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transition probabilities. In comparing such re-
sults to theoretical band- structure calculations
this, however, is rather a virtue because it would
allow a comparison not only with the total density
of states of the conduction band but also with the
relative fractions having different symmetries.
The above illustrates both the complimentary na-
ture of electron-transition measurements (be-
tween core states and the conduction band) and in-
duced-electron-emission measurements and the

benefits which can result from a combination of
these experiments.
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The low-temperature thermal conductivity X of undoped n-type InAs has been measured be-
tween 5 and 300'K, and analyzed on the basis of three different approaches, each including
boundary-effect, mass-difference-scattering, and phonon-phonon processes. Various required
parameters, mainly the phonon frequencies at zone boundary, have been deduced for InAs from
known values of these parameters in the III-V compounds Si and Ge. Callaway's expression
of K is found to give satisfactory agreement from low temperature up to temperatures slightly
beyond the maximum. At low temperatures boundary and mass-difference scattering predomi-
nate. The Holland two-mode formulation explains the temperature dependence of E in the
entire temperature range by emphasizing the predominant contribution of transverse phonons
at low and high temperatures. The more elaborate approach, two-mode heat conduction using
three-phonon relaxation times deduced from Guthrie's analysis and a quadratic relation (q,
~), suggests that at high temperatures the contribution of longitudinal phonons to K becomes
comparable to that of transverse phonons. Moreover, four-phonon processes have been ten-
tatively included in order to fit the experimental data in the higher-temperature range. It
appears that no conclusion as to the relative contributions of transverse and longitudinal pho-
nons may at present be satisfactorily established for InAs at high temperature.

INTRODUCTION

In the absence of electron-phonon scattering,
three main phonon scatterings are generally taken
into account in the low-temperature thermal con-
ductivity K of pure insulators and semiconductors:
boundary-effect, mass-difference-scattering, and
phonon-phonon interactions. While the first two
mechanisms are in satisfactory agreement with
experimental results, three-phonon processes are
still not well defined. Different relaxation times
have been considered for the latter, depending on

the type of the processes (N or U), the polarization
mode, and the temperature interval.

The Callaway expression for phonon conductivity,
which includes the above three mechanisms, con-
siders an average acoustic branch in the Debye
approximation. It has been shown that this expres-
sion can account for the data from low temperature
up to temperatures slightly higher than the maxi-
mum in K. A refined approach to the problem has
been carried out by Holland, who distinguished
between conduction by transverse and longitudinal
phonons. This formulation has been successfully



2302 G. LE GUILLOU AND H. J. ALBANY

applied to several semiconductor materials, allow-
ing one tentatively to establish the respective con-
tributions of transverse and longitudinal phonons
to K, and to account for the change in the slope of
the curve K(T) in the high-temperature region
above the maximum in K More recently, Guthrie
has analyzed the temperature dependence of three-
phonon processes, assuming a relaxation time r
of the form r - T, where m is a function of tem-
perature. The Guthrie results have been used by
Joshi and Verma to analyze the lattice thermal
conductivity of silicon.

In the present work, the thermal conductivity
K of undoped ~-type InAs has been measured be-
tween 5 and 300 K, and in Sec. I of this paper, the
data have been first analyzed on the basis of the
Callaway and Holland formulations. In Sec. III,
the Guthrie analysis has been applied to InAs. The
deduced three-phonon relaxation times and the
corresponding temperature intervals have been
taken into account in the analysis of the phonon con-
ductivity of the material. This has been done in
order to compare the conclusion obtained from
Holland's formulation to that deduced on the basis
of a probably more appropriate approach. It is to
be pointed out that various parameters, mainly
phonon frequency limits, which are involved in
the latter formulations have been deduced for InAs
from comparison of known values of these param-
eters in the III-V compounds Ge ar6 Si.

