallel to the c axis
(E II c). The upper part gives the spectrum at low

temperature which is in good accordance with the
results of Fischer' measured at 1.8 K. Above 1.85
eV three strong and two weak maxima are found
which correspond to the indirect absorption with
emission of five different phonons having the ener-
gies quoted above. (The strongest peak near 1.88
eV is reduced by a factor of 10.) Structures which
are created by phonon absorption are not yet ob-
served. They a,rise at higher temperature as can
be seen in the spectrum at 38 'K. Here below 1.85
eV an additional peak appears which is assigned to
the indirect transition assisted by absorption of the
phonon with lowest energy. In this spectrum the
phonon emission part of the spectrum above 1.85 eV
consists only of the three strong maxima. The
small peaks which are well resolved in the upper

No significant influence of the interference of light
reflected from both surfaces of the crystals was ob-
served in the experiments. The evaluation of the
electroabsorption spectra, therefore, starts from
the simple formula for the transmitted intensity J,

Z=J(1 —R) e'
where Jo is the intensity of the incident light, R the
ref lectivity, u the absorption coefficient, and d the
thickness of the sample.

The external electric field induces alterations of
both ref lectivity and absorption coefficient. The
corresponding relative change of the transmitted
intensity is

aJ 2R ~R
+d&~ .J 1-R R

From electroreflectance measurements with similar
field strength, as used here for electroabsorption,
the relative change of the ref lectivity ~/8 is
known to be 10 6 or less in the investigated spectral
range. This effect is negligibly small compared
with the value of nZ/Z which is greater than 10 4.

We obtain, therefore, from (2) the simple expres-
sion
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According to this formula, thick crystals are fa-
vored for electroabsorption measurements because
they give a large relative change of transmitted in-
tensity. In the energy region of rapidly increasing
absorption coefficient, however, only thin crystals
are sufficiently transparent to obtain well-resolved
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FIG. 1.. Electroabsorption spectrum of trigonal selenium
for polarization of light E llc at different temperatures.
Electric field F =1.8 &104 V/cm perpendicular to c axis.
The dashed lines indicate the position of the indirect edge.
The marked peaks are reduced by the given factor.
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curve are now covered by the strong maxima be-
cause these broaden with increasing temperature.
Due to this broadening the amplitudes of the peaks
decrease, a feature which becomes more evident
in the spectrum at 75 'K. In the energy region
below 1.85 eV now also the absorption replica of
the optical phonons appear since the temperature is
high enough to activate these lattice vibrations with
higher energy. The six peaks of the spectrum at
75 'K are symmetrical to the dashed line which,
therefore, gives the energy of the indirect transi-
tion at this temperature. The distance between two
corresponding maxima is twice the energy of the
phonons involved and the so-determined phonon en-
ergies are given above in Fig. 1(a). The energies
of the weakly coupling phonons which appear only in
the emission part at low temperature are derived
from their distance from the dashed line. The 4.3-
and 7.3-meV phonons belong to the acoustical
branches and the three other phonons with 12.5,
17.7, and 29. 2 meV belong to the optical branches
of the phonon spectrum of trigonal selenium. '

B. Temperature Dependence of the Electroabsorption Spectrum

The coincidence of the electroabsorption peaks
and the steps in the absorption curve reported by
Fischer supports strongly the interpretation of the
electroabsorption spectrum by an indirect transi-
tion. The considerations in this section indicate

that this interpretation also explains the tempera-
ture dependence of electroabsorption observed in
Fig. 1, particularly the different behavior of the
phonon-absorption and -emission parts. The magni-
tude of the phonon-absorption maxima increases
with increasing temperature, in contrast to the
emission peaks which decrease. This decrease is
not uniform for the different emission peaks as is
shown in Fig. 2. The amplitude of the maximum
corresponding to the optical phonon of 29. 2 meV
diminishes rapidly whereas the 4. 3-meV acoustical-
phonon peak decreases much more slowly. At high-
er temperature the height o~ the latter maximum
even begins to increase slightly.

