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Electronic-specific-heat measurements have been made, in the liquid-helium temperature
range, in the 0'-phase fcc solid solutions of the following systems based on Cu or Ag: Cu-Ni,
Cu-Zn, Cu-Ga, Cu-Ge, Ag-Ga, Ag-Ge, and Ag-In. An initial increase in the electronic-
specific-heat coefficient y has been observed in all systems on alloying, and the initial electron-
concentration derivatives of the density of states at the Fermi level, as indicated by the value
of the coefficient [9lnNN)z/85]~ are about 0.25 for all systems. The influence of atomic
volume, as indicated by the coefficient tblnN(Ez)/BlnV]~, appears to be negligible. At higher
solute concentrations, the trend of y and the limiting Debye temperature OD do not superimpose
when scaled to the same electron concentration. The above results are discussed in terms of
the electronic band structure and the theories that take into account electron-impurity inter-
actions, electron-phonon interactions, and volume effects.

I. INTRODUCTION

The measurement of the electronic specific heat
provides one of the very useful methods for studying
the electronic structure of metals. Its application
to the study of the alloy phases based on the noble
metals has become of particular interest following
the determination, by means of a number of new

techniques, of the topography of the Fermi surface
in copper, silver, and gold. In all three cases, the
existence of contact between the Fermi surface and
the centers of the (111)faces of the Brillouin zone
has been well established. In terms of simple mod-
els of the band structure, this suggests that the
density of states at the Fermi level should decrease
initially when the noble metals are alloyed with ele-
ments whose addition increases the electron con-
centration 3. The magnitude of the electronic-spe-
cific-heat coefficient y may be considered to give
a measure of the density of states of the conduction
electrons at the Fermi level. Therefore, measure-
ments of the dependence of y on alloying additions
have been of special interest in testing the validity
of the rigid-band model, and other factors such as
the possible enhancement of the y values by ma.ny-
body effects, and the effect of changes in the atomic
volume.

Recently, a number of low-temperature specific-
hea, t investigations have been reported, with the
specific goal of studying the band structure of the
n phases, i.e. , the terminal solid solutions based
on the noble metals. The published results for a
number of systems based on copper and silver in-
dicate that only very small changes occur in the
density of states on alloying. The available data

show, in addition, a considerable scatter of data
points, chiefly owing to experimental difficulties.
For example, opposite trends with solute concen-
tration have been reported for the initial derivative
of y with respect to 5 in Cu-Zn Q. -phase alloys; both
a positive value and a negative value' have been
suggested. The present authors have repeated very
carefully the measurements for this alloy system
and also made similar measurements for several
other systems, using a newly designed calorimeter.
In this, paper, in addition to the Cu-Zn data, we

report the low-temperature specific-heat data for
alloys within the face-centered-cubic n phase of the

following alloy systems: Cu-Ni, Cu-Ga, , Cu-Ge,
Ag-Ga, Ag-ln, and Ag-Ge.

II. EXPERIMENTAL DETAILS AND RESULTS

The details of the calorimeter arrangement are
shown in Fig. 1. A mechanical heat switch was
employed to cool the sample. A carbon resistor,
used as a, thermometer, was buried in a small
screw made of pure copper (G) screwed into each
sample. The heater (H) was made of manganin wire
(0. 05 mm in diameter and 200 cm in length), which
was directly wound around the sample and was
bonded with the GE-7031 varnish (using less than
0. 01 g in weight). The resistance of the heater was
about 460 0 at liquid-helium temperatures. The
combined mass of (G) and (H) was only 0. 5 g, which
is about 200 of the mass of the sample to be mea-
sured. We estimate that the maximum possible
error due to a contribution from these addenda to
the coefficient y and to the Debye temperature {3D
is not greater than a 0. 0005 mJ/mole deg and
+0. 5'K, respectively. In any case, the same

205'7



2058 MIZ V TANI, NOGUCHI, AND MASSALSKI

TABLE I. Electronic-specific-heat coefficient (p) and

Debye temperature (8D) of pure copper.

