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Weak-field magnetoresistance measurements on p-type Sn Te exhibit a peculiar symmetry
which is temperature and carrier-concentration dependent. A Fermi-surface model is de-
scribed which can account for these results and reconcile them with several other kinds of
experimental measurements on SnTe. The Fermi surface consists of four prolate (111)
valleys with three (100)-oriented knobs protruding from each end of each valley. The pro-
posed model is also used to bring out some previously unreported similarities between the
band structures of the Pb& „Sn„Te and Bi& „Sb„systems, and to examine the broader question
of the connection between weak-field magnetoresistance behavior and band-structure char-
acteris ties.

I. INTRODUCTION

Some time ago, we found that the weak-field
magnetoresistance in p-type SnTe exhibits a pecu-
liar symmetry which, moreover, is a strong func-
tion of both carrier density and temperature. '2
The main purpose of this paper is to describe a
conceptually simple model which can account for
this unusual behavior in a straightforward way. 3

Section II is concerned with experimental details,
and Sec. III presents and discusses the magneto-
resistance (MR) measurements. Because of their
unusual nature, the question of the reliability of
the data is examined in some detail. The apparently
contradictory nature of the weak-field MR and
strong-field data is next considered, and two ear-
lier attempts to explain the weak-field MR are
briefly reexamined.

A new model is then proposed, and its relevance
to the weak-field MR data, as well as to the elastic
constants and the elastoresistance of SnTe, is ex-
amined. Some observations about the qualitative
behavior of the thermoelectric power, Hall coef-
ficient, and Hall mobility are also included. The
final section of the discussion considers some of
the unifying features of the band structures of the
Pb, „Sn,Te and Bi, „Sb systems.

The column-V semimetals (As, Sb, Bi) and the
IV-VI semiconducting compounds (IV = Ge, Sn, or
Pb; VI=S, Se, or Te) form a. close-knit family of
materials with a number of similar physical and
electronic properties. These similarities are
discussed in many of the papers from three con-
ferences which dealt with the materials.

Both PbTe and SnTe crystallize in the NaCl struc-
ture, and form single-phase alloys at all composi-
tions. Excess Pb and Te make PbTe n and p type,
respectively, but in the case of SnTe, the solidus
field lies entirely on the Te-rich side of stoichiom-
etry. Many different properties of the two com-
pounds have been studied extensively. Here we

will only mention four relevant types of measure-
ments —electrical, galvanomagnetic, thermoelec-
tric transport, and optical —on'- ' PbTe and
Sn Te 1,2, 13, 25, 32-57

Information has been derived from these mea-
surements concerning the temperature, carrier-
concentration, and directional dependences of the

. effective masses in the conduction and valence
bands of the two materials. This in turn has led
to the development of a basic band-structure model
with some distinctive features which, in general,
are in agreement with a series of theoretical cal-
culations. "-"

Almost all of the experimental and theoretical
studies on PbTe and Sn Te just cited suggest that
the electronic properties of the two compounds
are qualitatively the same in the following respects:

(i) The main conduction- and valence-band edges
occur at or near the centers of the hexagonal faces
(the L points) of the fcc Brillouin zone. In the case
of PbTe, this location was originally suggested by
weak-field MR measurements. ' ' '"

(ii) The constant-energy surfaces near the main
valence-band maxima have a highly prolate (111)—
oriented form. The most direct evidence for this
comes from the Shubnikov-de Haas and de Haas-
van Alphen measurements. " '"'"'4"

(iii) A significantly nonparabolic energy-mo-
mentum relationship occurs over most, if not all,
of the carrier densities thus far studied (the range
is, roughly, 10"-10 ' cm ).

(iv) A set of subsidiary maxima in the valence
band also plays an important role in the conduction
process in p-type samples. These maxima most
probably lie along the (110)axes (the Z axes) of the
Brillouin zone, roughly halfway between the zone
center and zone boundaries. Henceforth, the con-
duction-band minima, will be identified as CB(L)
and the main and subsidiary maxima of the valence
band as VB(L) and VB(Z), respectively.

It has become traditional to refer to the subsid-
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iary maxima as a "second valence band, ""but the
band calculations have made it quite clear that botA

sets of maxima belong to the same uafence band.
The importance of this distinction wil. l become
evident later.

(v) In P-type samples above about 150 K, sig-
nificant numbers of holes begin to be thermally
generated in the valence-band region near VB(Z).
This was originally inferred from the temperature
dependence of the Hall coeff jcjentia, &9,3a and from
the energy dependence of the optical absorption. '
At lower temperatures, holes appear near VB(Z)
only when the total density of positive carriers ex-
ceeds 1-2 &10 cm- . This was deduced from
the observation of kinks in the high-temperature-
low-temperature Hall. -coefficient ratio and in the
thermoelectric power as functions of carrier den-
sP R7,28,33—36,38,40, 47

Many of the same types of measurements cited
above for PbTe and SnTe have also been carried
out on the alloy system Pb, „Sn„Te." ' Some
of the alloy data, as well as certain results on
SnTe, ' 4'4 '5 led Dimmock, Melngailis, and
Strauss to conclude, despite the similarities enu-
merated above, that there is an important difference
between PbTe and SnTe.

This difference is illustrated in Fig. 1, which
sketches the relative energies of the CB(L), VB(L),
and VB(Z) extrema, as functions of T (temperature)
and x (composition, in Pb, „Sn„Te). The composi-
tion dependence enters via an adjustable temperature
scale. The figure shows that in PbTe the direct
energy gap E, between CB(L) and VB(L) decreases
as T decreases or as SnTe is added to PbTe. Over
a range of intermediate values of x, the two levels
which determine E» cross and interchange their
roles at some T between 0 and 300 K. ' For SnTe,
the temperature coefficient of E is negative, op-
posite to that in PbTe, but similar to that found in
most semiconductors.