In the discussion of this temperature dependence
we start from the general formula for the absorp-
tion coefficient of indirect transitions,

where

h/nr 1

P gives the transition probability, including the
transition density of states, and is nearly the same
expression for phonon-absorption and -emission pro-
cesses. It shall be treated in more detail in the
discussion of the band structure in Sec. IV. Besides
its dependence on the frequency of light co, the
transition probability depends on temperature due
to the lifetime broadening. For the following quali-
tative considerations it is not relevant whether we
observe an exciton or an interband transition.

The Bose factor g giving the phonon population
is strongly temperature dependent, rising exponen-
tially at high temperature. The plus sign in Eq.
(4) has to be taken for a transition with emission
of phonons, the minus sign is valid for a phonon-
absorption process.

The external electric field changes only the tran-
sition probability and, therefore, leads to the
change of the absorption coefficient

50
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FIG. 2. Temperature dependence of the amplitudes of
electroabsorption peaks corresponding to emission of an

optical phonon of 29.2 meV (circles) and an acoustical
phonon of 4. 3 meV (triangles). E=1.4 &&104 V/cm paral-
lel to c axis. The curve for the acoustical phonon is en-
larged by a factor of 5.

At low temperature (kT &S&u») the Bose factor is
small compared with 1. Then the temperature de-
pendence of the phonon-emission peaks Iho, = (~+ 1)
&& API is dominated by the lifetime broadening of
the field-induced change of the transition probabili-
ty 4P. This broadening by increasing temperature
leads to decreasing amplitudes of the field effect'~
and, therefore, to decreasing amplitudes for the
phonon-emission peaks. Only at high temperature
does. the rapidly increasing Bose factor become
of influence and may give an increase of the peak
amplitudes with temperature in spite of the en-
hanced broadening. In our experiment this increase
is only observed for the peak assigned to the emis-
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FIG. 3. Temperature dependence of electroabsorption
peak corresponding to absorption of the 4.3-meV acousti-
cal phonon in comparison with normalized phonon-emission
peak, the temperature shift of the gap being eliminated.
E=1.8 x104 V/cm perpendicular to c axis.

For the structures related to optical phonons a
similar comparison of the phonon-emission and
-absorption peaks was not possible. At low tem-
perature the phonon-absorption replica are very
weak and they can only be measured on thick sam-
ples. Here, however, the lower transmittance at
higher temperature prevents a reliable measure-
ment of the phonon-emission peaks. Absorption
and emission of optical phonons, therefore, are
observed on the same sample only in a small tem-
perature range, but measurements with different
crystals give the same result as for the acoustical
phonon. The temperature dependence of the peak
which corresponds to the strongly coupling optical
phonon of 29. 2 meV is shown in Fig. 4. The crystal
thickness is about 200 p,m. Similar to the acous-
tical-phonon-absorption peak in Fig. 3, the response
increases rapidly and broadens with rising tempera
ture. The increase starts for this optical phonon
at higher temperature because of its 1"rger energy.
Below 100 K the peak shifts with rising tempera-
ture significantly to higher energy. Above 100 'K,
however, no further shift is observed.

The enhancement of the phonon-absorption peaks
with temperature is plotted in Fig. 5 for the acous-

cion of the acoustica. l phonon with 4. 3 meV (Fig. 2)
for which n is sufficiently high.

The temperature dependence of the phonon-ab-
sorption processes in the electroabsorption spec-
trum is different from that of the phonon-emission
peaks because for phonon absorption the amplitude
of the electroabsorption signal is proportional to
the Bose factor n. The temperature dependence,
therefore, is dominated also at low temperatures
by this factor, and with increasing temperature the
absorption peaks rise according to the strong in-
crease of n. Figure 3 demonstrates this rise for
the 4. 3-meV acoustical phonon in comparison with
the corresponding emission maximum. The ampli-
tude of the emission peak is normalized to 1, and
the temperature shift of the whole spectrum is
eliminated. As expected the amplitude of the pho-
non-absorption peak increases rapidly above 10 ' K.
The result that the phonon-absorption peak at
75 K is higher than the corresponding emission
maximum can be explained by the oscillatory char-
acter of the structures. They consist obviously of
a maximum followed by a negative signal at higher
energy, as can be seen from Fig. 1. Since for the
4. 3-meV phonon the emission maximum overlaps
with the minimum connected with the absorption
branch, the emission peak at high temperature be-
comes lower than the absorption maximum because
with increasing height of the absorption peak the
depth of the minimum increases also.
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FIG. 4. Temperature dependence of electroabsorption
peak corresponding to absorption of an optical phonon of
29. 2 meV. E=1.4x10 V/cm parallel to c axis.
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FIG. 5. Temperature dependence of the amplitudes of
electroabsorption peaks related to absorption of the opti-
cal phonon of 29. 2 meU (circles) and the acoustical phonon
of 4.3 meV (triangles). The dashed lines represent the
corresponding Bose functions. E=1.4 x104 V/cm per-
pendicular to c axis.

