jon

at low temperatures.

It is clear that the transport studies of thin films
in the QSE region contains a whole wealth of in-
triguing physical problems, the problem of boundary
conditions, the problem of various scattering mech-
anisms, and the problems associated with the feas-
ible semimetal-semiconductor transition, etc.

More accurate measurements in still better vacuum
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and quantitative-model computations are highly de-
sirable.
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The longitudinal magnetoresistance of a thin metal film has been calculated using Chambers’s

method.
spherically symmetric.

It is assumed that the electron Fermi surface as well as the bulk mean-free path are
Contrary to previous work based on the assumption of wholly diffuse

surface scattering, we consider that scattering of electrons at the boundaries is partially spec-

ular,

Explicit magnetoresistance curves have been calculated by numerical integration, It is

found that low-field magnetoresistance depends quite sensitively on the fraction of specularly

reflected electrons at the boundaries (€).

The resistance may change an order of magnitude

between €=0 and €=0.9 in contrast to the corresponding ~ 10% variations in surface impedance

associated with the anomalous skin effect.

It is proposed that direct comparison between ex-

perimental data and the computed curves will yield information on the nature of boundary scat-

tering.

L. INTRODUCTION

The behavior of free electrons in thin metallic
films has been a subject of long-standing experi-
mental and theoretical interest.! Owing to the

presence of boundary scattering, the dynamics of

conduction electrons in these films will differ sig-
nificantly from that in the bulk material when the

electronic mean-free path (mfp) becomes compa -

rable to the film thickness. The first rigorous
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theoretical treatment of this problem was given by
Fuchs, 2 whose paper has formed the basis for al-
most all subsequent development.

The magnetoresistance of conductors with di-
mensions comparable to the electronic mfp is bound
to be more complex than that of bulk samples be-
cause of the boundary-limited orbits. An excellent
summary of earlier work on the calculations of the
magnetoresistance of “thin” conductors has been
given by Scndheimer.® The geometry-dependent
magnetoresistance is quite a complicated compu-
tational problem, even considering the simplest
case of a longitudinal magnetic field in a thin film.
Previous calculations of the thin-film longitudinal
magnetoresistance have been given by Koenigs-
berg, * Azbel, ° Kaner, ® Barron and McDonald, ’
Kao, ® and most recently by McGill. °

The size dependence of the magnetoresistance,
sometimes referred to as the magnetomorphic ef-
fect (MME), provides us with a useful means for
determining the electronic mfp in metals as well
as the nature of boundary scattering; both are of
fundamental importance in our understanding of
solids. It is therefore of interest to carry out
computations of the MME subject to various bound-
ary-scattering conditions so that a comparison
between theory and experiment will yield informa-
tion on the electronic structure in metallic films.

In a previous work, ® detailed results were ob-
tained by numerical integration. It has been shown
that the longitudinal magnetoresistance increases
with magnetic field H in the low-field region, un-
dergoes a maximum, and eventually decreases with
H in the high-field regime. It was pointed out in
this paper that this maximum may be employed to
obtain information on the electronic mfp and cy-
clotron radius. However, in this calculation as
well as other work on thin films in a longitudinal
field, it was assumed that scattering at the bound-
aries is wholly diffuse. One is unable to learn
about the nature of boundary scattering by com-
paring experimental results with these theories.

The present paper is concerned with the calcu-
lation of longitudinal magnetoresistance of thin
films when the boundary scattering is allowed to
be partially specular. As our results will show,
the magnetoresistance curve together with the shape
and position of the maximum mentioned above in-
deed depend on the extent of specular reflection at
the boundaries. A comparison between experi-
mental results and the present theory should allow
us to extract information on the nature of boundary
scattering.