CB (Lj ~CB[L)

VB (LJ (---- VB(Lj

VB(X(----

4.2K 300 K

SIITe

(x=1)

4.2K 300K
PbTe

(x=o)

LONER = TEMPERATURE — = HIGHER

HIGHER -= TIN CONTENT = LOWER

FIG. 1. Conduction- and valence-band extrema vs
temperature in the Pb& ~Sn„Ye system. CB(L) and VB{L)
denote the conduction-band minima and the valence-band
maxima at the I. points of the Brillouin zone. VB(Z)
identifies a subsidiary set of maxima in the &arne valence
band, located along the Z (i. e. , the (110)) axes of the
zone,

On the basis of Fig. 1, it might seem reasonable
to expect that basic properties of the Pb, „Sn„Te
system which depend strongly on the magnitude of
E, would exhibit a symmetrical behavior on opposite
sides of the band-crossover point, but with a re-
versed temperature dependence. This anticipation,
in general, is not borne out by the experimental
data, . The electric-susceptibility effective mass in
p-type SnTe, for example, increases with increas-
ing T at all carrier densities studied (3.6 &&10'~ & p (
1.2 &&10'' cm ')." In other words, its behavior re-
sembles that found in PbTe where the positive mass-
temperature coefficient has been explained in terms
of the positive dE, /dT found in that compound. "'7 "

Another surprising result is the temperature de-
pendence of the carrier mobility. It is essentially
identical between 4. 2 and 3QQ K in PbTe and SnTe
samples with positive carrier densities of about
1~10"cm-'. " Furthermore, analyses which fitted
a "two-valence-band" model to transport data on
p-type SnTe as a function of temperature evidently
found it necessary to assume a PbTe-l. ike variation
of the energy difference E„(see Fig. 1) between
the VB(L,) and VB(Z) maxima

An explanation for these seemingly inconsistent
results was proposed by the first author and by
Burke and Riedl who used it to account for the un-
usual temperature-dependent shape of the optical-
absorption edge in SnTe. '3 The explanation points
out that the CB(L) and VB(L) energy levels shown
in Fig. 1 refer only to one Point in the Brillouin
zone. It is also necessary to examine the tempera-
ture dependences of states in the conduction and va-
lence bands from the volume of the zone within
which carriers contribute to the property being
analy zed.

This more complicated situation may be visual-
ized as follows: As the temperature of a suitably
chosen Pb, „Sn„Te alloy drops below the point at
which the CB(L) and VB(L) extrema, cross, a grow-
ing volume may be defined, inside of which the
direct gap between the two bands has begun to in-
crease with decreasing T. But outside of this
volume, the gap is still decreasing with decreasing
T, in PbTe-like fashion. Carriers from the latter
region are evidently the dominant influence on the
experimental results cited for p-type SnTe.

In view of the above remarks, it might well be
anticipated that the form of the Fermi surfaces in
the Pb, „Sn„Te system will evolve in a rather com-
plicated fashion as x changes from 0 to 1. In fact,
a number of the measurements of conductivity,
Hall coefficient, and thermoelectric power do sug-
gest that something out of the ordinary is taking
place as a function of x."' '"'

Unfortunately, the St-.ubnikov-de Haas and de
Haas-van Alphen effects are insensitive to the kind
of Fermi-surface distortion proposed in Sec. IIID.
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Some complications have been observed in these
effects in the alloys ' (but not always' } and in

SnTe, '" but they have been tentatively ascribed
to growth striations and to a low-temperature phase
change, respectively.

It now seems clear that the first strong experi-
mental evidence that highly distorted Fermi surfaces
appear in the Pb, „Sn„Te system was the weak-field
MR data in P-type SnTe. It is the goal of this paper
to demonstrate that the nature of those distortions
can be inferred from the weak-field results.

On the theoretical side, some of the more recent
SnTe band calculations67 es'v 7 also suggest tha
distorted Fermi surfaces shouM appear near the
I. points.

II. EXPERIMENTAL DETAILS

All measurements were carried out on oriented
bulk samples of SnTe cut from large single crystal. s
grown by the Czochralski method. " The nominal
carrier density p* of the as-grown crystals was
about 8 X10 0 cm '. Nominal carrier density is
defined by the relation

p *=1/(Ro [ e j ) cm-',

where Ro is the weak-field Hall coefficient in cm'/C
[measured in the low-temperature range (VV K or
lower) where it does not vary with temperature]
and e is the electronic charge in C.

Carrier densities higher or lower than the as-
grown value were obtained using Brebrick's tech-
nique, i. e. , by annealing the samples at various
temperatures in the presence of ingots containing
large excesses of Te or Sn, respectively. In this
way, the composition limits of stability at the par-
ticular annealing temperature can be reached after
a sufficient time interval. In some cases, carrier
densities on the boundaries of the solidus field and
within it were obtained by vacuum-annealing sam-
ples which had been coated with relatively small
a,mounts of Sn. ~'

The sample dimensions were approximately
—,'&1 &5 mm. Rhodium plates under spring pressure
formed the current contacts, and rhodium spring
wires with sharpened tips were used for the resis-
tivity and Hail probes. Conventional dc measure-
ments were made with a Rubicon microvolt poten-
tiometer and a Guideline galvanometer. At a sam-
ple current of 400 mA and a magnetic field intensity
of 10 kOe, the Hall and MB signa. ls were in the
10 - and 10 '-V ranges, respectively, and, as
expected in weak magnetic fields, were proportional
to the first and second powers of the field.