Source y (mJ/mole deg ) OHg ('K)

Mitsubishi Metal Co. 0.690 + 0. 002 342. 2+ 0.8
Argonne Cu~ 0.688+ 0. 002 344. 9 + 0.6
Mellon Cu" 0.687 a 0.002 341.5 a 0.6

This was used as a standard reference sample for
checking the low-temperature calorimeter, and was kindly
supplied to us by Dr. D. W. Osborne and Dr. H. E.
Flotow of Argonne National Laboratory. A similar sample
measured by D. I.. Martin (Ref. 6), yielded y=0. 6915
z 0.0034 m J/mole deg, O& = (345. 8 + 1.2) 'K.

jI'his sample was prepared at the Mellon Institute of
Science. The data on this sample are by Isaacs and
Massalski (Ref. 5) (y=0. 698 + 0.002 mJ/mole deg2, OD

=342.3'K). The origin of the copper used in this sample
is American Smelting and Refining Company.

screw and identical heater wires were used with all
samples, thus further minimizing the difference of
the contribution of each addendum to the total spe-
cific heat. Niobium wires (0. 04 mm in diameter,
600 mm in length) were used as lead wires from
(G) and (H) to the vacuum seal (I) to attain a good
thermal insulation. The samples were fixed tightly
with thin nylon threads in order to prevent vibra-
tion. The samples were about 120 g in weight, 22
mm in diameter, and 44 mm in length. They were
cast from very pure materials (99.999/o or more
pure), and special attention was paid during casting,
handling, and processing to prevent possible ferro-
magne tic impurities. Casting was done in quar tz
tubes under vacuum. All samples were annealed
after casting. Chemical analysis was performed
in each case to confirm the exact composition, and

metallographic examination was done to check for
possible solute segregation. In addition, spectro-
scopic analysis was carried out to confirm the ab-
sence of ferromagnetic impurities. This analysis
showed that the ferromagnetic impurities of Fe,
Co, and Ni were of the order of -1-2 ppm, or less.

An Allen-Bradley carbon resistor (47 0, 0. 1 W)
was used as a thermometer. Such a resistor has
been known to lose the reproducibility ot' the relation
between its resistance and temperature, especially
af ter cycling between liquid-helium temperature and
room temperature. Therefore, the carbon resistor
was recalibrated following each measurement, using
the vapour pressure of helium gas and the 1958
liquid-helium temperature scale. The initial test
of the calorimeter performance was done by mea-
suring three samples of pure copper. The results
of these measurements are given in Table I. They
show good agreement with data published in the lit-
erature. 6

In the temperature range employed in the present
experiments, the specific heat of a normal metal

or alloy may be expressed in the usual form:

C/T=y+nT

where n and y are lattice- and electronic-specific-
heat coefficients, respectively. As is well known,

y is proportional to N(E), ), the density of states ot
the conduction electrons at the Fermi level, by the
expression y = —,'[vak2N(Ez)I, where k is the Boltz-
mann constant, and n is related to Debye tempera-
ture O~ by the expression Ho = (12v4R/5o, )'~', where
R is the gas constant.

The plotting of the calorimeter data and the eval-
uation of the y and 8& values were done in the usual
manner, employing the least-squaresprocedure. All
the data for the alloy systems reported in the pres-
ent investigation have shown linear behavior when

expressed in the form given by Eq. (1). The values
of y and QD are given in Table II. A typical devia-
tion curve obtained with two measurements of a
copper sample is shown in Fig. 2. The trends of
y and 0& with 5 in Cu- and Ag-based systems are
shown in Figs. 3-6. The initial derivatives of y
with respect to b are plotted in Fig. 7 as a function
of the initial volume-per-atom change with respect
to b. Similar plots are also shown in Figs. 8 and 9
for the initial derivatives of O~. The data for the
Cu-Ge alloys and pure Cu were obtained with the
use of a semiautomated calorimeter in which two
samples are measured at the same time. The de-
tails of this technique will be published shortly.