I. THEORETICAL FORMULATIONS

Callaway's Formulation

The simple Callaway expression' for phonon
conductivity K is

4)g) @2 ~2 Ft 4l/AT

2U2V c k2 T2 (eh /kT tel)2
p

where k is the Boltzmann constant, V the average
phonon velocity, and &UB = kOHB/@, OB being the
Debye temperature. The combined relaxation time
Tc = Zi Tl

= V/L + A pl + Bpl T

TB' = V/I is due to boundary effect, ' and the Casi-
mir characteristic length L is given by I.= 2m

&s' ', where s is the cross-sectional area of the
sample, 7~' = A is related to mass-difference
scattering, where the parameter A is given by the
Klemens relation

A = pp Q f, (1 —ml/m)2 .
7T

Vp ls the atomic volume, fl the atomic fraction of
the ith isotope of mass m~, and m the average
atomic mass.

The three-phonon processes, U as well as N

types, are assumed to have the same relaxation

time at all temperatures: 73~ =& T . Such a re-
laxation rate is open to criticism, for it appears
to be valid only for low-frequency longitudinal
phonons in N processes.

Holland's Formulation

Holland has calculated separately the contribu-
tions towards thermal conductivity of both polar-
ization modes:

K=KT+KL .

KT is the contribution of transverse phonons:

KT = KT1 + K72 ~

/ 4)1

(TB + Tk + TTU+ TTN)
2

T1 3 2 2V
p

g2 2 0 4) /AT
X (d d(dk2T2 (8»/kr

and

-1 -1 -1 -1 -1
T'2 2V (TB + TP + TTU+ TTN)
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KL is the contribution of longitudinal phonons:

1

3
U

/c C03

(TB + T + Ti.N+ Ti,U)

@2~2 h 4i/ AT

X

( TTN)&u&&~&~2 +TN+T ~

( TTU)~& ral = 0,

( TTU)&el& tc& tc2 +TU/d /Sinh(hp//kT)

and for longitudinal phonons,

In the above expressions, +2 and &3 are, respective-
ly, the frequencies of the transverse and longitudi-
nal acoustic branches at the zone boundary. &1 is
the frequency of the transverse branch correspond-
ing to ~q',„, where q ~ is the wave vector at the
zone boundary. V» and VT2 are the velocities of
transverse phonons in the intervals (0, /d, ) and
(&U, , &2), respectively. V„ is the velocity of lon-

gitudinall

phonons.
The relaxation times 7& and r~ are relative to

boundary-effect and mass-difference scattering.
The average phonon velocity involved in the ex-
pressions of && and 7~ is given by

V, VL+ 3 VT1

The relaxation rates due to three-phonon processes
for transverse phonons are given by

(TTN)„&~ = BTNWT
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FIG. 1. Values of the longitudinal acoustic frequency
~LA at the zone boundary vs (c11a/M2) ~ for the different
III-V compounds Ge and Si (see for Ge: Refs. 9 and 10;
Si, AlSb, Gahs, GaSb, InSb: Refs. 9 and 11; GaP: Ref.
11, 12, and 14; and InSb: Refs. 11-13).
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Determination of Required Velocities and Frequencies

In the above formulations, the values of various
parameters are required to carry out the analysis
of the experimental data. The velocities VT1 and
V'L in InAs were calculated from the elastic con-
stants measured by Gerlich. The velocity VT2 of
high-frequency phonons (~& & ~ & ~,) was determined
assuming for the ratio VT2/V» in InAs the same
value (0. 363) as in GaAs and InSb.

The phonon frequencies 2 and 3 at the zone
boundary in InAs were determined, using the known
values of these parameters in Ge, Si, and other
III-V compounds. This was performed by plotting
(Fig. 1) the values of longitudinal acoustic fre-
quency ~LA (i. e. , ~, ) at the zone boundary as a
function of (c~~a/M~) for various compounds for
which the frequencies LA are known. In a cubic
crystal with two atoms per unit cell, &1 is the
mass of the heavier atom, &» one of the second-
order elastic constants, and a the interatomic dis-
tance.

