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Dispersion and Damping of Soft Zone-Boundary Phonons in KMnF3
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Neutron inelastic-scattering experiments have been performed upon the cubic perovskite
phase of KMnF3. The anisotropy in the dispersion of the lowest-energy phonon branch around
the R point [qR = (2, 2. 2) a*] has been determined. The phonon energies remain very low for
(q —q~) along [100]. which accounts for the anisotropic x-ray diffuse scattering seen in this
material. The energy profiles of the soft modes at (»~)(I'2&) and (2& 0)(M& ) are analyzed on
the basis of a damped-harmonic-oscillator model taking into account the effect of the instru-
mental resolution. For the I'~5 mode, the temperature dependence of the characteristic fre-
quency ~p is represented by a Curie-Weiss law (h(dp) = C (T —Tp) with C = 0. 11+0. 02 meV 'K
and Tp= (186 +2) 'K. The damping parameter I increases as the temperature approaches Tp.

I. INTRODUCTION

Recently it has been shown that the structural
phase transformations in several perovskite crys-
tals result from an instability of the low-energy
phonon branch at the Brillouin zone corner (R point)
of the cubic structure. Neutron-inelastic-scat-
tering experiments have provided the most direct
evidence for the zone-boundary phonon condensa-
tion in Sr TiO, ' (transition point T, = 105 K),
LaA10, ~ (T, = 530 'K)„and KMnFs' ' (T, = 186 ' K).
The lower symmetry structures below T, are dis-
torted by the appearance of static displacements
transforming according to the triply degenerate
j.» representation of the group of the wave vector
ft, and involving only rotation of the oxygen (or
fluorine in the case of KMnF, ) octahedra. 6

The crystal structure of KMnF3 below the 186 'K
transition was reported to be orthorhombic by ear-
lier x-ray work. 7 However, recent reexamination
by Minkiewicz et al. showed that it rather belongs
to the tetragonal space group 14/mcm (D4"„), the
same symmetry as the low-temperature phase of
SrTiO3. Therefore, the mechanism of the 186 'K
phase transition in KMnF3 is considered to be iden-
tical with that of the 105 'K phase transition in
SrTiO3. Only one of the three degenerate modes
of I'» condenses at the transition point. ' At
91.5 'K, KMnF3 undergoes a second structural
phase transition, ' and the crystal transforms to a
monoclinic structure. ' This transformation is
also known to involve the instability of a phonon of
symmetry Ms with q~= (-,' —,'0)a~. The 186 'K transi-
tion is of the first order, but close to second order'
with (T —To) = 0. 5 'K. Slightly below the lower
structural-transition temperature, at 88. 0 'K,

antiferromagnetic spin order is established. ' Thus
the problem of the phase stability in KMnF3 is on
the whole rather complicated, In the present paper,
attention is concentrated exclusively on the cubic
phase. Previous neutron- scattering work gave
a qualitative picture of the behavior of the soft
phonons at B and M reciprocal-lattice points. The
phonon energies of I'» and M3 modes are low, about
3 meV even at room temperature. When the tem-
perature is lowered, these modes soften further
and become overdamped, i. e. , the energy profile
of the phonons peaks at 8= 0.

The purpose of the present work is twofold: to
provide quantitative description of the lowest-en-
ergy phonon dispersion surfaces around the A point,
and to describe the evolution of the damping of the
zone-boundary phonons quantitatively. The knowl-

edge of the dispersion surfaces can provide im-
portant information for the analysis of the fluctua-
tions, thermodynamic properties, and other char-
acteristics of the KMnF3 transformation. The study
of the soft-mode line shape has revealed an unex-
pected singularity in the damping near the transfor-
mation temperature. In Sec. III the results of the
dispersion-surface measurements will be described.
A phenomenological expression of the lowest-energy
phonon branches is shown to represent the observed
anisotropy very well. The phonon energy profiles
are analyzed in Sec. 1V on the basis of a damped-
harmonic-oscillator model taking into account in-
strumental resolution, and the temperature depen-
dence of the damping parameter is obtained. Final-
ly, Sec. V describes the intensity distribution for
x-ray diffuse scattering around the R point, which
is calculated from the anisotropic phonon disper-
sion. The results are compared with previous x-
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FIG. 2. Low-en-
ergy phonon disper-
sion curves along
the three high-sym-
metry directions of
KMnF3 measured at
295 'K. The open
and closed circles,
respectively, indi-
cate the data taken
with a transverse
and a longitudinal
spectrometer setting.
The triangles show
the results of Min-
kiewicz and Shirane
(Ref. 3) at 280 K.
The dotted lines in-
dicate the sound ve-
locity calculated by
the elastic constants.

