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A theory of the acoustic paramagnetic resonance APR for V¥ ions in MgO is developed to
explain the results of Brabin-Smith and Rampton which shows the importance of the second-
order spin-orbit interaction resulting from Jahn-Teller interactions, i.e., from the excited
vibronic levels. Essentially, it is this interaction which is responsible for lifting the degener-
acy of the spin-orbit ground states E, + Ty, of the V3* jons in the cubic state. Straightforward
APR experiments give the g value within the excited triplet Ty, and the magnitude of the zero-
field separation (D) between the Ty, and E, levels is deduced from the study of the dependence

of the APR spectra on temperature.

The magnitudes of the Jahn-Teller energy E;1 and the

frequency wg of the E, mode of vibration of the molecular cluster formed around a V3 jon,
which give the best fit with the experimentally observed parameters g and D, are in good agree-
ment with the estimate of E ¢ in an effective point-charge model and with the results on pho-
non sidebands in MgO crystals doped with different paramagnetic impurities, respectively.

The strongly asymmetric nature of the line shape is explained by taking into account the pres-
ence of small random strain fields of tetragonal and orthorhombic nature about the cubic site.
The experimentally determined hyperfine parameter A is fitted in this theory, assuming the

magnitude of the contact term % to be 0.2,

I. INTRODUCTION

The V¥ ion in a MgO crystal is an interesting
system to study because it is a non-Kramers ion
having a triply degenerate (Ty,) orbital ground level
and consequently, the Jahn-Teller interaction is
expected to have pronounced effects on the mag-
netic and other related properties. Brabin-Smith
and Rampton! have studied the acoustic paramag-
netic resonance (APR) in this system and in the
present paper, a theory is given to explain their
observations. With the Zeeman field along [100 ]
and he ultrasonic waves propagating along [100 ],

a broad asymmetric resonance line was observed
which showed hyperfine structure on its high-field
side due to the nuclear spin /=%. From an exam-
ination of the temperature dependence of the spec-
tra between 14 and 20 °K, it wasinferred thatthe res-
onance line was due to the transitions induced with-
in excited spin-orbit states which lie (10.2+1.0)
cm™ above the ground level. The transition cor-
responded to the selection rule Am =+2. The g
value and the hyperfine -interaction parameter A
were found to be 0.69=0.01 and 0.0042 cm™, re-
spectively. The resonance spectrum was assumed
to be due to an excited spin-orbit doublet of the

V¥ ions at the tetragonal sites in MgO. With the
Zeeman field still along [100 ] but the acoustic waves
propagating along [110 ] the same resonance line
was observed.

A theory was proposed by Bates, Goodfellow,
and Stevens? to explain these experimental obser-
vations for V** ions in the MgO lattice. Essentially
they proposed that the spectra are due to the V3*

5

ions at the tetragonal sites in the MgO crystal and
they obtained a numerical fit of the experimental
results by taking into account the Jahn-Teller re-
duction of the spin-orbit coupling parameter x
within the ground T, levels. According to their
theory, the resonance is caused within an excited
spin-orbit doublet, which is separated from the
nonmagnetic ground levels by the action of the
tetragonal field, i.e., the zero-field separation

D is entirely due to the tetragonal field. Starting
with a spin-orbit coupling parameter A =85 cm™
(the free-ion value of which is 104 cm™) and taking
the g value to be 0.69 +0.035 (where the positive
contribution was added to correct the experimental
result for the effects of rhombic strains), they
predicted the tetragonal field A to be of the order
of 8.7 cm™ and a Jahn-Teller reduction factor®
k(Ty)=0.15, in order to obtain a plausible energy-
level diagram which would explain the observa-
tions. These values give an excited doublet at

3.8 cm™ above the nonmagnetic ground levels at
zero field, which is significantly different from the
experimental value. Besides some obscure points
in the details of this analysis, the model itself is
quite inadequate from physical reasonings. First,
the existence of a definite tetragonal field of such

a small magnitude as they obtain, raises questions
about its physical origin. Second, nothing in the
theory tells us what happens to the V3* ions in the
cubic sites—what role do they play in the resonance
spectra? Third, in view of the strong reduction in
the spin-orbit coupling parameter, as they predict,
which envisages a strong Jahn-Teller interaction,
one would expect the second-order spin-orbit inter-
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action due to the excited vibronic levels to be im-
portant® and no conclusion could be made on the
basis of the first-order spin-orbit Hamiltonian as
used by Bates ef al.? Actually, it can be shown that
the solution of this Hamiltonian does not give an
unique set of values for A and k(7;) and one could
explain quantitatively the observed values of g and
D even with an unquenched spin-orbit parameter 2
and a different value of the tetragonal field A.

Also, the model of Bates et al. does not explain the
unusually asymmetric line shape of the observed
APR spectra.

In the present paper, a theory of the APR of V3*
ions in a MgO crystal is developed which brings in-
to evidence the important role played by the ex-
cited vibronic levels in splitting the vibronic spin-
orbit ground states of V3 ions at the cubic sites.
The spin-orbit interaction within the vibronic
triplet ground state (7,) causes only a reduction
k(Ty) in the spin-orbit interaction parameter X and
gives rise to a fivefold degenerate lowest level
(To +E,). It is shown here that further splitting
of this fivefold level into a nonmagnetic doublet
state E, and an excited triplet state T, is caused
by the effect of the excited vibronic levels on the
vibronic triplet ground state 7y,, i.e., through the
second-order spin-orbit interactions. Thus V* ions
in MgO seem to be an unique example where the
importance of the vibronically induced spin-orbit
interaction is manifest in lifting the degeneracy of
the spin-orbit ground states which were otherwise
accidentally degenerate. This is in contrast to
other cases of ions like Co® * and Fe? % in MgO
with an orbital triplet lowest level in which the
Jahn-Teller effects have been studied so far. It is
the excited triplet T, within which the acoustic
resonance is observed and by studying the intensity
of the resonance absorption as a function of tem-
perature one would obtain the separation between
this triplet from the doublet ground state E,. The
assumption of Brabin-Smith and Rampton that the
orbital triplet state Ty, is relatively weakly coupled
to the T, modes of vibration of the molecular clus-
ter formed by the six O ions surrounding the V3
impurity ion, is substantiated by our calculations
based on an effective point-charge model. So in our
present calculations the coupling of the Ty, level with
only the E, modes of vibration has been considered.
The zero-field separation between the T, and E,
levels and the g value within the T, triplet state are
expressed in terms of E;, the Jahn-Teller energy
due to the coupling with the E, modes of vibration
and wp, the frequency of these modes of vibration.
The values of E;r and Zwg thus determined by com-
paring with the experimental values of g and D are
in reasonably good agreement with the value of
E; calculated on an effective point-charge model
and that of 7wy obtained from experimental results

1759

on phonon sidebands for different paramagnetic ions
in MgO.*®

The APR spectra of the V¥ ions in MgO are thus
shown to be due to the V** ions at cubic sites and the
experimental g value and the zero-field separation
D are well explained on the basis of this model.