II. LONGITUDINAL MAGNETORESISTANCE OF THIN
FILMS

A. Basic Equations

For the sake of simplicity, we consider as usual

WAY AND Y.-H. KAO 5

the case of a free-electron gas confined in the space
bounded by the planes y=0 and y =d. The bulk

mfp !/ and effective mass m* of electrons are as-
sumed to be isotropic. Following Chambers’s
method, 1° we may write the size-dependent con-
ductivity as

. 30 - 2
0= 4ﬂsfd8fd¢fdesmecose

-PO/1
<[ G | o
where ¢, is the bulk conductivity, S the cross-sec-
tional area of the specimen perpendicular to the
current, and € is the fraction of electrons suffering
specular reflection at the boundaries. PO is the
path length of an electron trajectory from a point

P on the boundary to a point O inside the film,

PP’ is the path length of a trajectory between two
points P and P’ on opposite boundaries. The tra-
jectories in zero magnetic field are shown in Fig.
1(a). The integral on S averages the contributions
to ¢ atall points likeO. It is worth noting that in
the isotropic case considered here, by following
the trajectory of a given electron, all the paths
PP’ are of the same length.

In the presence of a longitudinal magnetic field,
which produces no drift current but modifies the
electron trajectories, Eq. (1) is still applicable
provided PO and PP’ are now measured along the
spiral trajectories of electrons under the influence
of H. This is illustrated in Figs. 1(b) and 1(c).
Note that because of the symmetry in the problem,
all the curved paths PP’ are still of the same
length, Based on this observation, we may carry
out the calculations following a trajectory analysis
similar to those given in Ref. 8. Equation (1)
can be extended to the case with anisotropic Fermi
surfaces by a straightforward but tedious modifi-
cation of the terms in square brackets in (1).

Following the formalism and notations used in
Ref. 8 (hereafter to be referred to as I), we re-
write the equation for the conductivity in the
presence of a longitudinal magnetic field as

21 3(1——6)—f do sing cos?

e-w(v.w,e )/ n
xfdyfd(b e AT (2)

where n=1/7, and vo=m* vc/eH. Other quantities
used in (2) are illustrated in Fig. 2, »=7,sing, 6
is the angle between the z axis (z Il HIl E) and the
tangent to an electron trajectory at point O, ¥ is
the angle which the projection of an electron on
the x-y plane traverses on a circle of radius »

from a point P on the lower boundary to a general
point O in the interior of the film, and ¥ is the
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FIG. 1. Typical electron trajectories in thin conducting
films with partially specular reflection at the boundaries:
(a) in the absence of H; (b) in a longitudinal H but electrons
only collide with one boundary; (c) electrons collide with
both boundaries in a longitudinal H.

angle this projection point would have traversed
around the same circle if the circular arc PO

were extended until it meets with a boundary. For
a given H and 6, once the point O at (y, ¢) is chosen
on the x-y plane, there are uniquely defined

¥y, ¢,6) and ¥(y, ¢, 6) such that §/n = arc(P0)/I
and ¥/n=arc(PP’)/l.

B. Orbit Analysis

We proceed to compute the integral in (2) by
finding explicit expressions for y and ¥, These
expressions can be readily obtained by an analysis
of the orbits with the aid of Fig. 3. We distinguish
between two separate cases: (a) PP’ intersects

both boundary planes [Fig. 3(a)] and (b) PP in-
tersects only one plane y =0 [Fig. 3(b)]. Orbits
of case (b) are often called “skipping orbits.” In
Figs. 3(a) and 3(b), the points B, @, and B are
projections of P, 0, and P’ on the x-y plane, re-
spectively. For simplicity, we have always con-
sidered orbits originating from the point P on the
lower boundary y =0. The final result should be
independent of the direction of H and, by symmetry
consideration, orbits originating from the upper
boundary y =d must give equal contributions as those
from the lower boundary. Consequently, we now
only consider the situation when P is on y=0 and
shall eventually multiply the result by 2 to account
for the total contribution by electrons scattered
from both boundaries.