FIG. 1. Schematic cross section of the calorimeter
assembly: (A) cupro-nickel shaft, (B) bellows, (C) sample,
(D) cupro-nickel evacuation tube, (E) liquid-helium inlet
into bellows, (I") copper frame (part of the heat-switch
assembly), (6) carbon thermometer, (H) heater, (I) vacuum
seal, (J) Wood's metal seal, (K) supporting nylon string,
(L) niobium wire, (8) radiation shields.
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TABLE II. Electronic-specific-heat coefficient y and
Debye temperature 8&.

I i I
I

I

Alloys

pure Cu

C onc entration
(at. % solute)

'Y

(m J/mole 'K~)

0.690 + 0.002 342. 2 + 0.8

0.80—
~ Cu-Zn
e Cu-Ga
o Cu-Ge

Cu-Ni

Cu-Ni

Cu-Zn

Cu-Ga

Cu-Ge

1.0
2.4
4. 4

2. 6
5. 5
8. 2

12.2
20. 0
30.0

1.0
3.0
5.0
7. 5

10.0
15.0
19.9

4.0
10.0

0.697+ 0.003
0.732 + 0.002
0.808 + 0.002

0.694 + 0.002
0.698 + 0.002
0.709 + 0.002
0.714+ 0.002
0.711a 0.003
0.710 + 0.003

0.702 + 0.002
0.706 + 0.002
0.709+ 0.002
0.721 a 0.002
0.736 + 0.002
0.741 + 0.003
0.765+ 0.002

0.717+ 0.005
0.746 + 0.003

341.1 a 1.0
344. 9 + 0.8
346.3+ 0.8

339.7 + 0. 6
337.7+ 0. 6
337.0 + 0.6
334.7 + 0.6
328.4+ 0.7
317.9 + 0. 6

342. 2+ 0.8
340.0+ 0. 8
338.0+ 0. 8
335.1 a 0.8
332.8 ~ 0. 8
319.0 + 1.0
300.2 + 0. 8

330.9+ 1.8
314.5 + 1.0

QI~ 0.75—
0
E

E

0.70—

0.9
I

1.1 1.P
I

1.3
I

1.4

pure Ag

Ag-Ga

2. 1
4. 3
8. 0

11.8

0.648 + 0.002
0.659 a 0.004
0.687 + 0.002
0.714 + 0.002

225. 1+ 0.5
222. 9+ 1.0
219.7+ 0.5
215.2+ 0.5

0.641 + 0.002 223.4 + 0.5
FIG. 3. Plot of the electronic-specific-heat coefficient

y as a function of the electron concentration for Cu-based
systems. In the case of Ni the valence contribution is
assumed to be zero.

Ag-In

Ag-Ge

3.7
6. 2

9.6

4. 0
8. 2

0.653 + 0.002
0.665 + 0.002
0.672+ 0.002

0.665 + 0.004
0.724+ 0.004

224. 7 a 0. 5
223. 1+ 0. 5
219.7 + 0. 5

221.3 + 1.0
213.9 + 1.0

III. DISCUSSION

A. Band-Structure Contributions

Following the recent theoretical discussions in
the literature, the most likely alloying contributions
to the coefficient y arise from the changes in the
band structure, from the many-body interactions,
and from possible size effects. As shown in Fig.

4, the variation of the y values with 5 is quite simi-
lar from system to system for the three silver-
based systems measured in the present experiment.
In the case of Cu-Zn and Cu-Ga alloys, however,
the y trends are initially similar but diverge at
higher values of S (Fig. 3). The present results
indicate also that the initial derivative of y with 3

for Cu-Zn alloys is positive, as obtained by Veal
and Rayne, and not negative as reported previous-
ly. In fact, the initial derivatives of y with respect
to s are positive for all alloy systems reported
here. This suggests that the density of states at
the Fermi level for n-phase alloys of the noble
metals must increase with increasing p. Thus, as
has already been pointed out by a number of authors,

o~ 2,0

1.0—
0

0

I-
o —1.0—

I

~ -2.0
0

0 0 y ~
00000,00 ~ 0 0
I @ ~ q~ I ~ M I

~e4

00~OS aV' I

0 0

1 2 5 4 5 6 7
T (OK)
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~ 0 0~ i I 0 I

0
0 ~O ~

8 9 10 11 12

FIG. 2. Deviation from least-square-
fit (lsf) curve for pure Cu.
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230—

O220—

o Ag-Ga
o Ag-Ge
P Ag- In

0.70—
210

1.0
I

1.2
I

1.3

O
E

E
FIG. 6. Plot of the Debye temperature Cz as a function

of electron concentration for Ag-based systems.