The MB at 295 and 77 K was measured with the
sample directly immersed in water and in liquid
nitrogen. Under these conditions, the Peltier
heating and cooling at the sample ends produced a
thermoelectric voltage across the resistivity probes

4p/p =M„'„(p„P/C), (2)

where hp/po is the fractional change in the zero-
field resistivity, @PE and dent identify the sample-
current and magnetic field directions with respect
to the cubic axes of the crystal, p„(=B/po} is the
Hall mobility, P is the magnetic field intensity,
and C is the "compatibility factor" which equals
10' (no dimensions) when p„ is in cm~/V sec and
Ii is in Oe.

Following these data in Table I are the dimension-
less Seitz coefficients b, e, and d. They are deter-
mined from the experimental M~z~ values by using
the relationship

(3)

where IC& and g& are the direction cosines of the
sample-current and magnetic field directions rela-
tive to the cubic axes of the crystal.

The final line of Table I presents values of the
MB symmetry parameter z, defined as

z = —(b+ c)/d, (4)

and determined from the experimental data. It is
the behavior of this symmetry parameter which
leads us to describe the SnTe weak-field. MB data
as "peculiar. "

Some incomplete sets of MR measurements (i. e. ,
insufficient to determine b, c, and d) were obtained
at lower and higher carrier densities. For reasons
to be discussed in Sec. III B, we regard them as
less reliable than those presented in Table I.

However, one of these incomplete measurements
will be mentioned because it seems quite relevant
to the model which will be proposed in Sec. HID.
Room-temperature MR data, on a [110]-oriented as-
grown crystal (P

~ =8 X10~0 cm ') led to the result
M»0=M,'fo=2. 3. According to Eq. (3), this equal-
ity requires that d=0.

B. Reliability of Data

Because the MB data are so peculiar, it is es-
sential to examine carefully the question of their
reliability.

which was less than 1% of the tota. l signal.

III. RESULTS AND DISCUSSION

A. Summary of Magnetoresistance Data

The most extensive MB measurements were ob-
tained on [110]-oriented crystals with p*= 9 X10"
and l. 5 &10 cm . The Hall mobiliti. es and three
different MB coefficients at 295 and 77 K for these
samples are summarized in Table I. Included for
comparison are the same quantities published ear-
l.ier on PbTe at P~=3&10" cm '."

The MB data shown in the table a.re the dimen-
sionless coefficients M'~',~ defined by
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TABLE I. Experimental weak-fieM magnetoresistance, Hall mobilities, Seitz magnetoresistance coefficients, and

magnetoresistance symmetry parameters for p-type PbTe and SnTe crystals.

Compound

Nominal carrier
density (cm 3)

Temperature (K)

3x 10ie 9x 10ie l. 5x 1020

Hall mobility
(cm /V sec)

M iio

ii0

iio

0. 520 0, 394

0. 003

15 500

0. 196

0.345 0. 151

0. 605 0, 348

0.345 0. 151

—0, 330 —0, 152

823

0.46 +0. 03' 0.57+0, 03

0.56 +0. 03 0.58 + 0. 03

0, 72 +0.03

0.56 +0.03

0.66+0. 03

0.58+0. 03

0.32+0.06

—0.5"+0.3

0. 16+0,06

—0.26+0. 04 —0. 09 +0.04

510

0 69 ~0 03'

0. 86 +0.03

1.04~0. 03

0.86+0.03

—0.35+0.04

Q. 36 +0.06

—1.4 +0, 4

1.00+0.03~

l. 13 + 0.03

1.20+0.03

1.13+0.03

—0.20+0. 04

0. 14+0.06

—6.6 +2, 2

~See Eq. (1).
See Eq. (2).
The experimental uncertainties are discussed in

Sec. III B.
'See Eq. (3).
'See Eq. (4).

First of all, it is known that MR measurements
have often been plagued with difficulties caused by
the presence of impurities in the bulk, by contami-
nated sample surfaces, and by sample-end and probe
effects. But here, as in the case of PbTe, the com-
bination of high carrier density and high conductivity
should make these problems unimportant. The high
extrinsic positive carrier density, due to the Te
excess, swamps out any effects from hard-to-re-
move impurities and surface contamination and the

high conductivity minimizes current dist-orting ef-
fects at the sample ends and at the points mhere
the metallic probes contact the sample.

It is possible that the nonstoichiometry which

produces the extrinsic carriers is not constant
over the volume of a sample. The single crystals
used for the MH measurements were selected from
a large number of samples. Hall coefficient and

Hall mobility data on these samples, which ac-
cumulated over a period of several years, but
which mere never publiShe, are shown in Figs. 2
and 3. The results are smooth functions of p~, ex-
cept at p~* =2. 5 &1Q~~ cm~, mhere a sharp kink in
the Hall ratio Ra»/R~ appears and a slight droop in
the pH data at VV K may be detected. It is generally
agreed that P~ is the nominal carrier density above
which the low-temperature Fermi level drops below
the subsidiary-valence-band maxima VB(Z), so that
hol.es appear in this region of the zone mithout the
need for thermal excitation, s ' 9

The data presented in Figs. 2 and 3 include all
of the measurements made, not just those from
selected crystals. The lack of scatter in the data

suggests that the samples were of uniform and
reasonably high quality. However, it must be
noted that this evidence is not as conclusive as it
might be for crystals with more conventional. char-
acteristics. As Fig. 3 shows, the mobility is ap-
proximately proportional to 1/P~ at 295 and 77 K,
so that the conductivity o is only a weak function of
P~. This suggests that a nonuniform carrier den-
sity would not cause distorted current flow l.ines.
In the usual case, current distortion would lead to
an abnormally low o.