But to explain the very broad and unusually asym-
metric line shape, one has to take into account the
effects of the random strain fields of tetragonal and
orthorhombic types about the cubic sites. The
presence of the distortion divides the total number
of impurity ions into three groups, depending on
whether the tetragonal axis is parallel or orthogonal
to the Zeeman field. It will be seen that for all three
groups of ions, only one resonance absorption can
be detected easily whose peak is at g =gy, This
resonance corresponds to Am ==+ 2 transitions for
the ions with the tetragonal axis parallel to the mag-
netic field. The magnitude of the hyperfine inter-
action is also well explained in this theory assum-
ing a fairly reasonable value of the contact interac-
tion term.

We now present the details of this work starting
with an account of the theory based on the assump-
tion that the APR spectra in MgO: V** are due to
a definite static tetragonal distortion. In Sec. II,
we discuss the consequences of this assumption
taking the spin-orbit interaction in its first order
only, i.e., within the triplet ground state 7y,. We
discuss the theory of the Jahn-Teller interaction
for V3 ions at the cubic sites in Sec. III, and in
Sec. IV this theory is extended to include the effects
due to the presence of a small random strain field
of tetragonal nature about the cubic sites. The rel-
ative strengths of the coupling of the orbital level
Ty, with the E, and the T',, modes of vibration of the
molecular cluster and also the Jahn-Teller energy
E;rare calculated with an effective point-charge
model in the Appendix. The conclusions are sum-
marized and general discussions are included in
Sec. V.

II. THEORY OF APR OF V3* IN MgO ON ASSUMPTION OF
STATIC TETRAGONAL DISTORTION AND TAKING
SPIN-ORBIT INTERACTION WITHIN GROUND-STATE
TRIPLET ONLY

The V** ion is of 342 configuration and has a 3F
lowest term. The ionic levels are shown in Fig. 1.
The optical absorption spectra given by Sturge’
indicate that the vanadium ion in the triply ionized
state enters substitutionally in a MgO crystal
and the °F term splits up into two triplets ®7y, and
8T, and a singlet %A, the triplet 7y, being the
lowest. Any transitions within the *F and the D
terms are spin forbidden but there is admixing of
the T, level due to the 3P term and the ground
T\, level by the cubic crystal field. Denoting the
separation between the *F and the P terms by
15B, where B is the appropriate Racah integral,®
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field. The cubic representations follow Mulliken’s notation and for the tetragonal representations we have used G;’s.

we get the following expressions for the energies
of the different levels in the cubic crystal field:

ECT2,)=0.5{(15B - 6Dq) - [(15B + 6Dg)?

The angular -momentum operator 1w1th1n the
orbital trlplet is given by T=a 1, where a=-1.5
X (cos?0 +Zsin?9) and L is the orbital angular mo-
mentum of the F term and has the value 3. With

+64D% %t/ 2} the values of B and Dgq obtained from the optical
s R data, o comes out to be ~1.2. When the mixing
E(Ty)=2Dg , E(Ay)=12Dq , (1) between F and P terms is neglected a is -1.5. A

E(T%)=0.5{(15B - 6Dq) + [(15B - 6Dq)?
+64D2q2 ]1/2}_ ,

where Dg is the usual cubic field parameter. As-
sociating the observed optical spectra of the tran-
sitions 3Tf,~ 3Ty, and 37§, ~ °T},, we get Dg=1707
cm™ and B=484.66 cm™'. It is to be noted that
this value of Dq is of the same order as that ob-
tained by Pryce and Runciman® for the case of V**
in Al,0;, whereas the parameter B is much re-
duced. The net effect of the mixing of F and P

reduction factor K due to the covalency effects
should also be taken into account so that T= aK 1.
When vibronic interactions are considered so that
the triplet ground state is vibronic rather than elec-
tronic, there will be an additional Ham reduction
factor.

We shall now examine the consequences of the
hypothesis that the APR spectra of MgO : V** are
due to the combined effects of a tetragonal field and
the spin-orbit interaction, effective only within the
triplet ground state. On this supposition the per-
turbing Hamiltonian of the system is

terms in the lowest T, level is to change the value D)
of the effective angular momentum within this trip- K= +3Cr @)
let. The orbital ground state 7%, is given by where
T4g = T1,(F) cosf + T1,(P) sing , (2) FOL = Ngpe 1+ §
where and (4)
tang = — [(6Dg +15B) + (225B% + 180BDgq Jp=—-af12-41(1+1)].

+100D% % 2] .

By 363’ we denote the spin-orbit interaction in its
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first order where all the excited levels are excluded
from consideration. The tetragonal field splits up
the orbital triplet ground state into a doublet and a
singlet, the singlet lying A cm~! above or below the
doublet depending on whether A is positive or nega-
tive.

The energy-level diagram under the action of
these perturbing interactions [Eq. (3)] is drawn
schematically in Fig. 1 for both positive and nega-
tive values of A. For positive A, the lowest level
is a nonmagnetic doublet (the degeneracy is acciden-
tal) with another doublet as the first-excited level,
as has been found by Bates ef al. For negative A,
the doublet is still the first-excited level but the
lowest level is a singlet. The separation of the
first-excited doublet from the ground-state level is
given by

D= =% [8+y —(9+y%)/2] for positive A

and (5)

D=— 3\ [-3-(9+9%)/ 24 (729 +36y% - 108y)'/?]
for negative 4,
where
Y==30/2 .