0.65—
e Ag -Ga
o Ag-Ge
P Ag — In

I

1.2 1.4

a simple model, based on the rigid-band concept,
is clearly not applicable to these alloys.

Ziman' has calculated the density of states for a
noble metal and its alloys as a function of 5, using

I
I

I
I I

FIG. 4. Plot of the electronic-specific-heat coefficient
y as a function of the electron concentration for Ag-based
systems.

the eight-cone model for the Brillouin zone and
making the energy gap across the (111)plane a var-
iable parameter. Each density-of-states curve in
this model corresponds to a rigid-band calculation
for a fixed energy gap. The use of the value of the
band gap for Cu, as deduced from the de Haas-van
Alphen data, yields a trend in the density of states
which correctly indicates the Brillouin-zone contact
just below the Fermi level, but which shows a de-
crease of Ã(E~) with increasing I jsee Eq. (4) and
below j. An increasing trend in y with 5 would re-
sult from a model with increasing band gaps on al-
loying, but this seems unlikely in view of some al-
loying features" which suggest that the band gaps
most likely decrease. On the other hand, it seems
desirable to take into account the contributions to
y resulting from the many-body effects, which
would apply both to pure metals and to alloys, the
contribution from level-broadening effects, result-
ing from the disturbance of the periodic potential
by the solute atoms, and finally the contribution
from size effects.

340—

-0.1

d InV

d$
O. I

I

0.2
I

0

320—

310—

Cu-Zn
Cu-Ga

o Cu-Ge
P Cu-gj

0.8—

0.6—
d InT

dk
0.4—

300—
(b)

t t~ t t

0.9 1.0 1.1

l I I I I'

1.2 1.3 1.4

FIG. 5. Plot of the Debye temperature OD as a function
of the electron concentration for Cu-based systems.

FIG. 7. Relation between the initial derivatives of y/3I
vs V/g. For (a), (b), (c), and (d), see Hefs. 7-10,
respectively.
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d InV
dy-

-0. 1 0 0. 1 0.2 0.3 0.4

0.3—

0.2—

d ln ep 0
d%

-0.5—

-0.6—

FIG. 8. Relation between the initial derivatives of GHD/y

vs V/p in Cu alloys. For (a) and {b), see Refs. 11 and 10,
respectively.

B. Electron-Electron, Electron-Phonon, and
Electron-Impurity Interactions

In discussing the electronic specific heat, it is
convenient to define the thermal effective mass m,*

as the ratio of the density of states at the Fermi
level Ez of a real metal, N(Ez), to the correspond-
ing value for free electrons, No(E~):

mt =N(Ez)/No(Es) =y/yo ~

face. Recent theoretical work' '" on such metals
suggests that contributions from the electron-elec-
tron interactions are negligible when compared with
the electron-phonon interactions. At the same
time, evidence obtained from the measurement of
cyclotron masses suggests that there is little anisot-
ropy in the electron-phonon interactions in differ-
ent directions and that the cyclotron masses of elec-
trons corresponding to the belly and the neck orbits
of copper are equally enhanced by about the same
amount, i. e. , about 10-15%, when compared with
calculated values. ' If the lack of anisotropy in
the cyclotron mass is accepted to mean that this
enhancement will also be similar (and isotropic) for
the thermal-mass enhancement, then the experi-
mental thermal-mass value of (1.37+0.01)m, for
copper may be. explained by assuming that the elec-
tron-phonon-interaction enhancement is responsible
for the - 10/o difference between the calculated
[-(1.22-1. ~8)m, 1 a.nd experimental [(1.37 a 0.01)m, t
values. For Ag, on the other hand, the presently
derived value of m", is (0. 99+ 0. 01)m„and the m,*
determined by a band calculation~ is (0.98+0.01)
&&m, . Thus, the difference between the m, and m,*

is only -
1%%uo, which is much smaller than the differ-

ence for Cu. %e conclude that the enhancement
factors, defined as

are 0. 10 and 0. 01 for Cu and Ag, respectively.
The situation is less clear in the case of alloys.