tical phonon of 4. 3 meV and the optical phonon of
29. 2 meV. The dashed curves give the correspond-
ing Bose functions fitted to the experimental values
at the lowest temperature. The growing deviation
of the experimental curves from the Bose functions
at high temperature probably is due to the lifetime
broadening of the peaks, which is not included here
because at high temperature the peaks overlap so
that their half-width cannot be resolved. In spite
of these deviations the assignment of the electro-
absorption spectrum to an indirect transition as-
sisted by several phonons gives a conclusive ex-
planation of the pronounced temperature dependence
of the different structures.

C. Temperature Shift of the Indirect Gap

The sharpness of the peaks of the electroabsorp-
tion spectrum allows an accurate determination of
the temperature shift of the indirect gap. The re-
sult is plotted in Fig. 6. The limit of 180 'K in the
data arises because the rapidly increasing electrical
conductivity leads at high temperature to uncon-
trolled heating of the crystal. The upper curve
gives for comparison the shift of the direct gap. '
The energy of the direct transition corresponds to
an excitation into an ezciton level. The binding ener-
gyof this excitonis stillunknown; itis estimated to
be about100 meV. ' According to Fischersthe indi-
rect transition also does not go into the conduction
band, but creates an exciton, the binding energy of
which probably is similar to that of the direct exci-
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FIG. 6. Temperature shift of the indirect gap of trig-
onal selenium gower curve) and of its direct gap (upper
curve, taken from Ref. 10).

ton. Both curves, therefore, do not give the ener-
gies of the gaps, but rather the transition energies
into ezciton states. Since the binding energy of ez-
citons, however, depends only slightly on tempera-
ture the energy shift of these transitions gives the
shift of the band gaps, too.

It is interesting to note that both curves show a
similar behavior. Between 30 and 90 K the indi-
rect, as well as the direct, gap increases linearly
with temperature, and above 100'K they are nearly
constant. Since, as shown in the discussion on the
band structure, both transitions start from the same
valence band but lead to different minima of the
conduction band, obviously the temperature shift of
the valence band dominates the temperature depen-
dence of both gaps.

The interesting kink in both curves is probably
related to the influence of different phonons. The
linear part of the temperature shift starts near
20 'K and a comparison with Fig. 5 shows that at
this temperature the strong increase of the popula-
tion of the 4. 3-meV phonon sets in. Near 90 K the
shift becomes small and here the Bose factor of the
strongly coupling optical phonon rises strongly.
We suppose, therefore, that the population of these
two phonons causes the kink in the temperature de-
pendence of the energy gaps. Below 90 'K the shift
is due to the acoustical phonons which correspond
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for this polarization was too small due to the strong
absorption in the tail of the allowed direct exciton
transition at 1.948 eV.

A contribution to the large amplitude of the 1.938-
eV peak may also be given by the first direct exciton
for E II c. In electroref lection the response of this
transition sets in near 1.938 eV for E Ic. For
E II c, the polarization used for the results in Fig.
9, this transition is forbidden and no electroreflec-
tion signal is observed. However, electroabsorption
is much more sensitive than electroref lection' and,
therefore, a certain contribution of the forbidden
direct excitonic transition to the peak at 1.938 eV
cannot be excluded.