Case (a). Pony=0and P’ ony=d[Fig. 3(a)]:

& =P+, B=3m~—1g, Sin3=w‘s"¢_)

7 ’

and hence
zp=¢+arcsin<% +cos¢) -57, (3)

¥ =arcsin (l +cos¢> + arcs'm< 4 -2 cosqb) .
¥ r v

(4)
Case(b). Both P and P’ fall on y =0 [Fig. 3(b)]:

¢=+dy, B=Yp—3m, sinB=-(y+rcos¢)/r,

and hence
zp=¢+arcsin(% +cos¢> -7, (5)
\P=w+2arcsin(% +cos¢> . (8)

Note that the expression for ¥ is the same for
both cases. For a fixed y and », whether P’ will
fall on the upper plane y =d or the lower plane

y=0 depends the value of ¢ at Q. If y+7(1+cos¢)

FIG. 2. The geometry of the thin

(a) (b)

film and the applied fields: (a) orbit
intersects one boundary; (b) orbit
intersects both boundaries.
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2d, the orbit will intersect the upper plane and
(4) shall be used for ¥[case (a)]. If y+(1+cos¢)
<d, the orbit will miss y =d and P’ will land on
y=0. Equation (6) will be used for ¥ [case (b)].
For a given » and a fixed y for the point @ in
Figs. 3, ¢ is allowed only in a limited range. The
limits can be found by drawing circles on the pro-
jection (x-y) plane just touching the lower boundary
y=0 (Figs. 4). From Fig. 4(a) we find ¢ =57
—arcsin(l -y /7), and from Fig. 4(b) we obtain
Gmax= 27 +arcsin(l~ y/7). However, as we shall

[
i)

where

FIG. 3. Construction for the deter-
mination of ¥ and ¥. (a) Orbit intersects
X both boundaries [case (a)]. (b) Orbit in-
tersects only one boundary [case (b)].

carry out the integral on ¢ first, the upper limit
will be ¢, only for case (b). For case (a), when
the electron-orbit intersects both boundary planes,
the upper limit must be replaced by ¢, the critical
angle obtained by drawing a circle touching y=d
and going through the point @ on the x-y plane
(Fig. 5). From this figure, we obtain ¢, =37
- arcsin(d/r -y /v - 1).

Using the results given in (3)-(6) and the inte-
gration limits as discussed above, we arrive at
the final expression for the magnetoconductivity:

3(1 —6) s 1+(2usind-1)p(1-2using)
— =1-2x Tf dg sing coszef dg (I, +1,) , (7)
0

0

%min
®

I _]% o exp{~ paf¢ +arcsin(¢/u sing + cosp)— s [1- ©(1- £ - using — u sind cose)] ®)
e 1 - cexp{- pafarcsin(¢/p sing + cos¢) +arcsin(l/y sin — £/ sing - cosg) | ’ 8
max exp{- wa[¢ +arcsin(t/p sing + cosg )~ 57}0 (1 - & — 11 sing — 1 sing cose) ©)

Iy= d¢

Pmin

0(x)=1, x>0
=0, x<0

t=y/d, a=d/l, and p=v,/d=m* vc/eHd.

@dmax !

1- cexp{- pa[n+2arcsin(¢/y sind + cose)]}

The factor 2 appearing in front of the integrals
in (7) takes account of electrons scattered from
both boundaries y=0 and y=d. The integral I,
[Eq. (8)] accounts for the orbits of case (a) and

FIG. 4. Construction for the de-
termination of allowed range of ¢:
(a) lower limit ¢pyn; (b) upper limit

Pmax-
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FIG. 5. Construction for the determination of the crit-

ical value of ¢ in case (a).

I,[Eq. (9)] accounts for those of case (b).
III. RESULTS AND DISCUSSION

The integrals in (7)-(9) have been computed by
the method of Gaussian quadrature using CDC-3300
and IBM-1130 computers. The magnetoresistance
curves for «=0.1 and 0.01 are shown in Figs. 6
and 7 (p=0"Y, py is the field-independent bulk re-
sistivity). Some characteristic numbers are listed
in Tables I and II.