A similar plot was carried out for longitudinal

II. RESULTS AND ANALYSIS

Experimental

The thermal conductivity E was measured be-
tween 5 and 300 'K, using a steady-state longitudinal-
heat-flow technique, described elsewhere. The
undoped single crystals of InAs were n type, with

a room-temperature electrical resistivity of 13
&&10 0 cm and a carrier concentration of 2. 5
&10' cm . The & samples were rectangular
parallelepipeds with a cross-sectional area of 6

mm, and the long dimension was approximately
in the (111)direction. The experimental results
are shown in Figs. 3 and 4.
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FIG. 2. Values of the longitudinal optical frequency ~Lo
at the zone boundary vs (c11g/M1) ~ for the. different III-V
compounds Ge and Si (see references in caption of Fig. 1).

optical frequency +Lo at the zone boundary as a
function of (c»a/M2)', where M~ is the mass of
the lighter atom (Fig. 2). Both curves in Figs. 1
and 2 are approximately linear, and the deduced
values for (c»a/M, )'~~= 1.62 x10"and (c»a/M2)'~'
= 2. 01&10' rad sec in InAs are, respectively,

3 133 cm ' and « = 200 cm . The value
thus obtained for LA is close to that given by
Spitzer. Moreover, from the plot of TA as a
function of «given by Mitra' for different dia-
mond-structure materials, the value &TA = 55 cm
was deduced for InAs. On the other hand, the
acoustic transverse frequency &1 was calculated,
assuming the same ratio ~z/&, in InAs as in GaAs
and InSb (&2/~, = 1.106), because these materials
exhibit the same structure. '

Comparison of Theory and Experiment

The mass-difference-scattering parameter & was
calculated on the basis of the Klemens relation
applied to a compound: A = 0. 24&&10 sec3. The
Casimir length I was deduced from the cross sec-
tion of the sample: I = 0. 277 cm. The Debye
temperature was taken equal to 250 'K.

The fit of the experimental data on the basis of
the Callaway expression is shown in Fig. 3. The
agreement was obtained from low temperatures
up to - 90 'K for the parameters given in Table I.

The adopted value &,„p& is about three times the
calculated one &th„, . The origin of this discrep-
ancy is presently not understood and may be due
to an additional impurity or lattice defect scatter-
ing. The small difference between the experimen-
talvalue L expt and the calculated one L,h„, can be
because of specular reflection, or finite length of
the sample. However, an additional electron-
phonon scattering cannot be ruled out, and might
perhaps account for the experimental data near the
maximum, using the calculated values of A and L
instead of the adjusted ones.

The results of the analysis of the experimental
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FIG. 3. Variation of the thermal conductivity K of
InAs as a function of temperature. Solid lines are calcu-
lated on the basis of Callaway's expression (curve A:
L, =0.277 cm, A=0. 24x 10"+ sec, B=6.6 x]0-" sec
deg"; curve 8: I.=0.277 cm, A=0. 8& 10 secs, 8
= 6.6 x 10 3 sec deg; curve C: I.= 0.23 cm, A =0.8
x 10 sec, B=6.6x 10 sec deg" ).

data on the basis of Holland's formulation are shown
on Fig. 4. A satisfactory fit between 5 and 300'K
was obtained, using the experimental values L,„,t
andA, „,t, the above deduced velocities and fre-
quencies, and the adjusted parameters BTN, BTU,
and BL. All these values are given in Table II.

It can be seen, that a dominant contribution of
transverse phonons to thermal conductivity is ex-
hibited at low and high temperatures, whereas
longitudinal phonons make a comparable contribu-
tion at intermediate temperatures. Similar con-
clusions have already been obtained in other semi-
conductors on the basis of the same formulation
(see Refs. 2 and 16-18). A dominant contribution

T{ K)

of transverse phonons at low temperature is ex-
pected because of their lower velocity. However,
the predominance of the contribution of transverse
phonons at high temperatures is still a matter of
discussion. ' Qne may ask whether such a con-
clusion obtained on the basis of Holland's model is
not due to the theoretical formulation itself, and
more precisely, to the choice of the three-phonon
relaxation times adopted for longitudinal and trans-
verse phonons. It is known that at high tempera-

TABLE II. Parameters used in the analysis on the
basis of Holland's formulation.