Weiss behavior in the overdamped region. Thus
it is very plausible to conclude that the Curie-Weiss
law [Eq. (1)] holds over the whole temperature
studied. The constant A is determined to be
0. 11+0.02 meVa K and To= (186+ 2) 'K, in good
agreement with the value of 186.0(+ 0. 2) 'K given
in Ref. 6.

The phonon-energy profiles of the I'z, and M3
modes are shown in Figs. 6 and 7, respectively.

In this experiment, the contribution from the mag-
netic diffuse scattering and from the —,

'
X contamina-

tion of the incident beam to the line profile around
i~ =0 is estimated to be less than 6% of the phonon
scattering. At room temperature and above, the

phonon profile has a well-defined peak, but the line-
width is appreciably larger than the instrumental
resolution width even at the highest temperature
studied. At temperatures lower than about 240 K,
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FIG. 3. Phonon dispersions in the
vicinity of the R point in KMnF3 at 295 K.
The solid curves in the figure show the
calculated dispersion.
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FIG. 5. Temperature dependence of I coo for I 25 mode
of KMnF&. The open circles represent the results of
line-profile analysis, and the closed circles show T/I
which are normalized so as to fit the higher-temperature
data.

FIG. 4. Polar representation of the calculated angular
dependence of the curvature & of the dispersion surfaces
for the lowest-energy phonons around the 3 point in
KMnF3.

the phonon line shape becomes overdamped, and the
profile has its maximum at ~=Q.

The spectral-profile analysis was performed as
follows. The cross section of the scattered neutron
group is expressed by'3

do 1k= —
~~ ] +,.(4) ]'[~('&, T)+ l)

m u

where hg= h(kz —kz) and @00 are the momentum and

energy transfer in the scattering process, n(ID, T)
= (ee'"- l) ' is the phonon occupation number, E,„
(Q) is the inelastic structure factor, ~, (q, T) is a
temperature-dependent quasiharmonic mode fre-
quency, and I'(DI, T) is the damping parameter.
I' is an even function of (d, and, in the low-fre-
quency approximation, it can be taken as a con-
stant. The effect of the instrumental resolution is
taken into account by making the convolution of
Eq. (2) with the resolution function

In this analysis the "exact" dispersion relation
for ~e(q, T) given by Cr(g) was replaced by a single
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anisotropic branch chosen empirically to fit the
observations in the scattering plane (h, k, 3k)
chosen. This procedure grossly oversimplifies the
dispersion out of the scattering plane, but trial
computations established that the relative line pro-
file was not seriously affected by the assumed out-
of -plane dispersion.

For the I'» mode, using the Curie-Weiss values
for &uo(T) discussed above, the damping parameter
I is determined at each temperature so that the
calculated line profile yields the best fit to the ex-
perimental results. The calculated line profiles
are indicated by solid curves in Fig. 6. The in-
trinsic line profiles which we infer might be ob-
served with zero instrumental resolution are also
shown by the dotted curves. The effect of the finite
resolution on the observed line profile becomes
very serious only in the vicinity of the transition
point, where the intrinsic linewidth is very narrow
due to the strong overdamping. The temperature
dependence of the damping parameter I' for the I'z,
mode is shown in the upper part of Fig. 8.