Taking this doublet to be the |+1) states of an ef-
fective spin S=1, we get the following expression
for gy

gu=%1cos?8[- 2aK(1 +tanp)® - 4(1 —tanp)?], (6)
where
tanB=3/y +(9/y2+1)*/ 2,

It should be noted that A ¢= KX ¢ree jon, Where K
takes into account any reduction in A from the free-
ion value due to covalency effects. The multiplying
factor a has been defined above. Taking the free-
ion value to be 104 cm™!, '° one obtains X =—125
cm™ if no reduction is considered. At one end of
the scale, when K is taken to be nearly unity one
gets D=6.63 cm™ and g=0. 69 for A\, =—120 cm™!
and A=-45 cm™. At the other end of the scale one
gets D=3.7 cm™ and g=0.70 for A= —24 cm™
and A=8.0 cm™. And in between there are a num-
ber of different sets of values of Ay and A, with
which similar quantitative agreement with the ex-
perimental values of ¢ and D is obtained. Remem-
bering that our definition of A.¢; includes the factor
-2, it can be seen that the latter set of quoted
values is nearly the same as that given by Bates
et al. With the Hamiltonian in Eq. (3) one never
really attains a simultaneous good fit with the ex-
perimental values of D and g as given by Brabin-
Smith and Rampton. Even if one overlooks this
quantitative disagreement, one cannot be satisfied
with the assumption that the spectra are due to v
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ions in tetragonal sites because of the following
difficulties:

(i) If one assumes no reduction or a very small
reduction in the value of X then to get a close fit of
the experimental results one finds that the mag-
nitude of the tetragonal field is somewhat large but
not so large as to be explained by charge-compen-
sation processes, ! although the sign seems to be
correct. However, it is highly improbable that 2
will remain unquenched in MgO : V**, in view of the
fact that the vibronic interactions should be im-
portant in this system.

(ii) On the other hand, if a sufficient reduction
in A is taken into account then the magnitude of the
tetragonal field comes out to be very small. It is
not clear what mechanism can give rise to such
small but definite value of A. Also, a large reduc-
tion in the spin-orbit parameter can only be ex-
plained in terms of a fairly strong Jahn-Teller
coupling, in which case, no conclusion can be ar-
rived at before one investigates the second-order
effect of the vibronically induced spin-orbit inter-
action.

(iii) Whatever may be the origin of the tetragonal
field, there should be a large number of V3* ions in
the cubic sites and no theory is complete unless one
knows what is the nature of the spectra from these
sites. Also, the very asymmetric line shape of the
observed spectra has to be correctly explained.

III. THEORY OF THE DYNAMIC JAHN-TELLER EFFECTS
IN V3* IONS AT CUBIC SITES

The V3 ion in the MgO lattice has an extra posi-
tive charge compared to that of the host ion Mg®
and as a result, the extra charge would be compen-
sated by the creation of a positive ion vacancy near
the V* ion as in the case of Cr® in MgO.'? But one
positive ion vacancy at the Mg?* site will compen-
sate for the extra charges on two V** ions, one of
which is local and the other nonlocal. For the local
V¥ ion, the vacancy would produce a crystal field
of symmetry lower than cubic whereas for the dis-
tant ion the symmetry would still be cubic. So one
expects equal numbers of V3* ions in cubic and non-
cubic sites. In this section we shall study the na-
ture of the APR spectra of the V3* ions at the cubic
sites taking the Jahn-Teller interactions into con-
sideration.

For the V3* ions in the cubic site the total Hamil-
tonian is

3=3Cson +Ioupic+ HKiattice + Hyjp +Fso +3€z+RM .
(7)

The energy levels of the first two terms of the
above Hamiltonian have already been described in
Sec. II and are shown schematically in Fig. 1. As
the first-excited orbital level *T,, is 16000 cm™
above the ground 37§, level” in this section we shall
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confine ourselves exclusively to the ground -state
triplet.

A. Orbit-Lattice Interaction

In problems of paramagnetic ions in crystals,
the nearest-neighbor model has been shown® !? to
be adequate for describing the orbit-lattice inter-
actions and the only relevant modes of vibration of
the molecular cluster formed by the six 0% ions
surrounding the impurity ion with which the orbital
triplet *7¢, will interact are the E, and 7', modes.
Thus, following the notations used by Ham, 3 we
have

Hiattice = [(1/2u)(P§+P§) + —éuwg(ngthf)] 9
+[(1/2u)(P+ P} + PE)

+3uwi(QF+Q2+¢h)] (8)

and
Hoip= V(@ 85+ Qe 8) +Vr(QyT y + @y To+ QT ¢)
(9)

where P and @ denote the momentum and the sym-
metry adapted displacement coordinates. 6 and €
are the two components of E, modes of vibration,
and &, 1, and ¢ are the three components of the
T, modes of vibration, wp and wy denoting, re-
spectively, their average frequency. p is the ef-
fective mass of the modes which in the molecular
cluster model is equivalent to the mass of the O%
ion.® Vyand V, are the coupling coefficients for
the E, and T,, modes, respectively, with the T,
orbital states. The three components of the elec-
tronic Ty, ground level are denoted by 1X), 1Y),
and |Z) and the matrices 9, &, and 7 defined
with respect to these states are given by

100 30 0
s={o 1 0], =10 3 0},
001 00 -1

-3v3 0 0
& = 0 V3 0] ,
0 0 0
2 0 0 0 0 -1
T¢,;:=|3 0 -1}, ¥,=\ 0 0 O » (10)
0 -1 0 -10 o0
and
0 -1 0
Ty=|-1 0 0
0 0 0

The expression for ¥C,;, is simplified in the
present case because Vp is much smaller than Vj
as we shall see in the Appendix and consequently

one can neglect the coupling with the T, modes.
Considering 3Cy,44ce and ¥y, for the E, modes only
we can construct the vibronic states which have the
following eigenvalues and eigenfunctions:

E,,,g,,e=E0—EJT +(ng+n.+1) iwg

and (11)

| ingne )= li>F,,9 (Qp +ap) Fy (@ +a) ,

where E, is the energy of the electronic triplet

T{, whose components [i) stand for [X), |¥), and
|Z). The vibrational quantum numbers #, and 7,
can have values 0,1,2,3,... . The Jahn-Teller
energy E;r is given by V2/2pwi. F(Q) is the one-
dimensional simple harmonic wave function. a,
and a ;. are defined as

a=Vpen/Lwh, ap=Vpe./Lwk, (12)

where e, and e;, are the diagonal matrix elements
of §, and &, respectively, given in Eqs. (10).
The vibronic ground levels which still form a
triplet state are denoted by | X00), |Y00), and
| Z00 ), and the vibronic excited levels |inyn.) are
(ng+ne) Fwy cm™ above the triplet. From the ex-
periments on phonon sidebands in MgO crystals
doped with different paramagnetic impurities one
finds that Zwg is of the order of 400 cm™,® and we
have already seen that the maximum value of
[Xeesl is 125 cm™. Hence we can take the spin-
orbit interaction as a perturbation on the vibronic
states. The perturbation procedure is further
justified because E;p > [y, l, as will be shown
later on.