The curves for completely diffuse scattering at
boundaries are the same as those computed in I.
Introducing partially specular boundary scattering
leads to lower resistance, and the resistance max-
imum becomes less pronounced. As expected, the
resistance for totally specular boundary scattering
(e=1) is independent of H. Changing the boundary
condition from e€=0 to €=0.9 gives rise to a de-
crease in the resistance at maximum by a factor
of ~4.5 for @=0.1 and by a factor of ~10 for
a=0.01, Thus, using the dc magnetoresistance
one is able to observe sizable variations due to
boundary scattering in contrast to the small changes
encountered in the anomalous skin effect!! (in which

a=0.l
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the surface impedance changes by ~ 10% between
€=0 and e=1).

It is hoped that the calculated curves, as those
shown in Figs. 6 and 7, can be used for a direct
comparison between experimental data and the-
oretical predictions. Because of the sensitive de-
pendence of the resistance values on the boundary
diffuseness in the low-field region, this method
can be conveniently used to obtain the parameter
€. Curves shown in Figs. 6 and 7 can be readily
applied to metals having nearly spherical Fermi
surface with small bulk magnetoresistance (such
as the alkalis). Metals having more complicated
Fermi surfaces but with a nearly isotropic mfp
can be accounted for, in principle, by appropriate
modifications of the orbits used for evaluating the
integrals in (7). Metals with anisotropic mfp will
be difficult to handle by the present approach since
electrons moving in different directions all con-
tribute to the film resistance. To determine the
anisotropic mfp, more selective methods will
have to be used.

Care has to be taken in making a comparison
between the theoretical and experimental curves.
The p vs H curves with low « and high € may look
much like the curves with higher @ but lower e.
For example, @ =0,01, €=0.9 (curve j, Fig. 7)
and a=0.1, €=0.3 (curve d, Fig. 6) may give
rise to quite similar magnetoresistance in the
region near the resistivity maximum. Without
discriminating these similar cases, it is difficult
to identify the parameter ¢ and the mfp I unequiv-
ocally. This fact may account for some ambiguities
in the values of € determined by this method found
in the literature.

In order to determine € with reasonable accuracy
by the present method, information on the bulk
mfp I obtained from experiments making no use of
the surface scattering (such as damping of electro-

FIG. 6. Computed lon-
gitudinal magnetoresistance
curves (p/py vs 1/
=deH/m*vc) for a=d/1
=0.1., € values: 0(a),
0.1(b), 0.2(c), 0.3(d),
0.4(e), 0.5(f), 0.6(g),
0.7(h), 0.8(i), 0.9(j). See
also Table L.
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FIG. 7. Computed lon-
gitudinal magnetoresistance
curves for @ =d/7=0, 01,
€ values: 0(a), 0.1(b),
0.2(c), 0.3(d), 0.4(e),
0.5(f), 0.6(g), 0.7(h),
0.8(i), 0.9(j). See also
Table II.

magnetic waves, broadening of absorption lines,
etc.) will be very helpful.

From the computed curves in Figs. 6 and 7, we
found that the position where the resistivity maxi-
mum occurs moves slightly towards the high-field
side as € increases. The maximum also “broad-
ens” in increasing €. When € is close to unity the
maximum becomes ill defined and identifying its
location for € < 1 is probably of little value. We
feel that the occurrence of such a maximum should
mainly serve the purpose for identifying the gross
feature of this special effect rather than to be used

TABLE 1. Characteristic values of curves shown in
Fig. 6, @=0, 1.

40 4.5

50 +

for accurate measurements. Quantitative de-
termination of cyclotron radius or mfp can be
made only when both a and € are small enough.
Moreover, it is believed that in metals with aniso-
tropic Fermi surfaces, the position as well as the
“line shape” of this maximum will depend largely
on the anisotropy.