Electron-impurity interactions cause energy-level
broadening because the electrons perturbed by the
less periodic scattering potential cannot be de-
scribed in terms of Bloch states. ' According to
Haga, ' as a result of level broadening all states

The thermal mass m, deviates from unity when the

density of states at the Fermi level is altered by the
existence of the Brillouin-zone boundaries and when

many-body effects, such as electron-phonon inter-
actions, are present. The m,* obtained in the pres-
ent experiment is equal to (1.37+ 0. 01)m, for cop-
per, which may be partly explained by the distortion
of the Fermi surface. Recent calculations of energy
bands for Cu, ~'~ using the Korringa-Kohn-Rostoker
method, yielded a nonspherical Fermi surface
touching the flllj planes of the Brillouin zone, and
the calculated density of states at the Fermi level
corresponded to an effective mass (thermal band
mass) of (1.25+0. 01)m, . To explain the difference
between the theoretical value dictated by the band
structure above and the experimental mass of
(1.37+ 0. 01)m„many-body effects, which include
electron-electron and electron-phonon interactions,
must be considered. These effects cannot as yet
be treated rigorously for actual metals but may be
considered for metals with a spherical Fermi sur-

-0.2

d InV

dy
0 0,2

0.3—

I I

Ag Based Alloys

Ga

0.1—

d In
D 0

d y

-0.1—

-0.2— Cd

FlG. 9. Relation between the initial derivatives of 8&/p
vs V/p in Ag alloys. For (a), (b), and (c), see Refs. 7-9,
respectively.
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in the neighborhood of the Fermi level contribute to
N(E»), including the d band with a large density of
states. At the same time the enhancement of the
specific heats due to the electron-phonon interaction
tends to decrease on alloying as the concentration
of impurity atoms is increased. Thus, the decrease
of the y values in the system Ag-Au, in which the

size effect is small and the nominal electron con-
centration does not change, has been explained by
assuming that the contribution to y from the band

structure is more or less linear between the two

noble metals, but the electron-phonon enhancement
is greatest in the pure metals and diminishes sub-
stantially on alloying.

The increasing trends in the electronic specific
heats of copper-based alloys have been interpreted
recently in terms of a contribution from the d band

through the energy-level broadening caused by the

impurity potentials. Haga~ has shown that the trend
of the y values in the Cu-Zn system may be ex-
plained by postulating a certain level-broadening
value for the level breadth of the d states caused by
the introduction of the Zn atoms. This broadening
appears to be sufficient to cause a positive contri-
bution to y on alloying, which outweighs any possi-
ble decrease due to the decreasing band gaps, the
broadening and decreasing contribution from the s
band caused by a shift in the Fermi level, and the

diminishing of the electron-phonon enhancement.
Since level broadening of the d states is character-
istic of each individual alloying element, it is cer-
tainly surprising that the initial slopes of the y
trends on alloying, when normalized in terms of y

and atomic volume, are found to be more or less
the same for the different alloy systems reported
in this paper (see Fig. 7). Furthermore, the d-
level broadening effect can hardly explain the pres-
ent results that indicate a very similar value of the

d(lny)/d 8 parameter for both silver- and copper-
based alloys, despite the fact that the energy dif-
ference between the top of d band and the Fermi
level in silver is approximately twice as large as
that in copper. In addition, the model for the Cu-
Zn alloys appears to be inadequate to account for
the differences observed in other related systems,
for example, between the data for the dilute and
concentrated alloys in the Cu-Zn and Cu-Ga sys-
tems. Initially, Zn, Ga, and Ge in copper have the
same effect on y when scaled according to the rela-
tive valence, but at higher solute concentrations
this no longer holds true.