B. Spin-Orbit Interaction

Within the vibronic ground triplet state, the 3C,,
or more correctly 3¢’ is given by

s =x, 1,8, (13)

where [, is the orbital angular momentum within
the vibronic triplet and is given by

g = N0 (X00 | | (@) | | Y00) /{X00 | |(,), | | Y00)
= Nops €Xp(~ 2 %),
where
x=E;p/lwg . (14)

Thus if we consider the vibronic ground triplet
state only, then the degeneracies of the spin-orbit
states will not change from that which we obtained
earlier in the pure electronic case without taking
account of the lattice vibrations. The eigenvalues
and hence the energy separations of these states
will change due to the new spin-orbit interaction
parameter \,. The vibronic spin-orbit states and
their spin-orbit energies are
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\/—é(2|zoo> s> - x00)|s,) - |¥00)[s,))| enerey

E,: 1 N
—5 (1x00)[s,)~ |00} |s,))
T;‘ (|¥00)|s,)+|200)|s,))

Tyt 7 (X00) [5,)+]200) [s.) N

1

— (|v00) |s,) + | X00) |s,))
72 (15)
7;_ (1¥00) |s,) = | 200) | 5,))

Tyt 72— (| 200) |s,) - [ x00) |s.)) ~h
T; (| x00) |s,) = | ¥00) | 5,))

Ay T;(!X00> |5.)+]¥00) [s,)+]200) [s,)) -2,

where the spin states |s,), |s,), and |s,) are
given by

1
ls.)== 2 (1) =[-1),
[s,0= 75 (1D +]-1)), (16)

|se)=10),

in terms of |m,) states. Next, we consider the
perturbing effects of the vibronic excited states

| Xngn,), |Yngne), and |Zngn,) on the vibronic
triplet ground state |X00), |¥00), and | Z00)
through the spin-orbit coupling. The effective
second-order spin-orbit Hamiltonian due to these
vibronic excited levels is®

33 = = Mg+ 15y o) +15282) = XalexleyS 15y
FloylenSySx+loylesSySa+leeleySeSy
+loelex SeSy +loxles Sy Sy » (17)
where
=03, /Fwg) exp(- 3x) G(3x)
and (18)
Xo= (A%, /THiwy) exp(— 3x) G(3x/2) .

1

It can easily be shown that in the present case
where the spin is unity, the form of the effective
spin-orbit Hamiltonian remains the same as given
in Eq. (17) if higher-order terms are considered.
But it is sufficient if we consider the interaction
up to the second order, because for higher-order
terms the parameters x; and 2, will be very small
as both E;; and 7wy are much larger than Ag;.
This effective Hamiltonian will lift the degeneracy
between the E, and T, levels and will cause shifts
in the energies of the other levels. The modified
spin-orbit energies are

Eg ix, =20 +2g,
T&,:Ag —7\1 , (19)
T1g:—')\g—)\1 s

A]_g: —Z)tg —2}\1 —2)\2 .

Thus the separation of the excited triplet from the
nonmagnetic ground doublet is Ay —A,. The vibronic
spin-orbit energy levels are shown schematically
in Fig. 2.

It should be mentioned here that the mixing of
the vibronic excited levels through spin-orbit in-
teraction will modify the T, spin-orbit states
[Eq. (15)] to the following expressions:

'T12x>=7;_[‘Y00>|sz>+’200>lsy>] +T]é 2 [Cl(”ene)|2n8”e>|sy>+cz(”ene)lyne7k>'sz>];
Tple
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‘ng>= 72 [|Z00> \Sz>+ \XOO} ’33>] + 72* E [Ca(n9n5)|Xn97@> |Sz> +C4("e7’le) 'Z"e"e> ‘sr>] s
Tyl
|7%)= 75 [|X00)|S,)+|Y00)|S,)] + 7 [Cstngne)| Yugne) |S,) + Cslngne) | Xngne) 18,07 (20)
Mg Me
[
where be simultaneously zero.
Cy= _%Z_:J_ é:@_);g;(f_) exp(-3x) , C. Zeeman Interaction
E Mo+ e We now consider the effect of the Zeeman field
Com - Ntz A(6) B_(€) exp(— 2x) on the vibronic spin-orbit states. In analogy with
27 hwg Ng+ Ne DA=2%) the spin-orbit interaction we can write down the
ffective Z i tion f i i ip-
o Aegr A(8) Bi(€) exp(c 32) (Ieetegcr;\:;d :te;?:rgsmterac ion for the vibronic trip
T hwp  mgtn, = (21)
s 1) 2o 2)
Nt Au6) B.(€) ) B30 436 (22)
Ce=~fw Ng+n exp(-2%) ,
E o 6/2 where 3¢{!) stands for the Zeeman interactions on
_ Denr _{( _1_)l (_ 3 Ve p_>"€ exp(— 3 the vibronic triplet ground state neglecting the
Cs= Twg ne \ 1! vz pw? xp(=32) , vibronic excited states and 3¢?) is the additional
e e second-order term which takes into account the
_Aeg 1 (_L> ( NE Vep ) exp(-3x) , mixing of these excited levels with the triplet ground
fwg ne \ ne! pow state through spin-orbit interaction. These are
and given by
- 3 vp \%® (1) _ g (vT Loa
A,(6)= 2y ) 1/2<i§7§ﬁ% , e =pH (y1,+258),
3 n where
- Vp \e
B,(€)=(n !)"2/2 (i V2 pw?) y=aK exp(-3x/2) (23)
and

p=(pw/mt'2.

The summation Z,,'g,,e indicates that », and %, cannot

excited

vibronic

levels
Ixngn,> etc.

_——_-e\
3,0 Sso
Tlg S~
(1x>1v>,12>) 1X00>,1Y00>,
1zoo>

Cubic field +

vibronic interaction + \g lg. S

5P =gy BUZ s Hy+12s, Hy+12 s, H,)

—
o A —————— e
Alg
- - 1>
T o <|o>
1
9 Tig 1-1>
S 11>
s
RN 29 1-1>
Eg
+ Eq.(17) + Zeeman interaction
[€)) (2)

(Zeusic)

(xlamce"‘xvib.)

(%, (*,. @2 2?)

FIG. 2. The low-lying vibronic energy levels of the V¥ ion at cubic site in MgO with spin-orbit interaction.
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X [Ugpley +lgylex NS Hy+SyH, )
+ Uy lggtleeley Sy Hy +5,Hy)
+ Upplon +lonlee S He+ S HYT

where

g1= - 28 0ett op(— 31) 6(3x)

Wg

and

&=—w?“‘uM—MNNMﬂ). (24)

E

The terms nonlinear in H are neglected because
they are of much smaller magnitude. We shall
now study the effect of the Zeeman interaction on
the spin-orbit states.

E,: Within this lowest spin-orbit doublet neither

368 nor 3¢? has any nonvanishing matrix elements.

Consequently the magnetic field causes no splitting
of this doublet.