VT& (co&a&)

V„(~,&~&~,)
V1.
V

2. 1 x 10 cm/sec
0. 76 x 10 cm/sec
4. 34 x 10 cm/sec
2. 54 x 10 cm/sec

FIG. 4. Analysis of the thermal conductivity K of InAs,
using Holland's formulation. Solid lines are calculated
curves, KT& and K~ are the contributions of transverse
phonons, and KL the contribution of longitudinal phonons.

TABLE I. Experimental and calculated values of
various parameters involved in the analysis, using Cal-
laway's expression.

a
Lexpt Lt ~ expt

a+ theor

2. 54x 105 0.23 cm 0. 277 cm 0. Sx10 0.24x10 4 6.6x10
cm/sec sec3 sec3 sec deL3

~Calculated values.

+exyt
I'd

~

(dp

(d3

Aexyt
&TH

~TU
Bz,

0. 23 cm
0. 94x 10~3 rad sec
1.04x10~3 rad sec ~

2. 45x10~3 rad sec '

0. 8 x 10 sec3
0. 19x10-to deg-4
6, 5 x 10"~8 sec
1.7x 10-23 sec deg-3
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FIG. 5. Variation with temperature of the upper limit
m2 of the exponent rn in the relaxation rate v - T for
three-phonon processes in InAs.

In this section, the phonon conductivity of InAs

is analyzed on the basis of the Guthrie results for
three-phonon processes.

Guthrie has shown that for a three-phonon re-
laxation rate of the form r~~ - g(&) T, the tempera-
ture-dependent exponent m exhibits an upper limit
m ~ which is given by

m2 = xo [2(e"0- 1) '+ 1]-1,
with xo = fI&0/&T, where ~0 is the frequency of op-
tical phonons at the zone boundary.

At low temperatures, Herring has derived the
three-phonon relaxation times for N processes:

tures the three-phonon relaxation times vary as
T, thus giving rise to a temperature dependence
of the form K- T . If this is the case for trans-
verse phonons in the Holland formulation, the re-
laxation time in the latter for longitudinal phonons

is assumed to vary as T ' in all temperature
ranges. Thus, one expects K& to decrease rapidly
with increasing temperature in the high-tempera-
ture range, leading to a predominant contribution
of transverse phonons to heat conduction. Conse-
quently, it was felt interesting to carry out the
analysis of the phonon conductivity of InAs on the
basis of a more appropriate approach for relaxa-
tion times. This is performed in Sec. III using
the analysis of Guthrie for the temperature depen-
dence of three-phonon processes.

III. RELAXATION TIMES AND CORRESPONDING
TEMPERATURE INTERVALS

manner, 73~L - 7.
' is found to be valid for

T & K&z„„/8. 85k, where &~,d is the frequency limit
of nondispersion on the longitudinal branch. In
the absence of known values of these limits, it was
approximated that &», = &„,~ = ~, (the frequency
limit of transverse phonons at zone boundary). The
corresponding temperature limits in InAs for r3~&
- T and w, ~L - T are, respectively, T & 16
and & 21 'K. Because of the small gap between the
two values, we adopted for simplification the limit
T & 16 'K in both cases. On the other hand, accord-
ing to the results obtained by Herring at high tem-
perature for N processes ( rs~„- w'T for longitudi-
nal phonons, and r~~~

- &T for transverse phonons),
it was assumed that the frequency dependence at all
temperatures for r~~ was for longitudinalphonons,
and & for transverse phonons. Moreover the tem-
perature intervals were chosen using the approx-
imation that each interval corresponds to a con-
stant integer value of m, in agreement with the
Guthrie condition m & m2. Figure 5 gives the vari-
ation of m& as a function of temperature for InAs.
The relaxation rates and the corresponding tem-
perature intervals are given in Table III. Guthrie's
analysis was supposed to be applicable for N and

U processes. In the absence of information about
U processes, it was assumed that the deduced re-
laxation times and corresponding temperature in-
tervals are also valid for U processes.