On the other hand, the electron-phonon interaction
has been considered recently to play the main role
in the e.enhancement of y values of the lead-based
alloys, in the system Pb- Tl and Pb-Bi, and also
in the n phase of In-Sn alloys. ' Comparison of the
measured y values with the tunneling-effect mea-
surements in the lead-based alloy systems has pro-

vided a relation between y and the electron-paonon
enhancement factor ~. According to the tunneling
measurements, the enhancement factor X increases
with the increasing electron concentration p for
compositions near pure Pb. If the same sihxation
holds for the noble-metal alloys, the increasing
trend of y values can be interpreted.

Another approach to the enhancement of y values
is suggested by Stern, who interprets the observed
increases with increasing 5 in copper- or silver-
based alloys in terms of the enhancement of the den-
sity of states by the screening electrons around im-
purity atoms.

The observed rapid increase of y with respect to
nickel contents in Cu-Ni alloys is most likely the
result of the presence of virtual bound states at the
Fermi level in such alloys. Until the exact trends
of the y and OD coefficients are determined near the
termination of the Q. phase in copper and silver al-
loys, and in the intermediate phases that follow
them, detailed speculation about the influence of the
d band seems premature.

C. Volume-Per-Atom and Flectron-Concentration Dependence

The dependence of y on volume effects was first
taken into account by Green, ~ who used two indefi-
nite parameters to describe the behavior of y as a
function of the atomic volume. We consider the

electron concentration and the volume dependence
of y for the case of the noble-metal alloys. The re-
sult based on Ziman's eight-cone model' is shown

to be in disagreement with the experimental data.
Assuming that the density of states at the Fermi

level E~ may be expressed as a function of electron-
per-atom ratio p and volume per atom V, we write

d 1nN(E~) 8 1nN(E») S 1nN(E») d lnV
d5 83 z 8 lnV q d5

(4)
The experimental values given in Table II are
plotted in Fig. 7 in terms of the deriva, tives (Slny/
85)» against (81nV/sb), where V represents volume

per atom as obtained from the literature. The re-
sulting plot is fairly well represented by a straight
line of the form

dlny &
d lnV

provided that we assume that in each alloy system
the behavior of y vs 5 is linear, and is correctly
represented by points from both dilute and concen-
trated alloys. From Fig. 7 we conclude that for the

presently examined alloys

8lnN E~ &le E~
y

' &lnV

Qn the other hand, the parameter IB 1nN(Ez)/85]»
has been estimated from the eight-cone model with
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a fixed energy gap [0.17&u &0. 20, where u=Eo/
(h'G /m)] to be -0.5, and from the band calculation
by Faulkner et al. ' to be —0.33. Both these the-
oretical values disagree with the above experimen-
tal value in sign and magnitude.

In order to evaluate the volume dependence of y,

we write for the density of states at the Fermi level

8 lnN E~ 2 d lnEc 2
(8)

Now the dependence of Ec on volume will be esti-
mated. The energy gap Ec is proportional to the
Fourier component of the lattice potential U(r).
The Fourier component is calculated for the case
of the Thomas-Fermi potential, i.e. ,

8 lnSz d lnE«
81nE« v dlnV

81n(1/v)aF d 1nEo
8 lnEc v d

The first three terms are easily estimated as

8 lnV
8 lnV

8 lnSp
8 lnV

= —— (since Se ~ (K )~ V ),

8 ln(1/v ( 1
=

3
(since (1/v) ~ (m" /k) c(: V'~ '),

, gc

provided that the Fermi surface is treated as an un-

distorted sphere. Even if the belly and neck por-
tions of the Fermi surface are considered in the

eight-cone model, the departure from the values of

3 and —,', given above, is negligibly smal 1. The
remaining two terms in Eq. (6) are combined into

8 1nSe d lnEo 8 ln(1/v) va d 1nE~
lnE« v dlnV 8 lnEc v d lnV

d)nE e)eS ()/ )
)d lnV 8 lnE«

We estimate the value of the partial derivative on
the right-hand side of the above equation from
Ziman's model, where u =Eo/(8 G /m), i.e. ,
u ~Ez V ' and S& (1/v) v& is proportional to y/yo
in Ziman's nota, tion. This yields for 0.17 &'u & 0. 20