T,,: Operating ¢, [Eq. (22)]on the three states
of this triplet we get the following determinant:

0 iBH,[(1+37)+g2] 0
—-iBH,[(1+37) +g5] 0 0
0 0 0

(25)

The eigenfunctions and the eigenvalues of this de-
terminant are

IT%):0,

| Th) = | T :BHL L+ +2)
(26)

A (T8 ] T = BH L+ v +g9)

where the states |7}, ) are those given in Eq. (20).
Using the spin-Hamiltonian formalism, we can
describe the above three states as the [0), 1) and
|- 1) states of an effective spin S=1 and their en-
ergies by an effective spin Hamiltonian gBH,S,, so
that we have

g=1+37+g, . (27)

This result will not change for the magnetic field
along x or y direction because the symmetry is
cubic.

Ty, : In analogy with the case of the T, triplet
we can show that the triplet Ty, can be character-
ized by an effective spin S=1 and a spin Hamil-
tonian gBH,S, where

g=1+3v-g2 , (28)
the three states being 75, (1/V2)(I1T})+i|T?)),
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and (1/V 2)(IT}) -i1T?)). Figure 2 shows the na-
ture of the magnetic field splittings of the spin-
orbit states.

D. Transitions Induced within Zeeman States by Acoustic Waves

In APR experiments sound waves are propagated
within the crystal which will cause periodic dis-
placements of the ions and these are coupled to the
spin of the impurity ion through orbit-lattice and
spin-orbit interactions.* These displacements in
the molecular cluster model are related to the
symmetry-adapted displacements of the cluster.

Within the electronic triplet °T{, the Hamiltonian
for the sound waves® can be written in the same
form as in Eq. (9),

%aound=[VE(Q-sge+Q_—ege)

+VT(6;‘I}+§,, ‘I',,+§c 7¢)]coswt , (29)

where w is the frequency of the sound waves and

the @; are the symmetry-adapted displacements of
the ions in the cluster due to the sound waves. For
sound waves with propagation vector K and polariza-
tion P having direction cosines I,, m,, n, and 7,,
my, ny, respectively, with respect to the crystal
axes, we can write!®?

— €R
Q¢= 73 (2ngng—mymy—111,)

65=€R(m1m2—lll2) ,
6l= (R(mlnz'f‘ mznl) ) (30)

Qq=€R(nyly+nyly)
Q¢ =€R(Iymy+1ymy) .

Here € is the strength of the strain due to the
acoustic waves and R is the distance of the nearest
O% ions from the V** ion.

The probability of transition induced by the acous-
tic waves within the Zeeman states is estimated
directly by calculating the matrix elements of
FCeoma Petween the actual Zeeman states or alter-
natively one can construct an effective spin Hamil-
tonian for the acoustic waves and then calculate
the matrix elements of this effective Hamiltonian
between the Zeeman states expressed in terms of
an effective spin S. The latter procedure is more
convenient for the study of the line shape and con-
sequently we adopt it here. The ground E, doublet
is nonmagnetic and hence it does not participate in
the resonance experiments. We therefore consider
the next excited triplet T'p, .

The effective spin Hamiltonian for the sound
waves JCqy,, Within this triplet described by an ef-
fective spin S=1, is given by!5'16

V3

= | S G (5835 VB3-SR,
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+ —GI—:(L [(Svst"'szsy)ét + (S:sx+sxst)5n
+(5,5,+5,5,) Q¢ ]} coswt , (31)

where Gy; and G4, are the magnetoelastic constants.
These can be expressed in terms of Vz and V; by
equating any of the matrix elements of 34y, Within
the effective spin states |0), |1), and |~1) with
the corresponding element of ¥Cgy,q Within the actual
Zeeman states given in Eq. (26). Thus, we obtain

Gyy=(1/V3)VzR and Gyu=%V Rexp(-3x) ,

32
where the exponential factor arises from the ré- :
duction of the T, -type operator inside the vibronic
ground level due to orbital coupling with the E,
modes only. Let us now consider the transitions
induced by 3C4,, when the Zeeman field is along
[001] and the longitudinal sound waves are propa-
gated in an arbitrary direction [I,m,n,].

(i) Amg=+1, i.e., transitions |0)—~ [1) and
|-1)~10): The resonance condition for these tran-
sitions is 7w =gBH, where g is given by Eq. (27).
The intensity of this line will be proportional to

2
[€0l3um | 0125 L (@3+3) (33)

It is evident from Eqgs. (30) that in the case of
longitudinal waves propagating along [100] or [010],
Q;=Q,=Q,=0, so that, in neither of these cases
will Amg=x1 transitions be observed. For the
sound waves in any other direction in the [110] plane
Q¢ is nonzero, but no resonance due to Am g =+1
transitions is observed because this particular

component of the Ty,~type displacements does not
participate in this transition, as is evident from

Eq. (31). For any direction of propagation other
than in the [110] plane, although the transition is
allowed the intensity will be very small due to the
small magnitude of Gy4.

(ii) Am=+2, i.e., the transitions [-1)—~|1):
The resonance condition in this case is 7w = 2g8H,
where g is same as before. The intensity of this
line is proportional to

1 - —
(1 [HCam |- ] 2= 52 (F5 CHQE+ CLaQE

+36,,6G4Q,Q;) . (34)

When the longitudinal acoustic waves are propa-
gated in [100] or [010] then the intensity is pro-
portional to Gfl only. When the waves are along
[110] the intensity will be proportional to G, only.
Hence there will be a large decrease in the inten-
sity of the resonance line due to the Am g =+2
transition as the propagation direction of the sound
waves is changed from [100] or [010] to [110].

T. RAY 5

E. Different Features of APR Line for V 3* Ion at Cubic Site

We shall now study quantitatively the different
features of the spectra due to the first-excited
Ty, level for V3* ions in pure cubic sites. The
zero-field separation of this level from the ground-
state doublet is given by

D‘;%;’“ exp(= 30)[G(3x) - G(% x)] (35)

and the g value of the resonance line is

K
g=1+%— exp(~x)~

2 Ry exp(-3x)G(3x) .

fiwg
(36)