The results shown in Figs. 6 and 7 are mainly
concerned with the occurrence of a resistivity max-
imum and its variation with €, It is, however, use-
ful to compare the asymptotic behavior of these
magnetoresistance curves by numerical calculation

TABLE II. Characteristic values of curves shown in
Fig. 7, @=0,01,

p/ Py
Approximate
Identifi- location (1/p)
cation € 1/p=0.001 1/pu=5 at Pmay of Pmax
a 0 4,796 1.294 5.596 0.35
b 0.1 4.297 1.291 4.905 0.35
c 0.2 3. 841 1.287 4,298 0.40
d 0.3 3.423 1.283 3.759 0,40
e 0.4 3.035 1,277 3.274 0.45
f 0.5 2.674 1.269 2,835 0.45
g 0.6 2,327 1.258 2.430 0.45
h 0.7 1. 997 1,242 2.055 0.50
i 0.8 1.674 1.216 1.699 0.50
j 0.9 1.349 1.164 1.354 0.50

o/ py
Approximate

Identifi- location (1/4)
cation € 1/4=0.001 1/6=5  at pray Of Praax

a 0 28.26 1,307 39.68 0.1

b 0.1 24.09 1.307 33.28 0.15

c 0.2 20,49 1.306 27.89 0.15

d 0.3 17.34 1.306 23,17 0.15

e 0.4 14,55 1,305 19. 01 0.15

f 0.5 12,03 1,304 15,40 0.20

g 0.6 9.724 1.302 12,12 0.20

h 0.7 7.581 1.300 9.159 0.25

i 0.8 5.533 1.295 6.412 0.30

j 0.9 3.482 1,282 3.798 0,40
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with those obtained by analytical methds. We first
note that the effect of including the possibility of
partially specular boundary scattering lies in the
appearance of two terms containing € in the gen-
eral expression Eq. (2). But analytical expressions
for the present problem with € #0 do not seem to
exist in the literature. We shall therefore only
compare the limiting cases for €=0.

For high-magnetic fields d > 27,, our results
indicate that p/p, varies as u, or the magnetoresis-
tance goes as 1/H. This is in accord with the
asymptotic expressions obtained by Koenigsberg, *
Azbel, ® and Kaner.® In fact, by noting y =7 cos(¢ — )
~7 cos¢ and changing the integral on y to i), one
may easily carry out the integrations in (2) (setting
€ to zero for simplicity) and obtain for the high-
field limit

oy 8 (1

1 +e'2"/">
Op - 5&

T and)’ 1o

which gives p/po=~1+37u/8 for n(=1/ry)> 1.

For low magnetic fields d <<2r,, the situation be-
comes more complicated, and it is hardly possible
to obtain an exact asymptotic field dependence from
the general expression [such as Eq. (7)] without
going into detailed orbit analysis. Using an order-
of-magnitude estimate, Azbel® has shown that a
maximum in the longitudinal magnetoresistance
should exist near »~ (Id)!/? and a “negative mag-
netoresistance” with p~A ~ BH? should occur near
v ~1%/d, i.e., a maximum near 1/p ~a'/2 (which
is in agreement with the numerical results of Ref.
8) and p~A — BH®near 1/p~ a% For the same
problem, Kaner® obtained from the transport
equation that a region with p~H 2 may occur with
r>1%/d and d <7 (or 1/p < a?),

It should be noted that these H2-dependent regions
in low fields must be due to a weak effect since
the main contribution should arise from a small
number of effective electrons. Moreover, they
should occur in a very narrow field region.’ As
was mentioned before, our present work is mainly
devoted to the calculation of the magnetoresistance
near the maximum; from the calculated values at
rather large intervals of 1/p [A(1/p)=0.05], which
we used to construct Figs. 6 and 7, the HZ depen-
dence does not appear. For @=0.01, the H? region
should occur near 1/ =0.0001, much below the
lowest 1/p value (0.001) we have used. For
a=0.1, the H? dependence may occur around 1/u
=0.01, but much finer steps in 1/u must be used in
the numerical work. Furthermore, much higher
accuracy will be required to search for such a
weak effect.

Our computed values at 1/u =0.001 are close to
the zero-field resistivity values obtained by Sond-
heimer.® A comparison between our values at
1/11=0.001, with €=0 and €=0.5 with those given
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by Sondheimer at H=0 shows a difference of at
worst a few percent. This close agreement also
supports the conjecture that the H? dependence,
if present, must be a weak effect unless some
drastic variation should occur in a very narrow
field region.