81nSe(1/v)Fa
8

and

8 lnSe(1/v)r, d lnEo d lnEo 2

81nE«d lnV d lnV 3

(7)

Summing up all terms in Eq. (5), we get

N(E~) = (V/4v') S~(V, Eo) ((1/ v)(V, Es))pa, (5)

where EG is the energy gap across the f111)faces
of the Brillouin zone. V is the volume, S~ is the
Fermi-surface area, and v is the group velocity of

the electrons on the Fermi surface. Differentiation
with respect to volume yields

(
81nN(Ez) 8 lnV 8lnSe 81n(1/v)za

81nV 81nV 8lnV ~ 8lnV

~( ) p e )e(-e.lr-ll))Ur= e
1

where 1 denotes the lattice site and q, = 4ve N(Ee)/
V. Thus we obtain

d 1nEo 1 2(qJG) 1 8 1nN(E~) 1
dlnV 3 1+(q,/G) q2 8lnV & 6 I

'

(9)

where —,
' G is the reciprocal vector to a (111jface.

Substituting Eq. (9) into Eq. (8), we finally have

(
8 lnN(Ee) 2 P

81nV q 3 3(Pt +t +1)
(10)

which is contrary to the experimental indication
given in Fig. 7, that this derivative is nearly zero.

We return now to the dependence of y on 5 and
volume. As shown above, Ziman's model suggests
a negative derivative, again contrary to experi-
ment. Two models, by Clune and Green and by
Stern, have been proposed to explain the increas-
ing trend of y with increasing p in the noble-metal
alloys. We consider here the effect of the electron-
phonon interaction including the effect of level
broadening, proposed by Haga. Equation (5) may
be written in the form

N(Ee) = (V/4v') Sp(VEo) ((1/v) (VEg))va [1+~G(y)l,
(»)

where X is the enhancement factor due to electron-
phonon interaction, and G(y) is the function which
represents the dependence of the density of states
at the Fermi level upon the magnitude y of the elec-
tron-impurity interaction. Nakajima and Watabe
give the following expressio&, for X-for free elec-

where t= q J l Gl. The calculated volume dependence
in terms of t is shown in Fig. 10. The Thomas-
Fermi potential turns to the Coulomb potential when

t = 0. With this potential [8 1nN(Ee)/81nV]q becomes
—,'(P + 2) = 0. 70, since 8 = —,'. On the other hand, in the

case of t=~, the potential U(r) becomes zero and

[8 1nN(Ee)/8 ln V] q tends to —', = 0. 66, independent of

P, which is the same value as expected from the
free-electron model. 27 In actual metals, the value
of the screening radius t is estimated to be less
than unity. If t is assumed to be unity, we obtain

8 lnN E~
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P= I/8

0.70

0.65

c
0.60

I I

2

t =(q

/HAGI)

FIG. 10. Volume dependence of the density of states
for noble-metal alloys expressed as a function of screen-
ing radllls.

=0. 68+0. 1 2. 66+-

(16)

The left-hand side of Eq. (16) is experimentally de-
rived to be nearly zero. Therefore, the value of
[81nG(y)/81nV)~ should be large and negative if
Haga's model is applicable. The value of [8 lnG(y)/
81nVjz calculated directly using Haga's G(y) func-
tion turns out to be of negative sign, but the nu-

merical value is too small to compensate the posi-
tive contribution of (81nX/81nV)~ = 2. 66, established
from Eq. (14). Therefore, the electron-phonon in-
teraction, even corrected for level broadening,
seems to be inadequate for explaining the experi-
mentally obtained derivatives based on volume de-
pendence.

trons:

MRS P] 2KF

D. Debye Temperature

The Debye temperature may also be expressed as
a function of electron concentration and volume per
atom:

where p and p; are electron and ion density per unit
volume, respectively, s is velocity of sound for
longitudinal phonons, and SK is the particle mass.
The dependence of EF and s on volume is easily ob-
tained from the relationships

SkF (8 ap)2/3~ V-a/3
2m 2m

ga 8 (6 a )-2/3 O«3 ~ Va/3 O„j -D D ~

m

It follows then that

d lnOD 8 lnOD 8 lnOD d lnV
d 8 8~ ~ 8 lnVq d8

The experimental results plotted in Figs. 8 and 9
for Cu- and Ag-based alloys, respectively, are
presented as a relation between d insa/d 8 and
dlnV/d8. As shown in the figures, the data, are
well expressed as straight lines.