On the other hand, current distortions should
appear in a magnetic field, since the mobility and
hence the Hall angle will be position dependent in

an inhomogeneous sample. Unfortunately, any
change in 8, real or spurious, produces a self-
compensating effect on p.„; i, e. , the data point is
moved along the true curve of p,„vs p~. However,
the MR data ought to be sensitive to mobility in-
homogeneities, producing a spurious effect which
is proportional to the square of the mobility varia-
tion in the sample. Such an effect, if present, is
evidently not very large in the SnTe MR data.

Furthermore, the Shubnikov-de Haas effect has
been observed in many of the samples on which the
measurements in Figs. 2 and 3 mere made, includ-
ing those used for the weak-field MR studies. "'"
As many as 60 oscillations mere observed, implying
that the ca.rrier density over most of the volume
of the sample is constant to within 1'%%uo or so.

%e feel that the P~ range from mhich the SnTe MR
measurements in Table I mere obtained produced
the highest possible data quality. At lower p~,
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FIG. 2. Hali-coefficient ratio R~&PB~Y vs nominal
carrier density p* for Sn Te [p*=I/(Rp I e I); see Sec.
III BJ.

very long anneal times (several months) were
required to reach the composition limit of stability
of the solidus field; inevitably, this raises some
doubt that the limit was actually attained in the
sample interior. On the other hand, since the
weak-field MR varies as p,„and p,„c-"I/P*, the MR
signals at higher p~ become much smaller and hence
less accurate.

Partial sets of MR data taken on additional SnTe
samples at or near the P~ values given in Table I,
together with the limitations of the measuring ap-
paratus, suggest that the SnTe MR coefficients
are accurate to within +0. 03. If we assume that
this accuracy is the variance in the errors of the
MR coefficients and that these errors are normally
distributed, the variances of the errors in b, e, and

d can be calculated. These variances are listed in
Table I. An estimation of the accuracy of the MR

symmetry parameter z presents a special problem
in the case of SnTe because of the possibility of d
being zero (see Sec. IIIA). In Table I we have
listed the most probable values of z along with the
largest changes in z which result from using all
possible combinations of b, c, and d within limits
set by their variances. This analysis assumes that
systematic errors are negligible. The justification
for this assumption is the close fit of the corre-
sponding PbTe data" (obtained under the same ex-
perimental conditions) to a model which has been
verified by a number of independent experiments.
The accuracy of the SnTe MR data is not as high as
that obtained in the PbTe samples, but we ascribe
most of this difference to the smaller size of the
MR signals generated in SnTe.

I I I I IIII I I IIIII I I I I I III
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The simplest ellipsoid-of-revolution (EOR)
multivalley models with over-all cubic symmetry
predict the signs for b+ c and d and the specific
values for the symmetry parameter z which are
summarized in Table II. ' It should be noted that
the magnitudes of b, c, and d are functions of the
specific shape of the EOR, its orientation, the
energy dependence of the scattering time, and the
degree of degeneration of the statistics, while z
depends only on the valley orientation. The coef-
ficient d is a measure of the anisotropy of the con-
stant-energy surfaces in the valleys. It reduces
to zero for all of the models in Table II when the
EOR becomes spherical, and its magnitude grows
larger as they become more highly oblate or pro-
late.

The conditions under which the EOR results
shown in Table II are valid will be discussed later
in this section. Assuming for the moment that they
are valid, a comparison with the experimental
SnTe data in Table I suggests that the valleys are
only slightly anisotropic, and that their orientations
(if they are EOR) are not any of the three given in
Table II. But these conclusions conflict with the
evidence from the strong-field Shubnikov-de Haas
and de Haas-van Alphen data which, as noted in
Sec. I, suggest highly prolate (111)-oriented val-
leys 39 ~ 43 g 54

An obvious generalization of these simple models
is a combination of two sets of EOR. The main
set would be (111)oriented and centered on the
VB(L) maxima (as required by the known properties
of the band structure of PbTe and SnTe listed in
Sec. I). A second set of (110) or (100) EOR would
be placed at appropriate points in the zone, at a

C. Interpretive Problem

The behavior of weak-field MR has been useful
in determining the orientation of the constant-energy
surfaces in a number of multivalI. ey semiconduc-
tors 89

10
' I I I I I I II

10
20

I I I I I III

10
21

I I I I III

10

p*[cm )

-3

FIG. 3. Hall mobility p~ vs nominal carrier density
p* for SnTe at 295, 77, and 4. 2 K. Data of Sagar and
Miller, Ref. 33, also included.
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TABLE II. Magnetoresistance behavior in simple
ellipsoid-of-revolution multivalley models.

Valley
orientation

(»»
(,zoo&

(»o)

Sign of
b+c

Sign
of 6

slightly lower energy (i.e. , of the order of kT
lower). Then raising T would excite carriers from
the first to the second set and cause z to deviate
from zero. In this case, it does not matter whether
the two sets of valleys belong to the same band or
not.

This type of model is not suitable because the
energy difference between the VB(L) and VB(Z)
maxima in SnTe is approximately 0. 3 eV.
Thus at the carrier densities in Table I, some
deviation from z = 0 might occur at room tempera-
ture but it would become negligible at 77 K. In
contrast to this, Table I shows in fact that much
larger deviations occur at the lower T.