To date, the maximum in longitudinal magneto-
resistance of thin films has been observed in Sb
by Steele,'? in Bi by Babiskin'® and by Friedman
and Koenig, ' in In by Olsen, !° de la Cruz et al.,'®
in Au, Ag, In, and Al by Chopra,!” in Zn by
Gaidukov and Kadletsova,'® and in Al by Rau.!®
The comparison between theoretical predictions
and experimental results has met with good agree-
ment in certain metals while in some cases it was
less successful. Three factors are believed to be
responsible for the unsuccessful situations. First,
the bulk magnetoresistance is normally quite large
for metals with long !/ and anisotropic Fermi sur-
faces except for very few alkali metals. In order
to extract the size-effect contribution, better
methods for subtracting the bulk contributions from
the measured thin-film magnetoresistance or more
accurate computation of these contributions (in-
cluding Shubnikov—de Haas quantum effect in certain
metals) will have to be pursued. Second, as men-
tioned above, the anisotropy in either the Fermi sur-
face or the mfp ! may give rise to not only a sizable
change of the shape but also a possible shift of the
position of the resistance maximum. To resolve
this complexity, a different transport approach
will probably be necessary. Third, the present-
day understanding of the boundary scattering of
electrons is still primitive., Most of the time we
simply assume that the boundary scattering can be
represented by a single parameter €; this is by no
means justified. Although more complicated
boundary conditions have been suggested, ® com-
putations have indicated that these modified condi-
tions do not necessarily lead to better agreement
with experimental data.? Tt is hoped that the pres-
ent approach will serve the purpose of finding some
qualitative features of the surface scattering and,
based upon this information, more detailed and
quantitative approaches can be taken to unravel
the whole problem of surface potentials and bound-
ary scattering.

IV. CONCLUSION

We have extended a previous work on thin-film
longitudinal magnetoresistance based on wholly
diffuse surface scattering to the more general situa-
tion when the surface scattering is allowed to be
partially specular. It is hoped that in the cases
where the size-effect magnetoresistance can be
extracted out of an experimental total-longitudinal-
magnetoresistance curve, a comparison between
these data with the computed curves will provide
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Thin tantalum single-crystal foils with the (110) direction normal to the surface have been
irradiated with electrons of energies between 1.0 to 3.2 MeV. By varying the orientation of
the foil relative to the direction of the beam over a major part of the fundamental triangle, a
strong directional effect in the damage rate was observed for transferred energies of more than
36 eV, In previous measurements especially on the fcc metals copper and gold, much less, if
any, anisotropy of the defect production was observed. The data have been corrected for beam
spreading due to the finite sample thickness. From the dependence of the defect production on
electron energy and foil orientation, the angular dependence of the threshold displacement
energy could be fitted. Good over-all fits were only possible when the averaged threshold was
about 36 eV in a region of 20° around the (111) direction, about 53 eV in a region of 18° around
the (100) direction, and larger than 130 eV in other directions. The existence of such ‘“windows”
along the close-packed directions indicates a sequence of replacement collisions which even-
tually leads to a stable defect. Computer calculations by the Brookhaven group for bee iron
yielded similar threshold windows around the principal crystallographic directions, However,
the ratio of the threshold values for the (100) and {(111) directions obtained by this group does
not agree with our result. For the lowest threshold energy in tantalum, we found 32+ 2 eV,
and for the electrical resistivity per unity concentration of Frenkel pairs, we obtained (17 +3)

x10™* @ cm.

I. INTRODUCTION cy. Besides this vacancy, an interstitial is pro-
duced at some distance via replacement collisions.

Irradiation of a crystal with fast electrons results The interstitial together with the vacancy is called

in a transfer of recoil energy to the lattice atoms. a Frenkel pair.

If this recoil energy exceeds a certain threshold The atomic structure of the lattice causes the
value 7T,, the struck atom can be displaced perma- threshold energy to depend on the direction of the
nently from its lattice site, leaving behind a vacan- knocked-on atom. Therefore, in single-crystal