On the other hand, relaxation rates for boundary
effect were taken equal to

~» = V~/L for transverse phonons,

7'&'L = VL/L for longitudinal phonons,

where V~ and VL are, respectively, the velocities
of low-f requency transverse and longitudinal phonons,
calculated above. Thus, the combined relaxation
times v; used in the following analysis are

7,"r = V~/L+ A(u + v~~r

'rcr. = VL/L + A~ + rqpL,

where A& is relative to mass-difference scattering,
and r3~& and 73~& are shown in Table III. It is worth

TABLE III. Relaxation rates v~& for three-phonon processes
and the corresponding temperature intervals.

73pL + T for longitudinal phonons,

for transverse phonons.

The above expressions are valid in the nondis-
persive region of the spectrum. Guthrie has shown

that 7'z&r - ~T is thus valid for T & h(u»„/4. 9 k,
where &, d is the frequency limit of nondispersion
on the transverse acoustic branch. In the same

Transverse
phonons

B~4(d T4

By3(d T

B&2' T2

Byg(d T

Longitudinal
phono ns

BL34) T

B1,2 Gd T

BL2(d T2 2

BL&(d T

Temperature
intervals ('K)

T~16
-16-88

88—130

T ~130
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FIG. 6. Variation of K/Ke~t vs KL/ET at 88'K for InAs.
Ke~t is the experimental thermal conductivity. Kz and
KL are the contributions of transverse and longitudinal
phonons, respectively, and E =KT+EL.

noticing already that no fit could be obtained with

the above relaxationtimes v, T and T.,„for T &-130'K.
It was found that the introduction in r, (for T ) 130
'K) of the four-phonon relaxation time given by
Pomeranchuk" ( rzz =Bzz+'T ) enables us to fit the
experimental data above 130 'K, as explained be-
low.

IV. THEORETICAL FORMULATION AND ANALYSIS

The contribution of each polarization branch to
the phonon conductivity is given by the expression

r g2&2 h co/ AT

7 V 2d
6 z c kET2 (

ll4l/AT 1)8 q q 1

where zz, (i representing I or T) is a characteris-
tic parameter of the branch considered and V& is
the group velocity of low-frequency phonons of
polarization i. For the determination of O'L and
&T, the above relation was applied at the zone
boundary, using the values of &2 and 3, and q
= (6 nv )'i~, where n is the number of lattice points
per unit volume of the crystal.

Assuming, as in the case of Holland's model,
that the transverse branches are degenerate, and
using the above quadratic relation (q, ~) the phonon
conductivity can be written

K= KL+ KT,

where

6zz V 6 '
(

*—1) I+ 2PzTx0

the integration interval being the Brillouin zone.
In Holland's formulation, the integration is per-

formed, assuming a linear relation between and

q. In the present approach, we used a more realis-
tic approximation adopted by Joshi and Verma4 in
a similar analysis on Si:

q= &uV, '(I+ zz, ~),

TABLE IV. Parameters used in the analysis of the
phonon conductivity on the basis of Guthrie's three-pho-
non relaxation times, and a quadratic (q, co) relation.

VL

VT
+expt

Ae~t
OL

87
QL

BL3
BT4
BH

4.34 && 10~ cm/sec
2.1x 10' cm/sec
0.18 cm
0. 8&& 10 sec
187 'K
80 'K
5.36 && 10 sec
1.54 && 10 sec
1,3x 10 22 sec deg 3

1.85 && 10" deg"4
6.9 x 10 ~2 sec deg ~

x= h~/kT, eL= hzd, /k,

8, = l~, /k, 0, = zz,k/iz, Pr = zz,k/Iz

The analysis was carried out using the following
procedure. The fit was established for the suc-
cessive temperature intervals, from low to high
temperature, using in each interval the appropriate
relaxation times. Because of the continuity condi-
tion of K at the interval limits, there are only two
adjustable parameters (one B z, and one BT) for the
three-phonon processes. In the low-temperature
range (T & 16 K) the fit is independent of B z, and
BT. The values BL3, BT4 are determined from
the values of B» and B» deduced from the plot
at 88 K (Fig. 6) of the curve (K/K, „,z)88 K as a
function of (Kz, /KT), 8'K, where K,»z is the experi-
mental thermal conductivity and K = KL+ KT. It
can be seen that the agreement (K/K, „„=1) at
88 K is obtained for KL = KT . With the deduced
parameters the fit can be made up to -130 K.
All the parameters used are listed in Table IV,
and the fit of the experimental data is shown in
Fig. V.