For the M3 mode, the temperature dependence
of &mao estimated from the T/I vs Tdiagram sh-ows-

a deviation from the Curie-%eiss law for I'» in
the temperature range below about 240 'K, and &0
remains at a finite value at To= 186 'K. Figure 9
shows the temperature dependence of &0 for the M3
mode obtained from T/I normalized so as to fit
the high-temperature phonon peak energy. The
line profiles for the M3 mode calculated by using
the m~0 shown in Fig. 9 are indicated by the solid
curves in Fig. 7. Here the corresponding intrinsic
line profiles are shown by the dotted curves. As
shown in the lower part of Fig. 6, I' also shows a

V. DISCUSSION AND CONCLUSION

Two x-ray studies of the diffuse scattering ac-
companying the 186 'K transformation in KMnF3
have appeared recently. ' Comes eg al. '3 ob-
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FIG. 8. Temperature dependence of the damping pa-
rameter I' for the I'25 mode (above) and the M3 mode
(below) phonons of KMnF3. The open points were mea-
sured with 45-meV incident neutrons. The closed points
represent higher-resolution measurements with 14-meV
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slight increase with decreasing temperature for the
M3 mode, but has no s ingular behavior near To ~
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FIG, 9. Temperature dependence of ~0 for M3 mode
of KMnF& estimated from TjI.

served rodlike diffuse streak along the (100) direc-
tions in the cubic phase. They discussed their re-
sults in terms of rotations of fluorine octahedra
which are highly correlated within (100) layers but
which are nearly incoherent from one layer to the
next. We wish to point out that this is just the
instantaneous picture which emerges for the rota-
tions assocla. ted with the anlsotr'oplc phonon
branches which we have discussed. If we denote
the rotation of the fluorines of the lth unit cell about
the o.' axis by P, (l), then the instantaneous correla-
tion of rotational fluctuations is

(3)

If the phonon dispersion is of the isotropic form
m&(jq) = ~0+A~ q~, the correlation is of the famil-
iar Qrnstein-Zer nike type

f(a) r ~&(a) ~'

with x = &v~0/A. In the present case, however, the
sum over modes is heavily weighted by the soft
branch with q -qs along [100] because of the in-
verse frequency factor, but this produces an ad-
ditive effect upon (P (l)gz(0)) only if q H(f) =0, i. e. ,
if P(f) is in a (100}plane. Thus, at least qualita-
tively, the strongly anisotropic phonon dispersion
necessarily leads to instantaneous, but dynamical,
correlations of the type described by Comes et al.

We can put the discussion on a quantitative basis
as follows. The x-ray diffuse scattering at a re-
ciprocal-lattice vector Q= G+ qs+ j in the vicinity
of an 8 point in the extended reeiproeal lattice is
given by

where hv&(jrI) and E,(Q) are energy and inelastic
structure factors of the jth mode, respectively.
Equation (6) can readily be evaluated with the
eigenvalues and eigenvectors of the dynamical
matrix C (rI) (Appendix). Figure 10(b) shows the
calculated diffuse intensity scattered in a (100)
plane about Q = —,

' (331)a* at T= To+ 0. 9 'K [cor-
responding to (h~,)' = 0. 1 meV', about 0. 6 'K above
the transition point]. The rodlike streaks observed
experimentally are clearly in evidence.

Minkiewicz et al. made a more quantitative
study of the distribution of the diffuse scattering
near To in a (110) scattering plane. Figure 10(a)
shows the calculated intensity distribution for their
scattering geometry, The most striking result is
that the marked elongation of the distribution along
the [001]direction just described is not present
but is in fact reversed. The reason for this is that
the structure factor for the soft (T2) branch van-
ishes in this scattering plane, so that only scat-
tering from the higher-lying (T,) modes is observed.
The calculated full width at half-maximum (FWHM),
0. 024 A ', along the [001]direction is in nearly
perfect agreement with observation (0. 025 A ').
Al.ong the [110]direction, the calculated FTHM
(0. 037 A ~) is only half of the observed value. It
appears that the discrepancy may be largely in-
strumental. Although the soft T~ branch in the
scattering plane (i. e. , along [001]) cannot be ob-
served, the similar modes along [100]and [010]do
give strong scattering out of the chosen scattering
plane. The finite vertical resolution (much coarser
than the in-plane collimation') samples this out of
pla.ne scattering, particularly during a scan a,long
the [110]direction, and elongates the distribution.
We have tried to indicate the source and extent of
this effect in Fig. 10. Thus it appears that the
pr onounced and seemingly contradictory anisotropy
in diffuse x-ray seatteringe' can be reconciled and
arises from the soft phonon branches studied here.