At high temperature the phonon-absorption replica
of the indirect transitions starting from the lower
valence bands should also be observed. Most of
these replica fall into the emission spectrum re-
lated to the transition from the upper H, band, e. g. ,
the absorption peak which corresponds to the strong
phonon-emission maximum at 1.938 eV, a transi-
tion from the Hs band, should at 6 Kbe located at
1.879 eV. At almost the same energy, namely, at
1.&77 eV, an absorption maximum should occur
corresponding to She 1.913 eV peak, which is due
to the transition starting from the H4 band. With
increasing temperature the energy of these absorp-
tion replicas is shifted to higher values, ' their rela-
tive location to the neighboring emission peaks at
1.870 and 1.882 eV, however, stays approximately
constant. The result shown in Fig. 1, that the
minimum between these maxima is considerably
lifted with increasing temperature, whereas the
depth of the minimum between the 4.3- and 17.7-
meV phonon-emission peaks remains almost con-
stant, is probably due to these absorption process-
es.

IV. THEORETICAL

To explain the energies, polarization depen-
dences, and relative intensities of the measured
phonon replica, we go back to the usual form of
the transition probability for indirect transitions
as given by Elliott. In second-order perturbation
theory one finds for a phonon-assisted transition

~ (a(k)le pli(k))(i(k)iK„,»le(k ))
E,(k ') E,(k) + n-~,„.

~ (a(k)IK,&,,hl j(k ))(j(k )le pie(k ))
E,(k) —E,(k')+h(o,

„

x 5(E~(k ') E,(k) —Ke ah&u»(k— —k)) .

Here the first sum corresponds to processes where-
by an electron is excited from the top of the valence
band to a conduction-band state of the same k value
and then is scattered to the final state via phonon

= H6

1.95 eV

3,10 pV

II
-H5

H6

Z6

FIG. 10. Model of the indirect gap of trigonal selenium.

creation (upper sign in the denominator) or destruc-
tion (lower sign). The sum is to be extended over
all possible conduction bands. The second sum
corresponds to creation of an electron-hole pair Bt
the k vector corresponding to the minimum of the
conduction band and scattering of the hole to the
final state, i.e. , to the top of the valence band.
The sum is to be extended over all valence bands
that can serve as intermediate states. The phonon
population is incorporated into the electron-phonon
coupling operator K„»and will not be treated sep-
arately here, since the temperature dependence of
the replica has been fully discussed in Sec. III A.
To obtain more information about P let us proceed
as follows: We assume that the conduction-band
minimum is located at point Z = (0, 0, v/c) of the
Brillouin zone, the maximum of the valence band
being established at point H= (3 w/a, 0, w/c). ' With
this assumption we try to explain the experimental
results, and in conclusion we show why this as-
sumption seems to be the only possible one. This
procedure is necessary, since up to now neither
band structure nor phonon spectrum of trigonal
selenium are known to an accuracy that would allow
an a priori assignment of the indirect gap, the
respective phonon branches, and energies. The
model band structure shown in Fig. 10 is derived
from calculations " and from experimental data
concerning direct excitons. It shows that there
are two channels (labeled A and B) where transitions
can take place creating the final-state exciton H, -Z6,
which is assumed to be the origin of the phonon
replica. From the band model of Sandrock' we con-
clude that the sums over intermediate states can be
restricted to the particular states given in Fig. 10,
since either the energy denominator would be very
large (for the next-higher conduction band in H it
would be about 15 times larger than for the lowest
one) or the dipole-transition matrix element would
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be rather small (which reduces the contribution of
the second valence band in Z still more than the dif-
ference of the corresponding energy denominators
does). Optical selection rules now indicate4 that
channel A is allowed only for light polarized per-
pendicular to the c axis. Channel 8, however, is
allowed for light polarized parallel to the c axis
only, since Z6„stems from a single group Z& rep-
resentation and Z„from a Z2 representation, and
the selection rules of the spinless case are almost
conserved. ' These optical selection rules are
important, since they lead to the conclusion that the
first direct transition belonging to the lowest mini-
mum of the conduction band must be allowed for
parallel , polarization in order to explain the strength
of the measured phonon replica for light polarized
para, llel to the c axis. That excludes point I"
= (0, 0, 0) from the further consideration, where the
first direct transition is forbidden for parallel po-
larization. Selection rules for the electron- (hole-)
phonon coupling yield the following results