In the temperature range T &-130 K, the experi-
mental thermal conductivity decreases more rapidly
than T ', and as the three-phonon relaxation times
7 3» and 7»L in this interval vary as T, no fit
is possible on the basis of three-phonon processes
alone. At high temperatures, it has been suggested
that four-phonon processes be taken into account
in order to explain a temperature dependence of
phonon conductivity greater than T '. We looked
for such possibility, and the four-phonon relaxation
time of Pomeranchuk ( rH'=B„~ T ) was included,
at T & 130'K, in the combined relaxation times
v; L and 7,T . However, the introduction of two
different parameters BHL and 8», respectively,
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One might therefore ask whether this difference
between the roles of longitudinal phonons in the
high-temperature heat conduction in silicon and
InAs is due to the theoretical formulation used, or
is somewhat characteristic of the thermal behavior
of the materials. This requires further theoretical
investigation and similar studies on other materials.

CONCLUSION

0.1—

I I I I I I I I

FIG. 7. Analysis of the thermal conductivity of InAs,
using, for three-phonon processes, relaxation times de-
duced from Guthrie's work. Above 130 'K, four-phonon
processes are included.

in 73~L and vs~T would lead to undetermined values
of these parameters. Thus the fit was carried
out, assuming B„L= B„T = B„. This explains the
comparable contributions of K& and KT to K in the
temperature range 130-800'K (Fig. V). The
appropriate value of B„was found to be 6. Sx10
sec deg . As four-phonon processes are generally
considered to be important at temperatures higher
than the Debye temperature, an alternative ap-
proach might be to introduce ~& only in the combined
relaxation time of transverse phonons, which cor-
responds to a lower value for 8&. This would lead
to a contribution of K~ higher than that of ET at
about 300 K.

The striking feature arising from this analysis
concerns the comparable contributions of longitudi-
nal and transverse phonons to the heat conduction
at high temperature, such behavior being in dis-
agreement with the conclusion derived above from
Holland's formulation.

However, it is to be recalled that a similar analy-
sis by Joshi and Verma of the phonon conductivity
of silicon has led to a different conclusion concern-
ing the role of longitudinal phonons. It was found
that the latter give a small contribution to the lattice
conductivity of the material at all temperatures.
Thus, the major contribution of transverse phonons,
particularly at high temperature, was consistent
with the results deduced from Holland's model.

The above analyses of the phonon conductivity
of InAs have been carried out on the basis of vari-
ous approaches, looking tentatively for an investi-
gation of the relative contributions of transverse
and longitudinal phonons towards heat conduction.

As previously o'bserved on other materials,
Callaway's expression was found to give a satis-
factory fit of the experimental data in the region
of predominant boundary and mass-difference scat-
te rings.

Holland's formulation was found to explain the
temperature dependence of the phonon conductivity
in the entire temperature range (5-800'K). This
approach suggests the dominant contribution of
transverse phonons at low and high temperatures.
If the low-temperature behavior is in agreement
with what one may expect according to the lower
velocity of transverse phonons, the observed ma-
jor contribution of the latter at high temperatures
is still questionable. The choice of three-phonon
relaxation times adopted in this formulation en-
hances the contribution of transverse phonons at
high temperature.

Such a conclusion is consistent with the results
obtained from the analysis performed on the basis
of more appropriate three-phonon relaxation rates
given by Guthrie and using a more realistic quadratic
(q, &) relation. If the contribution of transverse
phonons is dominant at low temperature, it is found

that, with increasing temperature, the relative
contribution of longitudinal phonons increases and

becomes, at high temperature, comparable to
that of transverse phonons. Moreover, it was
shown tentatively that the introduction of four-
phonon processes in this approach may account for
the thermal conductivity at higher temperatures
( T & 130 'K).

However, the present work shows that the deter-
mination of the relative contributions of transverse
and longitudinal phonons to the heat conductivity
of InAs at high temperature depends on the choice
of the scattering rates foe. phonon-phonon processes,
and this cannot presently be conclusively established.
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