We are forced then to return to a model which
consists of a single set of valleys. Another simple
way to explain symmetry values other than 0 a.nd
+ 1 is to consider ellipsoids of general shape, i. e. ,
ellipsoids which are not surfaces of revolution. '
An earlier attempt to explain the SnTe MR data used
this approach. The valley at each I. point of the
Brillouin zone was replaced by a cluster of ellip-
soidal valleys on the hexagonal zone face on which
the L point lies. The clusters were arranged so that
the model retained over-all cubic symmetry. Two
of the three principal axes of each valley were placed
on the zone face, the third perpendicular to it.

This model was considered because it resembl. es
the valence-band structure of Sb, ' the element
which is isoelectronic to SnTe (see Sec. III F for a
further discussion of the relevance of the Sb band
structure). Fitting this model to the SnTe data at
both carrier densities and temperatures, however,
always led to ellipsoids which are very elongated
in the plane of the zone face, i. e. , pe~pevdicukax
to the (111)directions. Since there are no other
data to support such a model, and since it later
came into direct conflict with the high-field data
on SnTe, the model was not considered further.

Another attempt to account for the SnTe MR be-
havior"'6 used a, prolate (111)-oriented surface-
of-revolution version of the model developed by
Morrell Cohen for Bi.9~ The Cohen surface is non-
ellipsoidal and nonparabolic, and its shape is a
strong function of energy. The model does assume
isotropic scattering; but one of the present authors
has pointed out the equivalence of shape evolution
and scattering anisotropy. Hence the model is

quite a, bit more general than the EOB or general
ell jpsoidal types, and wouM seem to be capable
of reproducing the behavior of the MR symmetry
parameter z. It is also a reasonable model, be-
cause of the Bi-SnTe familial connection.

The results of this calculation were surprising:
It was found that z is restricted to the narrow
interval between 0 and —0. 3, for wide ranges of
the model parameters, including those which gen-
erate a highly distorted dumbbell-shaped Fermi
surface. The only exception occurs when b, c,
and d are all small. But this corresponds to a
nearly spherical surface which is clearly not ap-
propriate for SnTe. This unexpected result sug-
gests that an explanation for the experimental data,
will require a model in which rotational invariance
of the carrier properties about the (111)axes is
not present.

Section IIID will consider the particular form
that such a model might take. But first, we want
to consider briefly a different approach to the prob-
lem of understanding the peculiar MR symmetry.
Instead of making the Fermi-surface shape non-
simple, we might generalize the nature of the ca,r-
rier-scattering time on the surface, or even go so
far as to say that it cannot be defined. The values
z = 0 and +1 given for the EOR models in Table II
were obtained by making the standard assumptions
that a scattering parameter may be substituted for
the col.lision-integral part of the Boltzmann equa-
tion, and that the scattering time is isotropic or
expressible as a diagonal tensor in the principal-
axis coordinate system of each valley.

But this approach must be viewed in the light of
the MR data for PbTe which are also summarized
in Table I. In that case, the symmetry condition
is precisely obeyed at two different temperatures,
even though the scattering is not isotropic and even
though the existence of a scattering time may be
questioned. The first part of the above statement
follows because the mass anisotropy is about 12 in
p-type PbTe, "' ' ' while the mobility anisotropy
lies between 4 and 5."'3 The second part follows
from the known importance of optical scattering, 36

for which a scattering time cannot always be defined.
The result x=0 for PbTe thus implies that the

scattering time does exist and has the simple form
which leads to that value. It seems unreasonable
to make radically different assumptions about scat-
tering in the closely related material SnTe.

Hence we return to the conclusion, based on both
the high- and low-field MR data on SnTe, that the
Fermi surfaces associated with the VB(f) maxima
are highly prolate and (111)oriented, but are not
surfaces of revolution about these axes.

D. New Fermi-Surface Model

Recently, some new theoretical and experimental
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FIG. 4. Proposed Fermi-surface model for p-type
SnTe. The form is exaggerated in order to bring out the
main features clearly.

information became available which suggested the
next step. The theory was Cohen and Tsang's de-
tailed calculation of the constant-energy surfaces
in the VB(L) region of SnTe. '~ They found that the
cross sections perpendicular to the (111)symmetry
axis of each valley change from circular to a dis-
torted form with threefold rotational symmetry, Bs
the plane of the cross section moves from the zone
face into the interior of the zone. Ultimately,
three knobs appear to be developing at each end

of each valley.
On the experimental side, de Haas-van Alphen

measurements on SnTe samples with p~= 6 and
8 X10~o cm-' (which are greater than p*„) detected
a new Fermi-surface cross section which is prolate
and (100) oriented. '~ These pockets were discovered
earlier, but their shape and orientation were not
investigated. '9 Their (100) orientation, at first,
seemed surprising, since the band-structure c3l-
culations suggested that the subsidiary-valence-
band maxima were located along the (110) axes.

These results led us to develop the model shown
in Fig. 4. It is presented in a. stylized form which
emphasizes the features needed to explain the weak-
field MR data. It consists of a set of four highly
distorted valleys centered on the VB(L) maxima
and a second set of 12 prolate-ellipsoidal surfaces
enclosing the subsidiary VB(Z) maxima, .