There is a very simple qualitative explanation
for the extremely anisotropic nature of the disper-
sion around A. Consider the r otation of a single
octahedron of F ions about, say, the z axis. Since
the four ions in the x-y plane which actually rotate
are shared with neighboring octahedra, a highly
correlated "cog-wheel" collective mode is favored.
Because the sense of rotation changes from one
cell to the next, the components of the favored wave
vector in the x-y plane are q„= q, = v/a. There is,
however, no similar short-range correlating force
between adjacent planes, since the shared inter-
planar ions are stationary. Thus adjacent planes
rotating with any phase between qv = (—,

'
—,'0) and

qR
——(-,

'
—,
'

—,') are nearly equally favorable energetically
because all retain the perfect planar correlations.

Buyers et al. ' analyzed the line profiles of the
phonon group of I'» mode for pure and Co-doped
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at T = Tp+ 0, 9 K: (a) in the (110) scatter-
ing plane; (b) in the (001) perpendicular to
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KMnF3 crystals. For KMnF3 they assumed a
Curie-Weiss behavior for &0 and found A. =0. 130
(+0. 004) meV 'K ' a,nd T, =185.4(+0. 3) 'K, in
reasonable agreement with the present values.
They also found that a damping constant that was
either temperature independent or weakly tempera-
ture dependent (proportional to T) was insufficient
to explain their observed line shapes. Our more
exact fitting procedure establishes that the damped
oscillator response is adequate to understand ex-

isting data on KMnF3 if a temperature dependent I'
is allowed. Burns and Scott' have reported similar
behavior in PbTi03 in the ordered (polar) phase.
Tani' predicted I' - (T —To)

' for a. one-dimensional
model, but Pytte" pointed out that I is expected
to show no singular behavior near To for an iso-
tropic three-dimensional model in lowest order.
Clearly, the whole matter deserves further study.

Note added in Proof. A recent reexamination of
the overdamped soft-mode scattering just above the
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transformation temperature with very high resolu-
tion has been made [S. M. Shapiro, J. D. Axe, G.
Shirane, and T. Histe (unpublished)]. We find ad-
ditional structure within what we have regarded
here as a smooth single peak. It is now therefore
clear that at least some of the unexpected behavior
of the soft-mode damping must be attributed to a
frequency dependent 1"(~) rather than to a, frequency
independent I'(T).

An ESH study by Muller and Berl.inger found
the temperature dependence of rotational. displace-
ment parameter to be described by -(To —T)o"
for SrTi03 and LaA10, in the temperature region
immediately below the transition point. The critical
exponent is considerably smaller than 0. 5, which
is predicted in the molecular field approximation.
This result for the order parameter suggests that
&„might also deviate from the molecular field
Curie-Weiss behavior in the vicinity of To. As
shown in Fig. 5, no evidence for a strong devia-
tion from the molecular field result for &0 is found
in the present experiments. Of course, it is pos-
sible that such behavior is limited to a narrow
critical-temperature region above To which is
physically inaccessible due to the first-order nature
of the transformation.
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APPENDIX

We wish to put the dispersion of the phonon

branches about the R point on a quantitative basis
without resorting to a discussion of the complete
lattice dynamics, which is formidable for a lattice
of this complexity. This can be done by a gener-
alization of the long-wavelength expansion used by
Born and Huang'7 to discuss the macroscopic
elastic behavior of a crystalline solid.

In the harmonic approximation the phonon fre-
quencies as a function of wave vector q are the
eigensolutions of the dynamical matrix C (q):

C (q)e(jq) = &'(jq)e(jq).