The quantity 8 lnO«a/81nV can be expressed in
terms of the linear expansion coefficient 6, com-
pressibility &, specific heat c~, and volume V as
follows:

8 inn 4 e ln8, (14) 8 lneD 3va
8 lnV &cy

(18)

We now make use of Figs. 8 and 9, from which

the derivatives of the Debye temperature with re-
spect to V and b may be obtained. The values are
as follows: for copper alloys (81nO«a/81nV)& = —2. 0

and (8lnea/88)v=0. 1, and for silver alloys (81nea/
8 ln V) ~

= —2. 5 and (8 lnO&/8$)v = 0. 2. Using the val-
ue of (8 1nO«a/8 in V)~ in Eq. (14), we obtain (8 1nA/

8lnV)q = 2. 66 and 3. 66 for Cu and Ag, respectively.
In order now to include the effect of level broad-

ening on the density of states, we modify Eq, . (14)
to include Haga's G(y) function:

81n(1+KG(y)) &G(y) 8ln& 8lnG(y)
8lnV 1+KG(y) 8lnV 8lnV

(15)

The above additional contribution can now be added
to Eq. (11). Following Haga, we take G(y) to be
nearly 3. for dilute alloys, which allows the value of
X/(1+X), estimated earlier for Cu as 0. 1 and for
Ag as 0. 01, to be used in Eq. (15). We obtain for
copper alloys

The I; the well-known Gruneisen constant, has
been determined with Eq. (18) to be 1.96 and 2. 4

for Cu and Ag alloys, respectively. By compari-
son the values of —81nea/81nV determined from
Figs. 8 and 9 are +2. 0 and +2. 5, for Cu and Ag

alloys, respectively, showing a very good agree-
ment with data based on the Gruneisen constant.
Thus our measurements of OD, and their volume de-

pendence, show a remarkable self-consistency.
The Debye temperature is also coupled to the

electronic structure through the electron-phonon in-
teraction to the phonon field. We are currently ex-
ploring a possible interpretation of the (8 lnQa/88)v
derivatives along these lines.

E. Conclusions

The electronic-specific-heat coefficients W and

the limiting Debye temperatures OD have been de-
termined by low-temperature specific-heat mea-
surements for a number of &-phase alloys in the
following systems: Cu-Ni, Cu-Zn, Cu-Ga, Cu-Ge,
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Ag-In, Ag-Ga, and Ag-Ge. The values of the initial
slope of y with respect to electron concentration,
i.e. , (dlny/d8), „can be expressed as a function
of the initial slope of the volume-per-atom depen-
dence on electron concentration, i. e. , (d lnV/d8)~. ~,

by the following relation for all the systems of Cu
and Ag alloys measured in the present experiment:

d lny d lnV

whel e

A=— — — — —0. 25, J3== = 0 .

Quite unexpectedly, the experimental results for
both Cu- and Ag-alloy systems are satisfied by the
same values of A and B.

(ii) The value of (8 1ny/88 )& =0. 25 is substantially
different from the value (-0.33) estimated from en-
ergy-band calculations and rigid-band assumption.
We have not examined this discrepancy further in
this paper. Other interpretations in the literature
suggest that the answer lies in the contribution from
electr on-phonon interac tions.

(iii) The volume dependence derivative of y,
(8lny/81nV)~, is determined in the present experi-
ment to be nearly zero compared with the calculated
value of +0. 68, based only on the band effect. This
value becomes of the general form 0. 68+ [X/(1+&)]
[2. 67+(81nG/81nV)z] for Cu alloys if the band ef-
fect, the electron-phonon interaction, and the level-
broadening effect are combined. We were unable
to improve the agreement between the experimental
and the theoretical values by considering the level-
broadening function of Haga, G(y), because the
term 2. 67+ (8 lnG/81nV) ~ always remained positive.
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