It is important to point out that Fig. 4, Bs drawn,
implies that P~&P~ since the subsidiary pockets
are shown occupied. The following explanation for
the weak-field MR data (obtained at p*& p„) is based
on the nature of the main VB(L) pockets alone. The
subsidiary pockets were included in Fig. 4 in order
to make it clear how (100)-oriented ellipsoids can
appear along the (110) axes of the Brillouin zone.
In addition, their presence focuses attention on the
essential role played by the subsidiary VB(Z) max-
ima: They are responsible for the sensitive manner

in which the shape of the main VB(L) pockets de-
pends on p~ and T.

The arguments to support the appearance of the
particular form of the distorted main VB(L) pockets
shown in Fig. 4 are as follows: The inner ends of
the eight half-ellipsoids of the (111)-EOR multi-
valley model form the corners of a cube with edges
which are parallel to the (100) directions of the
Brillouin zone. These edges link each valley to its
three nearest neighbors. The midpoints of the
cube edges intersect the (110) axes of the zone near
the VB(Z) maxima. Because of these bridges of
relatively high energy in the valence band, the
main (111)-oriented valleys very rapidly deform
as they increase in size, "reaching out" in the (100)
directions towards their three nearest neighbors.

How will b, c, d, and z behave in such a models
One way to attempt to answer this question is by
replacing each distorted Fermi surface in Fig. 4
by a, combination of separate (111)-and (100)-ori-
ented EOR of appropriate sizes. In a weak mag-
netic field, this will be a reasonable approximation
to the true surface so long as the area in which the
two models differ from each other constitutes only
a small fraction of the total Fermi-surface area.

According to Table II, 6+ c=Q and d& 0 for a
(111)-EOR model, while b+ c&0, d&0 for the (100)-
EOR case. The initial effect of introducing a small
fraction of (100) character into the purely (111)
model will surely be to make b+ c &0, so that z
will change from 0 to a negative value [see Eq.
(4)j. As the (100) character increases in impor-
tance, d must decrease and ultimately change sign.
As this is happening, z- —~ and jumps to+ ~. A

still stronger (100) character would cause z to ap-
proach + 1.

In terms of this simple approximation to the true
Fermi surface, the negative values of z found ex-
perimentally correspond to a combination of (111)
and (100) symmetries, with the (111)cha.racter
dominant. Thus the small positive d does not cor-
respond to nearly spherical valleys but rather to
the compensating effect of two types of symmetry
which, separately, would produce large d values
of opposite signs.

Since the (100) fingers will surely become more
important as the carrier density grows, —z should
increase with increasing p*. The dependence on T
is less certain, because the relative motion of the
VB(L) and VB(Z) maxima, in SnTe has not been
definitely determined. But it seems more likely
that E„will decrease with decreasing T, as Fig. 1

suggests. This should cause the carriers to shift
from the vicinity of VB(L) toward the VB(Z) region;
hence —z should also increase with decreasing T.
Both predictions are in accord with the trends in
the z values summarized in Table I.

The result d=0 for an as-grown crystal, men-
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tioned in Sec. IIIA, may or may not be very ac-
curate, If it is, however, it need no longer be re-
garded as a strange anomaly, but simply as the
next event in the evolution of the distorted Fermi
surface in Fig. 4, viz. , the point at which the ef-
fects of the (100) and (111)anisotropies completely
cancel. .

The weak-field MH behavior for a combination
(111)- and (100)-EOR multivalley model has already
been calculated by Glicksman and applied to Ge-Si
alloys. For the present purposes, we examined
the characteristics of the simplest possible version
of such a model, namely one in which the two types
of valleys have the same shape and the carriers in

them have the same mobility. Then only one new

variable is introduced, f {=P,oo/P„, ), the ratio of
carrier density in one (100) to that in one (111)
valley. We found that

This result shows that relatively small knobs can
have a major effect on the value of z, the obvious
example being that z- —~ as f- ,'. In par—t, this is
simply a consequence of the fact that there are six
(100) knobs for each (111)valley.

It should be noted that a threefoM distortion of a
circular cross section is difficult to detect with
high-field effects which measure Fermi-surface
cross sections, because minimum and maximum
radii occur opposite each other. Thus the angular
variation in the diameter of the cross section is
greatly diminished.

We have described the subsidiary VB(Z) pockets
as prolate ellipsoids merely because that is the
simplest form consistent with the scanty experi-
mental information about them. " It should be men-
tioned in passing that the appearance of the sub-
sidiary pockets implies that the VB{Z) points are
relative maxima in the valence band. This is not
a completely settled matter; they couM be saddle
points. In that case, no subsidiary pockets would

appear at any p~. Instead, the kinks in the Hall
coefficient and mobility data (Figs. 2 and 3) at P ~~

would occur when the (100) knobs of the main val-
leys first touch each other on the (110) axes of the
zone. This alternative would also lead to the ap-
pearance of a new cross section in the Shubnikov-
de Haas or de Haas-van Alphen data, The trouble
with this interpretation is that the carrier densities
needed to bring the knobs together would seem to
be much larger than the observed value of P~~.

E. Other Properties

Other puzzling results for SnTe which may now be
understood in terms of the model in Fig. 4 are the
elastic "constants" and the elastoresistance.

The elastic-stiffness-tensor components c«and
c» —c,z, which correspond to two types of pure

shear, were both found to depend strongly on p~
in the range (l. 2-20) &&10 0 cm~. 9'9~ The mag-
nitudes of the corresponding elastoresistance tensor
components m«and —,

'
(m» —m„) also turned out to

be large for P* between 1.8 and 19.6 &10 cm
A general explanation for such characteristics

was based on intervalley carrier transfer which
occurs when the strain shifts the energy of some
of the valleys relative to that of the remaining
ones. " But only dc«/dP* and m«are predicted
to be large in a (ill)-EOR model, and only d {c„
—c,2)/dp* and —,'(m» —m, z) in the (100) model, be-
cause in each case the other type of shear does
not break the valley degeneracy.