Thus both D and g are functions of Ay,,, E;r, and
fiwg. Since Agpp=—1.2KX; 0100, Where K is the
covalency factor, we can study the variation of D
and g as functions of E;p and 7wy for some partic-
ular values of K. In Fig. 3, we have plotted D and
g against Eyp for some relevant values of Zwg,
taking K=1, i.e., assuming the covalency effects
to be negligibly small. The three values of Zwg,
namely, 400,450, and 500 cm™ are chosen on the
basis of the experimental results on phonon side-
bands associated with the zero-phonon electronic
transitions in MgO doped with Ni¥*, V%, Cr®, and
Mn** ions. ® It is evident from these curves that
the peak in the phonon density of states occurs be-
tween 400 and 500 cm™ in all these cases. Now
taking the g value to be the more precisely known
observable, we determine the range of E;; within
which g=0.69+0.01 from each of the g-vs-E;
curves and then find the range of values for D from
the corresponding D-vs-E;; curve. We tabulate
these values in Table I for three different values
of K and three values of 7wz for each K. It should
be noted that if we take the experimental value
10.2+1.0 cm™ as our reference for D, then as we
decrease K we have to take lower values of Zwy in
order to get a simultaneous fit with both g and D
within the experimental uncertainties. Assuming
negligible covalency effects, the simultaneous fit
with g and D is obtained for %wy =500 and 450 cm™
with the range of Ejy lying within 280-300 and 260-
280 cm™!, respectively. These values of iwg are
relevant as we have already noted. Also the rela-
tive magnitudes of Eyp and 7Zwy seem consistent on
the basis of an effective point-charge calculation
(Appendix). For K=0.9 we obtain simultaneous
fits with D and g for 7w =400 and 350 cm™. These
values are further lowered as K decreases. Hence
on the basis of existing experimental data one can
infer that the covalency effects are unimportant
and E;p and 7wy cannot be estimated more pre-
cisely than the values quoted in Table I. But, one
can convincingly say that the experimental g value
and the zero-field separation D are explained by
taking proper account of the dynamical Jahn-Teller
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FIG. 3. The variations of g and D
parameters with E;p for some values of
nwg with the covalency factor K=1, The
solid and the broken lines represent D
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effects within the orbital triplet 37, of the V** ions
at cubic sites in MgO.

This model alone is, however, not sufficient to
explain the broad asymmetric line shape.

Also, one should note that [from Eq. (32)]

G11/Gaa=(2/V3)(Vg/Vy)exp($x) . (37)

With Vz/Vy~5.6 and Eyp/fwg~ 0.6 we get Gyy/
Gy~ 16.0. Thus the intensity of the resonance
due to Am ==+1 will be very weak and the line which
is observed corresponds to a Am =+ 2 transition.
But the expression for the intensity of this line
[Eq. (33)] indicates that when the sound waves are
parallel to [110] then the intensity is proportional
to G}, and hence in this condition the resonance ab-
sorption is expected to be very weak. This con-
clusion is also not in agreement with the experi-
mental observation. In Sec. IV, we shall see how
far the line shape and the intensity of the observed
resonance are explained when we take account of
a small random strain field at the cubic sites.

IV. EFFECTS OF SMALL STRAIN FIELD ABOUT CUBIC SITES
ON APR SPECTRA OF V3* IONS IN MgO

Assuming the existence of a small strain field in
an arbitrary direction about the cubic sites, we
write the strain Hamiltonian in the following general
form:

1
Z}Cstrainznﬁ_ [VE(8069+69 e,)

+Vp(Tyep+ Tyen+ Teep)] . (38)

The second term is neglected in the present cal-
culations because V; is much smaller than V. The
symmetry-adapted strain components ¢, and e, are
given by*®

1
e="75" (2e,,— e —e,) ,
(39)
€= (exx"eyy) .
From the above expressions it is evident that e,
and e, characterize distortions of tetragonal and
orthorhombic type about the z axis, respectively.
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TABLE I. The range of the Jahn-Teller energy E;p is fixed from the g-vs-E; curves taking g=0.69+0.01, The
column for D gives the corresponding values of D within this range of E;y from the D-vs-E;p curves.

Energy of the E, modes

Covalency factor
of vibration Zwg(cm™!)

Jahn-Teller energy
Ejplcm™)

Zero-field separation

g value D(cm™)

K

500.0 289.0+11.0 0.69£0.01 9.99x0.03

1,00 450.0 269.0x11.0 0.69+0.01 11.09+0.03
400.0 246.0+10.0 0.69+0.01 >12.5
400.0 237.0+ 9.0 0.69+0.01 9.67+0.02

0.88 350.0 212,0+ 6.0 0.69+0.01 11.04+0.02
300.0 193.0+ 7.0 0.69+0.01 >12.8
350.0 209.0x 9.0 0.69+0.01 9.13+0.03

0.80 300.0 187.0x 7.0 0.69x0.01 10.66+0.01
250.0 164.0+ 6.0 0.69+0.01 >12.7

These strain fields would cause splittings of the or-
der of 1 cm™ and hence we can consider the Hamil-
tonian in Eq. (38) as a perturbation on the spin-
orbit states. In the present analysis, we shall con-
sider the effect of the strain Hamiltonian on the T,
vibronic spin-orbit triplet state only. The three
components of the T, level which were degenerate
for a site of cubic symmetry [Eq. (20)] will split up
into three separate levels due to Cgypai, and their
energies will be given by

Tje: (Ve/4R) (—eo+ V3eo) ,

T3: (Vs/4R) (—eo— V3e,),

ngi (Vg/2R) ey,
with reference to their spin-orbit energy given in
Eqgs. (30). As in the cases of 3y .0, and HCqoung W
can also express the strain interaction as an effec-
tive Hamiltonian acting within the triplet state de-
scribed by an effective spin S=1. This has the
form

Jcspln(straln) = 6(3S§— S(S“‘ 1)+E(Saz: - 35) ’

(40)

(41)

assuming the z axis to be the direction of the tetrag-
onal distortion. From the equivalence of the two
expressions given in Eqs. (38) and (41), one can
show that

§=- (VE/4R)39
and

E=(V¥3/4) (Vg/R)e.. (42)
Both 6 and E vary randomly. For orthorhombic
strains, x, v, and z directions are all nonequiva-
lent and consequently if the Zeeman field is taken
along any of the cubic axis, e.g., along [001], and
5 and E are taken to be arbitrary parameters, then
the following effective spin Hamiltonian would ac-
count for all the ions in the crystal. This spin-
Hamiltonian would act on the spin-orbit triplet state
[Eq. (20)] and is given by

Hopta=8u BH S,+ 6 [352-S(S+1)]+ E(SZ-S%). (43)

The resulting eigenstates and their eigenvalues
are

$1=|1)cosb+ |- 1)sinf: 6+ (g%p2H?+ E?)2,

Yp= |1)cosb—|-1)sin6:6 - (gZp2HE+ ER)Y?,
(44)

3= |0) P =25

where
tan6 = [(g2pPH?+ E®)? g, BH]/E .