Il, x Z, =K, , ~,xZ, =K, +K, +K, ,

i.e. , the hole can only be scattered by phonons of
wave vector K = (4m/3a, 0, 0) which transform ac-
cording to the representation K, (see Fig. 11). Z,
corresponds to the E modes of Chen and Zallen.
That may serve as an explanation for the result that
the first optical mode K2 (corresponding to A2) at
the energy of 12. 5 meV is only weakly observed as
compared to the K, mode at 17.7 meV. For the
scattering of the electron, however, there is no
strict group-theoretical selection rule. Neverthe-
less, the K2 optical mode is very weak for perpen-
dicular polarization of light, too. The weak cou-

pling of this phonon is probably connected with the
rather strange behavior of this "chain twisting"
mode. Its macroscopic dipole moment is directed
parallel to the c axis and thus perpendicular to the
corresponding atomic motions. ~ Moreover, since
this dipole moment is caused by interactions be-
tween different chains, it might well be small for
modes with wave vectors at the edge of the Brillouin
zone.

Let us now take actual numbers in order to give
an estimate of the relative magnitude of the phonon
replica. If the energy of the top of the valence band
is set equal to zero, then

E,(Z~) = 1.835 eV, this work

E,(H,)=1.95 eV, Ref. 10

E„(Z,) = —1.25 eV, Ref. 10.

These energy values lead to energy denominators
of about 100 meV for the transition probability

(H,„Ip, I H8,)(HB, I K,),,g I Zs,) (
.

)E,(Z,) -E,(H,) ~h&u,
„

(8)
and of about 1.25 eV for

Z,„)(Z,„~P„~Z„
E„(H,) —E„(Z,) + k(u,

„

(9)
Since optical-dipole matrix elements are indepen-
dent of whether an acoustical or optical phonon is
scattered any variation of the relative strength
P, /P„has to be explained by either the energy de-
nominator or the strength of the phonon coupling.

30-(

Oi

0'2 03

4
E 20-

Ql

4
C

UJ

l0-

FIG. 11. Calculated phonon spectrum
of trigonal selenium (Ref. 11). The bars
on the energy scale at point K give the
phonon energies found by the electroab-
sorption measurements; the circles at
I' are obtained from infrared reflection
and Raman results (Ref. 21). (The
vanishing energy of the lowest acoustical-
phonon branch at K results from the crude
model underlying the calculation in Ref.
11.)
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The ratio of the transition probabilities derived
from absorption measurements is in good agree-
ment with the ratio of the strength of the differen-
tial signals reported here, namely,

Pg /P~ 5 for the acoustical phonon,

P, /P„=1 for the optical phonons.

From analysis of the energy denominator alone,
which is almost constant for P„,and regarding the
changes from 90 to 70 meV for P, on going from
acoustical to optical phonons, one would expect a
trend in the other direction. As a consequence the
ratio of the optical-phonon coupling to acoustical-
phonon coupling must be larger by a factor of about
8 for coupling with holes than for coupling with elec-
trons, thus favoring channel 8 for optical-phonon
coupling. That seems plausible if one looks at the
character of the phonon modes in selenium. Acous-
tical modes are relative motions of almost rigid
chains whereas optical modes strongly affect the
covalent bond within a chain by stretching or twisting
it. That is just another way of saying that the va-
lence electrons couple strongly to optical phonons,
whereas conduction electrons do not.

The structures at energies higher than 1.89 eV,
which were treated in Sec. III F, lend themselves,
of course, to the same explanation used for the
IJ,-Z6 indirect transition. The only difference is to
be seen in the fact that channel A for the transition
from the third valence band II6 is also weakly al-
lowed for light polarized parallel to the c axis. As
a consequence the structure at 1.938 eV is caused
by transitions along channels 8 a~d A and is there-
fore particularly strong.

Having established a rather self -consistent ex-
planation of the indirect gap of trigonal selenium
as arising from a II, -Z6 transition with an additional