The fact that the model proposed in this paper
is a combination of (111)and (100) symmetries
suggests how both types of shear can produce
large effects in SnTe.

There have been a number of puzzling features
of the behavior of the thermoelectric power, Hal, l
coefficient, and Hall mobility in SnTe which have
not been satisfactorily explained. We do not want
to examine these features in detail in this paper,
but we will point out in a general way how two char-
acteristics of the model in Fig. 4 can be used to
explain the experimental data.

The first characteristic is its very strong non-
parabolicity. The Cohen and Dimmock models
underestimate the nonparabolicity at higher carrier
densities, because they do not take into account the
important effects of the VB(Z) maxima on the en-
ergy-momentum relationship as one moves away
from the immediate vicinity of the VB(L) maxima. .
The second is the fact that the pockets which ap-
pear near VB(Z) at P~&P f do not constitute a second
band. Therefore the properties of the carriers in
the main and subsidiary pockets will become less
and less different as the total carrier density in-
creases and the two types of pockets approach each
other.

The first feature makes it easier to understand
how so many carriers are able to fit into what most
analyses suggest is the rather small energy separa-
tion of the VB(L) and VB(Z) maxima (but, as noted
earlier, large compared to kT). It also makes the
very small values of thermoelectric power observed
for P~&P*„, seem more reasonable. These values
are depressed by the abnormally slow increase of
o with P*.

Both features of the model help to explain the un-
usually rapid drop in p.~ with increasing P*, the
surprisingly small number of carriers in the sub-
sidiary pockets for P~&P~~ '" and the small per-
turbation of the mobility curve as P* passes through

P ~. The high effective-mass and low mobility val-
ues ascribed to the "second valence band" in some
of the earlier analyses of SnTe transport data might
just as well be associated with the high-P* extrap-
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olations of the nonparabolic nature of the carriers
in the main pockets.

Final. ly, there is the question of the Hall factor
x, defined by the relation

(6)

where P is the true carrier density. Consequently,
using Eq. (1), P= rP* Th. e kink in the Hall-ratio
behavior shown in Fig. 2 suggests that a modest
increase in r occurs for P"&P*„. This is in accord
with the two general properties of the proposed
model cited above. However, the Hall data in

Fig. 2 are not consistent with the results of direct
measurements of r which indicate that r= O. 6+1O%%up

for p~ between 8. 5 &10' and 2 &10 ' cm '."
Tsu, Howard, and Esaki have argued that the

two results can be reconciled, taking into account
the experimental uncertainties. ' '" They calculated
x using the Dimmock-Wright k p model. ' As P~
increases, x decreases steadily for P*&P~, but this
is counterbalanced by contributions from carriers
in the subsidiary pockets when p*&p~~.

Measurements of r at more closely spaced values
of P* are needed. The behavior of x vs P~ can have
a crucial effect on the calculation of otherproperties
such as the susceptibility effective mass in
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FIG. 5. (a) Brillouin zone for Sb. Dashed line identi-
fies the vertical mirror plane TI T.

' and dash-dot line
a twofold rotation axis WI W. (b) The mirror plane of
(a), showing its intersection with a conduction-band val-
ley (at I.) and valence-band valley (at H). Not drawn to
scale.

F. Comparisons with Band Structures of Bi, Sb, and Their
Alloys

In this final discussion section, some similarities
in the basic features of the band structures of the
two alloy systems Pb, „Sn„Te and Bi, „Sb„will be
identif ied.

First, we mention an earlier observation con-
cerning the case x=0, i. e. , PbTe and Bi. A very
striking and direct connection between the band
structures of these two materials was pointed out
by Hall and Koenig. 9' The analogy they drew makes
the now-accepted version of the band structure of
Bi (about which so much controversy had swirled
for many years) seem simple and obvious.

As noted in Sec. I, PbTe is a multivalley semi-
conductor with a direct gap at the four L points of
the zone. If an extensive uniaxial stress is applied
along one of the (111)directions, the lattice and
the corresponding Brillouin zone acquire the trigonal
symmetry found in Bi. The center of the hexagonal
zone face normal to the stress axis is then called
T, rather than L, as shown in Fig. 5.

Hall and Koenig noted that the experimentally
determined piezoresistance coefficient for such a
stress has opposite signs for extrinsic n- and P-
type samples of PbTe. Those signs, plus the pro-
late nature of the energy surfaces near the conduc-
tion- and valence-band edges, establish that the
energy at T rises relative to that at the three L
points, in both bands.

The stress, if it couM be made large enough,
would ultimately raise the valence-band energy
at T above the conduction-band energy at the L
points. In this simple direct way, the semimetal-
lic Bi band structure —the three Shoenberg-tilted
electron "ell.ipsoids" at the L points, plus the sin-
gle hole EOR at T—is generated.

Here, we want to examine the case x= 1, i. e. ,
SnTe and Sb. In Sec. IIIC above, the calculation
using the zone-face cluster model was described
as an unsuccessful attempt to explain the SnTe MR
data in terms of a Sb-like valence-band structure.
It turns out after all that there are a number of
strong links between the band structures of the two
materials.