Now as the acoustic waves of frequency w are
propagated within the crystal in an arbitrary direc-
tion, the following transitions are induced:

Amg=+2. From Eq. (31), the resonance condi-
tion for these transitions is

hw=2(g% FPH?+ E?)V2,

From Eq. (31) the probability of these transitions
comes out to be proportional to

1 —
|<¢1 {%dyn'%)'z:'R—é (T%Gi Qze

+G5 Q8456164 Q. )(cos?6 - sin?6)? .

k

(45)

(46)

From Eq. (45), we see that for any direction of
propagation of the acoustic waves, the maximum
resonance field is needed for those ions for which
there is no orthorhombic distortion. The intensity
of the resonance line also attains the peak value at
E =0, because then tan6=0. The g value corre-
sponding to the peak of the absorption line is g,
=8Zuie- The strain field has a distribution on either
side of the cubic field (E =0), but the quadratic pow-
er of E in Eq. (45) ensures that the resonance line
has a sharp cutoff on the high-field side. On the
low-field side there will be a long tail because all
the ions with £ #0 will contribute to the resonance
line. The intensity falls off as E increases, be-
coming zero as E reaches the value 7w/2, which
is of the order of 0.15 cm™,

It should also be noted that the intensity of the
resonance line is proportional to (9/16R?%) G% @2
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X (cos?6 - sin®6)? when the direction of propagation
of the acoustic waves is along [100] or [010]. But
as the propagation direction is changed to [110], the
intensity of this particular line becomes propor-
tional to G, and is small.

Amg=+1, The resonance condition for these
transitions is

nw=36+ (g2 pPH%+ E?)V/2 (47)

and the propability of transitions is proportional to
[from Eq. (31)]

2 —
[ 1] 3Cayn [93) [2= (23_143% [(cosf - sin6)® Q%
+ (cos6+sinf)?@2] . (48)

For the acoustic waves propagating in the xy plane
these transitions are not allowed. For any general
direction of propagation of the acoustic waves away
from the xy plane, the resonance is allowed but it
is difficult to detect it because the line suffers a
large broadening due to the distribution in & and
also because it has a very low intensity, the ab-
sorption being proportional to G%,.

It is seen from Eq. (45) that the tetragonal dis-
tortion does not enter into the resonance condition
for the Am =+2 transitions. So the ions with dif-
ferent values of & contribute to the APR signal, but
the orthorhombic field E determines the shape of
the line.

V. DISCUSSION

First, let us see whether the magnitude of the
hyperfine interaction parameter A, which was found
experimentally to be 0. 0042 cm™, is explained by the
model presented in this paper. The basic hyperfine-
interaction Hamiltonian operating on the orbital
ground state 3F of the V3 ion is given by

Jopg=P [T + 5L @+ D8 I- T HTD
3T @-8) +£ST), (49

where P=2Buy (1/7°)=0.0102 cm™, L=3, and & is
the strength of the contact interaction.'” The matrix
elements of this Hamiltonian between the vibronic
spin-orbit states given in Eqs. (20) should be equal
to the corresponding matrix elements of the effec-
]

&y ™y

)\2
WD = - 2 [al2, 24 Kb+ 0)(15, 5%+ 13,5%) + 3 - e) (1

E
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tive hyperfine Hamiltonian A S-1 between the same
states expressed in terms of an effective spin of
unity. - Thus we obtain

A= sP{oK exp(- 3)+ 155 [12. 0 - 3(aK)?exp(- 3x)] - k}

PaKX,
* wg

From this, one can estimate % for V3* ion using the
experimental value of A, With A,,=-125.0 cm'l,
E =300 cm™, Awg=450.0 cm™ and taking the
covalency factor K to be unity, we get 2=0.2, It
is hard to judge this value of 2 which is otherwise
not known and also because the amount of admix-
ture between the s and d orbitals of V3* ions is not
known. It will be interesting to calculate % for V**
ion in Al,O3 from the observed electron-paramag-
netic-resonance spectra'® and see how this value com-
pares to the above estimated value of % for V3* ions
in MgO. One would expect & not to differ much in
the two cases.

We have already pointed out that due to the charge
compensation of V3* ions in the MgO crystal, there
should be equal numbers of V3* ions in the cubic
and the tetragonal sites. So far we have concen-
trated our attention on the V®* ions in the cubic sites
which are shown to be responsible for the observed
APR spectra. Questions may now be raised about
the role of the V** ions in tetragonal sites, whether
these are at all observed in the APR experiments.
So, we shall now discuss briefly the theory of the
Jahn-Teller interactions for V¥ ions at the tetrag-
onal sites. In the presence of a static tetragonal
field the vibronic orbital triplet ground state T,
splits up into a doublet and a singlet, the singlet
lying A cm™ above the doublet. Next, as we con-
sider the spin-orbit interaction on these vibronic
states we find that the form of 3! remains the
same as that in Eq. (13) because the tetragonal field
is diagonal within the manifold of the vibronic
ground states. But the second-order interaction

32 will be modified due to the changes in the level
separations and for the case of the tetragonal field
splitting A being less than the vibronic splitting 7wy,
we can write

exp(-3x)G(3x) . (50)

Az’zsaac+ 152’55— lgz'xss - lgvsazc)

+c(1§x1£ysxsy+ lgylgxsysx) +A(Lge 1z S S+ 12150855+ 1y 12 Sy Sat 1, 1”5233,)] , (51)

where
a=exp(-3x)G(3x), b=exp(-3x)G(3x,f),
c=exp(- 3%)G(3, /)

d=zexp(- 3x)[G(2x)+ G (3x, -],

e=exp(-3%)G(3x, —f), f=4/lwg,

and
1,

G, f)=+"

n

_r
nln+ f)! -
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FIG. 4. The plot of the low-lying
vibronic spin-orbit levels of MgO : V¥
against the tetragonal field parameter A,
with %iwg=450.0 cm™!, E;p=250.0 cm™,
and the covalency parameter K=1,

This expression reduces to that of Eq. (17) when
the symmetry is cubic. Solving the total Hamiltonian
3¢ p+ 3088 + 30 within the T, triplet, we get energy
levels which are plotted graphically in Fig. 4 for
the particular values of Zwg=450.0 cm™ and E j;
=250.0 cm™. These solutions are valid under the
condition that A/ the tetragonal field parameter, is
less than the separation between the vibronic states
7wg. For the positive values of A, the separation
D between the ground singlet G3 and the excited
doublet G5 goes on increasing sharply with A, so
that even for small values of the tetragonal field D
would be fairly large. For negative values of A,
the separation D between the ground singlet G, and
the excited doublet G5 increases at a slower rate
but since the tetragonal field A is expected to be of
the order of — 200 cm™ for a positive-ion vacancy
in the next-nearest position, the separation D would
be too large to give rise to any observable resonance

absorption. The g value for the excited doublet G

is given by
gu=—(1-0.6 exp(- 3x)) cos2¢

AK A4y 3
i, exp(—3x)G(zx), (53)

+

where
tang = {20, = [422+ (A= Xy = A)2 /2}/ (A= N - ) .