E phonon, emitted or absorbed, we now exclude
other possibilities. A conduction-band minimum at
point I' has already been excluded, since it does
not allow transitions involving light polarized par-
allel to the c axis. Point K can be excluded for
purely energetic reasons. All band-structure cal-
culations ' assign to the lowest conduction band at
K an energy at least 2 eV above the conduction-band
minimum, i.e. , a difference far greater than could
be attributed to numerical uncertainties. Thus, all
of the highly symmetric points are exhausted. If,
however, the minimum of the conduction band would
lie far away from a symmetry point, then the pho-
nons contributing to the indirect absorption process
would also be associated with nonsymmetric points
of the Brillouin zone, and the Coulomb interaction
splitting of the lower optical E mode should be ob-
served. Moreover, the two acoustical-phonon en-
ergies 4. 3 and 7.3 meV compare fairly well with
neutron spectroscopic data found for polycrystalline
selenium samples by Axmann and Gissler. Their
values, which represent averages over all van Hove
singularities of the phonon spectrum along the edges
of the Brillouin zone, are 5. 1 and 7.8 meV, re-
spectively. Taking all these exclusive conditions
together we come to the conclusion that the mini-
mum of the conduction band indeed is located at
point Z= (0, 0, 1) ~/c of the Brillouin zone or in its
close neighborhood, where the selection rules still
hold approximately and the dispersion of the acous-
tical-phonon energies is not yet large. As a further
interesting result we note that the experimentally
determined dispersion of the optical branches, in-
dicated by the circles and bars in Fig. 11, is very
small, namely, a few tenths of an meV over the whole
axis I'-K of the Brillouin zone. The latter result
is to be expected from phonon-dispersion calcula-
tions, ' and is a direct consequence of the rather
molecular-binding character of trigonal selenium.

*Present address: Institut Air Physik der Universitat
Dortmund, Germany.
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The validity of electronic band-structure results may be tested by comparing the Fourier
transforms of the electronic charge distribution with x-ray structure factors. Measurement
of the latter is difficult and liable to relatively large errors. If more than one pub-
lished set exists it is sometimes difficult to decide which is the most reliable. A

simple model for the electronic charge distribution in cubic crystals is proposed, and hence
a parametrized expression for x-ray form factors is derived. This is fitted to the available
sets of measured form factors by a least-squares technique, giving an indication of the consis-
tency of each set and thus its reliability. Experimental data for Al, diamond, and Si are ex-
amined by this method. Electron distributions are drawn in (100) and (110)planes.

I. INTRODUCTION

II. MODEL CHARGE DISTIRBUTION AND FORM FACTORS

The electron distribution in the crystal p, (r) can
be expressed as

p. (r) =&KP.(K) e *"'" (l)

where

I

p, (K) = —
J p, (r) e'* 'dv (2)

and integration is- over the volume of the primitive
cell Q. K are reciprocal-lattice vectors. p, (r) can

A possible method of checking the validity of theo-
retical band-structure calculations is by comparing
the Fourier transforms of the calculated electronic
charge distribution with measured x-ray structure
factors. However, the derivation of structure fac-
tors by experiment is subject to many corrections
and the best precision that can presently be obtained
is of the order of 1%.' Different sets of measure-
ments may show considerable disagreement among
each other and it is sometimes difficult to decide
which set to use for the comparison with band-
struc ture results.

A simple parametrized theoretical model for the
electronic charge distribution in cubic solids is
proposed here, and hence a theoretical form-factor
expression is derived. The consistency of several
sets of measurements is then tested by means of
a least-squares fitting procedure.

The approach differs from the conventional use
of x-ray diffraction measurements in that the sym-
metry of the crystal is assumed to be known at the
outset.

also be expressed as a superposition of localized
charge dis tributions:

p, (r) = Z p', (r —7;. —R;), (3)

p, (K) = —„Ze'~'& f,.(K)-=—„F(K),

where E(K) is the x-ray structure factor. Equation
(6) demonstrates the relation between the Fourier
transforms of the crystal charge density and the
x-ray structure factors.

It should be noted that x-ray form factors are
completely determined from the electron charge
distribution and do not depend on the detailed wave-
func tion behavior.

According to Eq. (5), the site charge distribution
is the inverse Fourier transform of the form factor.

where 7& fixes the position in the primitive cell,
R& is the cell, and where the p', are designated as
"site distributions. " The superscript j distinguish-
es the different site distributions associated with a
primitive cell containing a basis.

Substituting Eq. (3) into Eq. (2) and making the
substitutions r —

v&
—R;= r' results in

p, (K) = —Z e '~"J p'. (P ) e i" ' "d~',

where now integration ranges over the extent of the
site distribution which may extend beyond the cell
boundary. The integral is equivalent to the x-ray
form factor f,.(K) for a charge distirbution p~(r):
We have

f, (K)= f p', (r) e' "d~

so that