After years of confusion, it is now generally ac-
cepted that the Fermi surfaces in the conduction
band of Sb (and As also) are qualitatively the same
as those in Bi—three elongated surfaces at the L
points, slightly tilted out of the plane which is per-
pendicular to the trigonal. axis. '

The shape of the constant-energy surfaces near
the conduction-band minima is restricted by two
symmetry operations at L, the vertical mirror
plane I TL and the horizontal twofold rotation axis
WLW which are identified in Fig. 5. Part (b) of
this figure contains a sketch of the intersection of
one of these Sb conduction-band valleys with the
mirror plane through L. It has an S shape, ' '
curving away from the normal to the hexagonal. —

zone face at L, toward the T point on the adjacent
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hexagonal fa.ce.
The first analogy to be noted for the case x=1

is that the corresponding mirror-plane cross sec-
tion through an I. point of the proposed SnTe model
of Fig. 4 has the same kind of S-shaped cross sec-
tion, due to the presence of the knobs. Presumably
the distortion is present for the same reason in
both SnTe and Sb—the surface is "reaching out"
toward a neighboring region of the zone which lies
in the same energy range.

There is a difference between the bvo cases: In
Sb, there is only one mirror pl, ane through a given
L point, while in SnTe there are three (and three
S-shaped cross sections), because in the latter
case I.'L is an axis of threefold rotational sym-
metry. Despite this difference, however, there
may well be two additional knobs near each end of
the Sb conduction-band surface, lying on opposite
sides of the mirror plane. We would not be sur-
prised to learn that the corresponding bulges are
also present in both the conduction- and valence-
band surfaces of Bi. (As noted above, these distor-
tions may be difficult to detect using the high-fieM
techniques. )

One specific reason for giving up the original at-
tempt to link the band structures of Sb and SnTe was
that it became evident that the energy surfaces near
the top of the valence band in SnTe enclose the I
points (at least at the carrier densities studied)
whereas the valence-band maxima in Sb have moved
away from L (or T as it is called there) to a, set of
nearby points labelled H. '

One of the H points and the Fermi surface sur-
rounding it are shown in Fig. 5. It lies on the
reflection plane near the I Z lines which in the
cubic zone would be the (110) axes (I'H= 0. 52 FZ;
the angle between them is 11 ). Furthermore, the
Sb valence-band surfaces at II are elongated and
point towards T; i. e. , they are approximately
parallel to the I'X directions which in the cubic
case become the (100) axes.

Thus we find a second analogy at x=1: In loca-
tion, shape, and orientation, the Fermi surfaces
near the main maxima of the Sb valence band cor-
respond very closely to the pockets associated with
the subsidia, ry VB(Z) maxima. in the SnTe valence
band. And these subsidiary maxima do have an
important effect on the shape of the distorted con-
stant-energy surfaces near the main VB(L) maxima
of the SnTe valence band. In this sense then, the
valence-band structures of SnTe and Sb are closely
related.

In Bi, Sb„alloys, Lerner, Cuff, and Williams'
and Golin' ~ suggested that the levels which form
the direct gap at the L points comes together and
cross as Sb is added to Bi. This of course is di-
rectly analogous to the band-crossing model pro-
posed by Dimmock, Me1.ngailis, and Strauss for

the Pb, „Sn,Te alloys. "
At the same time, however, the addition of Sb to

Bi causes the valence-band energy maximum at T
to decrease so rapidly that when x= 0. 07+ 0. 01, it
drops below the conduction-band minimum at I.,
and Bi, „Sb„becomes a semiconductor.

It seems likely that the addition of Sb to Bi in-
creases the direct gap at T. It is therefore tempt-
ing to conclude that in Bi the conduction- and va, -
lence-band levels at T are the same as those at the
I. points, but in reversed order, i. e. , they are
already SnTe-like. The band-structure calculations
do not bear this out. But since the levels involved
are so close to each other and are so sensitive to
details of the band calculation, this speculation
should not be ruled out just yet.

IV. CONCLUSIONS

For a long time we had been puzzled by the pe-
culiar behavior of the weak-field magnetoresistance
in P-type SnTe, a, behavior in very sharp contrast
to that found in P-type PbTe. The acquisition of
high-field Shubnikov-de Haas and de Haas-van
Alphen data on SnTe did not improve the situation;
in fact, it appeared that the low- and high-field data
were not consistent.

In this paper we have described a Fermi-surface
model which can resolve the apparent contradiction.
The model was not specified analytically, but it
was easy to describe in terms of its essential fea-
tures, prolate (111)valleys to which are attached
(100)-oriented knobs. We have tried to make the
model more plausible by relating it to some gen-
eral features of the band structures of the IV-VI
compound semiconductors and the column-V semi-
metals.

We also examined in some detail a number of
alternative approaches which could not account
for the data. In so doing, we hope to have demon-
strated the paramount importance of the symmetry
axes of a multivalley model to the behavior of the
weak-field magnetoresistance: Rotational invar-
iance of carrier properties about specified axes
tends to produce a characteristic weak-field sym-
metry, regardless of the detailed nature of the
rotational invariance. But even modest deviations
from that invariance can have a major effect on
the weak-field MR symmetry.

We also noted that the kinds of distorted model
discussed in this paper may be difficult to detect
using the high-field oscillatory measurements.
Cross sections of a Fermi surface perpendicular
to its axis of threefold rotational symmetry may
have a decidedly noncircular form, but the angular
variation in the area of the set of cross sections
in planes which include the symmetry axis are
likely to be relatively small. We hope therefore
to have shown that weak-field MR measurements
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can sometimes be useful in the analysis of elec-
tronic properties outside of the band-edge region
where they are normally used. Perhaps it can be
worthwhile, under the appropriate circumstances,
to attempt to interpret such data in an "intermedi-
ate" carrier density range extending from, say,
10" to 10" cm-'.
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