Since C (q) is a 3n &&3n (15 &&15) matrix, there are
j= 1, 3~ solutions for each value of q, Suppose the
three degenerate lowest eignestates of C(q&) are
designated as e„, e, , e,. They are determined by
symmetry considerations alone, ' and can be chosen
as rotations of I octahedra about the x, y, and z
axes, respectively. We can form a truncated
3 X3 dynamical matrix Cr(q) by the transformation

c'(q) = U 'c (q) U,

where U is the 3 &&15 matrix (eo, eo, eo). By con-
struction, at q=q, C (q) has thepropereigenvalues
for the soft branch (u,~(jqR) =(uo (j=1,3). Consider-
ation of the terms omitted from the full matrix C

(q) shows that for small values of yi=-q —qs, the
eigenvalues of Cr (j) are in error by amounts of
order ca p, where c is the magnitude of a typical
element of C(q) and a is the unit cell dimension.
Thus we may, exactly to terms of order p, deter-
mine the q dependence of the soft modes near q&

by expanding Cr(q) to q~, obtaining

c'(q) =

(do+ Xqq„+ Xa(q, + rig)

C. C.

Xs Qp Qy

QPO+ Xg 'gy + Xa (rp„+ F/g)

&co+ X, q + X~ (q + q )

The form of Cr(q) is determined by the nature of
the symmetry operations at q = q~. Since the point
symmetry is in fact 0„, if ~o is set to zero C (j) is
identical to that matrix which determines the long-
wavelength elastic modes in cubic crystals. [The
proper correspondence is A, = C», Xz= C«, and A.,
= (C~2+ C44). ] The basis vectors, rather than being

Cartesian displacements, are the rotations e„, e, ,
e, and the eigenvectors are calculated accordingly.
Once the eigenvectors e(jp) are known one can
calculate the inelastic structure factor of the jg
mode:

FJ(Q) =g„Q ~ e„(jq) b„e'
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The magnon bound-state spectrum recently observed in the anisotropic magnetic salt
CoC12 ~ 2H&O is investigated by means of response functions. A perturbation scheme is set up
for the response functions and the transverse and longitudinal susceptibilities are evaluated to
second order in the transverse anisotropy. The effects of the Heisenberg part of the exchange
interaction are included to second order by solving a two-magnon and a three-magnon scatter-
ing problem. In the zero-field limit we evaluate under certain simplifying assumptions the
transverse susceptibility to all orders in the transverse anisotropy.

I. INTRODUCTION S S —S =2t (i. 4)

The recent observations by Torrance and Tink-
ham' of a magnon bound-state spectrum in the
magnetic crystal CoCl& 2H&O have stimulated re-
newed theoretical interest in the dynamical prop-
erties of the linear anisotropic magnetic chain. The
authors showed that their helium temperature
measurements of the absorption spectra could be
interpreted in terms of the spin-& Hamiltonian

N

2Z [ 2g» B+OS'+ j'S»S»+1+ 2j (S»S» 1+ H'c )
)=i

+ —,
' j '(s', s,'„+H. c. )], (l. 1)

[S» Sa] =+S»&*2 (& 2)

Is;,s,'] = -2s',.a»2,

where we have chosen units such that h= 1. Fur-
thermore, in the spin--,' case we obtain the length
condition

which describes a single cluster of exchange-cou-
pled Co" ions. We have included a Zeeman term
arising from an applied magnetic field in the z di-
rection. The spin operators satisfy the usual com-
mutation relations

and the minimum equations

S', S', = S,. S,. = 0 and S',. S',. = 4 .

The longitudinal and transverse anisotropy of the
exchange Hamiltonian (1. 1) is characterized by the
nearest-neighbor exchange constants j, j, and
j' [where j =~&(j "+j') and j'=~&(j"-j2)], and by
the spectroscopic splitting factors g', g", and g'.
The dimensioniess anisotropy parameters o = j /j'
and n = j '/j ' assume the values 0. 2 and 0. 08, re-
spectively, in the case of CoClz. 2HzO.

Owing to the strong longitudinal anisotropy and

to the fact that j' is of order 17'K for CoClz 2H&O

the measurements by Torrance and Tinkham probe
only the zero temperature properties of the system.
Any temperature dependence of the excitation spec-
trum will be exponentially small, i. e. , of order
e . Consequently, we shall in the present paper
confine our attention to zero temperature.

The strong longitudinal anisotropy of the exchange
Hamiltonian (l. 1) suggests treating the linear chain
as a one-dimensional Ising model in the lowest ap-
proximation. Such an approach was in fact carried
out by Torrance and Tinkham, ' who constructed
Bloch functions for the localized Ising spin devia-
tions and computed numerically the eiiects on the