The variation of g, with A is shown in Fig. 5. For
the variation in A~1 cm™, g, varies 1 part in 10°,
However, for large variation in 4, g, changes ap-
preciably. The strain fields around the cubic site
are small and the consequent variation in the g val-
ue will be negligible and hence there will not be any
significant addition to the linewidth on this account.
If there be any, then this will be on the high field
side. As regards the V3 ions in tetragonal sites
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FIG. 5. The plot of g against the
tetragonal field parameter A, corre-
sponding to Zwg=450.0 cm"!, E;p
=250.0 cm™!, and the covalency factor
K=1.
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arising due to charge compensation mechanism,
these would not be observed in the APR experiments
because of the large separation of the excited dou-
blet from the ground singlet.

We shall now discuss the different approximations
made in our analysis. First, the coupling of the
electronic triplet to the T,, modes of vibration was
neglected. This was done because (i) the magnitude
of Vp is one-fifth of that of V and (ii) the matrix
elements of the T,-type operators within the vibron-
ic triplet ground state would be reduced by the fac-
tor exp(— 3x). Second, we have not considered the
second-order spin-orbit interaction arising from
the excited electronic states. An order-of-magni-
tude calculation shows that its contribution to the
spin-orbit energy is less than 1 cm™ due to the fact
that the first-excited electronic level lies 16 000
cm™ higher and also because, the matrix elements
of the spin-orbit interaction are much reduced due
to the Jahn-Teller effect. Third, we have taken
the spin-orbit interaction as perturbations on the
vibronic levels. This should be a good approxima-
tion for V3 ions in MgO where 7wy, E;p>\. There-
fore, the energies of the vibronic spin-orbit states
given in this paper are not expected to change sig-
nificantly if one diagonalizes the vibronic and the
spin-orbit interactions within a large number of
vibrational states.

Next, we discuss the possible experiments which
can give additional confirmation of the model pre-
sented in this paper. Infrared measurements should
be able to determine directly the energies of some

of the excited vibronic spin-orbit states. From

our calculations we find the energy separations of
the excited levels with reference to the doublet
ground state E, to be 11,03, 119.6, and 142.2 cm™
for the Ty, T, and A, level, respectively, corre-
sponding to #wy=450.0 cm™, E;p=250.0 cm™, and
Aere=—125.0 ecm™. One should be able to determine
the last three basic parameters if infrared work
provides information about these energy-level sep-
arations. The strain-field distribution about the
cubic sites should cause broadening of the infrared
transitions. Additional infrared lines might be de-
tected from the V3* jons in noncubic sites due to
compensating charges. These correspond to the
energy levels plotted graphically in Fig. 4.

As regards the direct electron-paramagnetic-
resonance transitions one might investigate the pos-
sibility of using a sufficiently high magnetic field
(~ 100 kG) to bring one of the components of the G;
doublet within detectable range from the ground E,
level. Also, APR experiments with V** ions in
other cubic crystals such as CaO, BaO, or SrO
would be interesting in view of the fact that 7wy
and E jp will have values different from those of
MgO: V3, Measurements on the thermal conduc-
tivity should also give information about the excited
Ty, triplet.

In conclusion, it is once again emphasized that to
explain the APR results on MgO: V®* a model has
been worked out where (i) the vibronically induced
spin-orbit interactions in V®* ions at the cubic sites
are shown to be responsible for the g and D param-
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eters and (ii) a strain field of the orthorhombic and
the tetragonal nature about the cubic sites deter-
mine the unusual lineshape. It should further be
noted that the physical aspects of the model do not
depend on the accuracy of the experimentally deter-
mined parameters g and D. Even if one questions
the precision in the determination of the zero-field
separation D, the only change in the present analy-
sis will be in the range of values of E;; in Table 1.

APPENDIX: ESTIMATE OF DIFFERENT PARAMETERS
ON BASIS OF EFFECTIVE POINT-CHARGE MODEL

In the effective point-charge model each of the
neighboring 0% ions around a V®* ion is assumed to
have a charge Ze where Z takes partial account of
the overlap and covalency effects and is different
from - 2. In the present case we have estimated
Z from the experimental value of the cubic crystal-
line parameter Dg. We have Dg=Ze?(v})/6R%= 1707
em™ for MgO: V¥ ." Taking (74)=0.425 A% !° and
R=2.1A we get Z=-5.9 and with this value of Z
we shall now calculate Vg, Eyp, Gy, and Gy,.

(i) Vg and V,: Expressing the orbit-lattice
Hamiltonian in the form

o= 01 Ay, 7 0y Yy(Th) Q(TY)

and equating its matrix elements within the T{, elec-
tronic triplet with those of the vibrational Hamilton-
ian ¢y, [Eq. (9)], we get

VE__Jé"zee <_g<yg> gs_(ﬁ,))

(A1)

= 7 5 R "6 RS
and

T. RAY

o

7 5 R* RS (42)

The ratio Vz/V, is independent of Z and is equal
to — 5.6 with (#§) and R having the values quoted
earlier and (72)=0.455 A2 !° The Jahn-Teller ener-
gy involves the quadratic powers of V; and V; and
so in our analysis we have neglected the coupling of
the orbital triplet to the T, modes of vibration.
From Eq. (A2), we get Vy=1.73%x10™ erg/cm.

(ii) Ejp: Substituting the above value of Vy in
the expression for E;q, Vviz., Egp=V%/2uw?, where
W is the mass of the oxygen atom, we get E ;p= 315
and 400 cm™ corresponding to 7wy =500 and 450
cm™ respectively.

Thus we find that the values %iwg =500 cm™ and
E;p=(289+11,0) cm™ in Table I are closest to the
above estimates made in the effective point-charge
model. But in view of the approximations, no em-
phasis should be put on these definite quantitative
results. They do, however, give an idea of the or-
der of the magnitude of the different parameters in-
volved in the theory.

(iii) Gy; and G44: On the basis of the effective
point-charge model for the oxygen ions we get

VTzzez (_g (r%) s (r§) > ‘

Gy =VyR/V3~10* cm™
and
Gyy= VR exp(~ 3x)/2~600 cm™,
The above value of Gy; may be compared to that

quoted by Brabin-Smith and Rampton® as being
greater than 2x10° em™,
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