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rms absorption. There is also doubt that Wannier
levels can be observed in CdS, owing to the large
exciton binding energies. Finally, since a time
average of data must be taken at these small ~e
levels in order to eliminate noise, heating of the
sample can cause serious error unless the field is
turned off except during the actual measurement
time. Errors of this latter type increase the ver-
tical error bar dramatically through the tempera-
ture dependence of E, .

CONCLUSIONS

The results of these experiments clearly indicate

the existence of very small field- and temperature-
dependent oscillations. These oscillations agree
well with the Callaway theory for Wannier levels if
the light- and heavy-hole transitions are considered
to be independent and if the results are averaged
proportional to the effective masses (density of
states) of each band.

In addition to the small Wannier oscillations,
longer -period temperature-independent and sample-
dependent (for amplitude) oscillations were also ob-
served. It is believed that these oscillations are
those observed by French' and Vavilov et al. '
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Low-temperature electron-impurity scattering has been measured in n-type InSb using both
far-infrared Faraday rotation and ellipticity. The experimental results at 5'K using 337- and

119-pm radiation yielded scattering times of 3-5&&10 sec, which are in good agreement with
earlier measurements of scattering using cyclotron resonance linewidths. '%e results show
that dc theory cannot be used to describe this experimental regime, but must be replaced by
a more complete frequency-dependent theory of Coulomb interactions.

INTRODUCTION

The low-temperature dc conductivity of compound
semiconductors, such as InSb, is governed by pho-
non scattering down to about 60 K, while below this
temperature ionized impurity scattering dominates.
One might expect these me chanisms to oper ate at
infrared wavelengths, since measurements of scat-
tering times in some materials at high microwave
frequencies have yielded the same values as deduced
from dc measurements. '~ However, recent mea-
surements of low-temperature electron-impurity
scattering times in compound semiconductors

using millimeter and infrared cyclotron resonance
linewidths have yielded scattering times greatly in
excess of those determined by dc mobility mea-
surements. ' ' It would appear desirable to make
independent determinations of these scattering
times which are not necessarily related to a, reso-
nant process for comparison with the results of the
linewidth measurements. The free-carrier Faraday
effect provides an excellent method for measuring
low-temperature scattering over a wide range of
magnetic fields. The Faraday effect has been
widely used to measure the effective mass of free
carriers in many compound semiconductors. Use
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An electromagnetic wave propagating through a
semiconductor at low temperatures can be con-
sidered to be traversing a plasma consisting of the
free carriers with a background of positive ions.
Wave propagation in this ionized magnetized dis-
persive medium is described by the plasma di-
electric tensor and the dispersion equations. If
the wave propagating through the system represented
by

is traveling along the direction of an homogeneous
magnetic field and the material has at least three-
fold symmetry about this axis, the dielectric tensor
is given by

0
0

0
(2)

Here the z axis is chosen to be both the propagation
direction of the electromagnetic wave and the di-
rection of the magnetic field. The elements of in-
terest in this Faraday geometry are

m kiexy

with the plus and minus signs corresponding to
right and left circularly polarized waves, respec-
tively. In this convention, an electric vector with
right polarization rotates in the same direction as
do electrons in a magnetic field. In terms of the
complex index of refraction (n+iy), the dispersion
relations for the Faraday geometry (q)) B) are

(n, +i~,)'= e, . (4)

The rotation of the plane of polarization of a
linearly polarized beam arises from the different
phase velocities of the two circular components as
they propagate through the medium. Over a path
length l through the medium, the plane of polariza-
tion has undergorie' a rotation 6 given by

of the measurement as a means of determining
scattering times has been less frequent, and has
not been generally carried out under the experi-
mental conditions where the anomalies have been
observed by cyclotron resonance.

This paper reports on the measurement of Fara-
day rotation and ellipticity in InSb using several
infrared laser wavelengths. The results of these
experiments have been analyzed by fitting the ex-
perimental data to calculated curves over a wide
range of magnetic field including the region of
cyclotron resonance. The work yields electron-
impurity scattering times in close agreement with
those measured from cyclotron resonance linewidths
on the same samples.

THEORY

nfpdkc~n+s. n (7)&+ i/r

where n is the initial Landau quantum number, s
is the spin index, &, is the lattice dielectric con-
stant, and ~ is the electron-ion collision time.
Here the plasma frequency &~ is given by (d~
= 4wNe /e, n),", where N is the electron density,
e is the electronic charge, and m* is the effective
electron mass. The cyclotron frequency &u, = eB/
m c, where 8 is the magnetic field. The resonant
denominator of the integral in Eq. (7) contains the
resonant frequency ~„,& „which can be expressed in
terms of the conduction-band energy levels as

(u „=(1/k) IS(n+1, k„s) —$(n, k„s) j .
In terms of the band gap 8, and the electron wave-
vector component along the magnetic field direction
k„ the energy levels are given by

@(n,k„s)
1/2

—1+ 1+—,'+St«, (««-. +-. )

(9)
where the parameter t =pm*/2m relates to the g
factor. The electron distribution is considered to
be described by the Fermi function f,(n, k„s) with

afp defined as

&fp =fp (n', k, + q„s) fp (n,k„s)- (1O)

The form of plasma dielectric tensor given by Eq.
(7) has been used to compute the theoretical curves
described in this work.

A less-exact description for the charge carriers

where co is the angular frequency of the radiation.
In addition to this effect, there is a corresponding
differential absorption effect depending on K, . One
of the circular modes can be attenuated more than
the other causing the transmitted beam to be
elliptically polarized. The ellipticity, which is
defined as the ratio of minor to major axis of the
ellipse of polarization, is given by

col
«« = t«nh —)« —«.))2c

The quantum formulation for the plasma dielectric
tensor developed earlier for interpreting far-in-
frared cyclotron resonance measurements can be
used to describe this case. The dielectric tensor
elements are

2 &ac

&, = &, 1 —Q 1+
4 e@N,~ (n+-,' a-,')

(d
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FK". 1. Schematic of experimental apparatus for measuring Faraday rotation and elliptieity.

is given by the cold classical plasma dielectric
tensor

2

C

If the conditions ~ » co~ and I ~ —cu, I 7» 1 are satis-
fied, the angle of rotation of the plane of polariza-
tion is given by the approximation

co, co,l1/2 2

2c((u' —(u', )
' (12)

Under these conditions the ellipticity 4 can be ex-
pressed as

&, ~or, l1/2 2

C((d —(d~ ) T
(13)

where it is also assumed that u&l (K —K ) 2c ++1.
The ratio 6/& is given by

e/a= 2(ur [1 —(&u—,/(u) ]

for values of ~ away from resonance. The ratio
6/& can be used as a measure of the electron-ion
scattering time &. In many cases, particularly
near cyclotron resonance, exact expressions for the
rotation and ellipticity must be computed to obtain
reasona, ble agreement with experimental results.

EXPERIMENT

The measurements of Faraday rotation and ellip-
ticity mere conducted usi.ng the arrangement shown
schematically in Fig. 1. Far-infrared radiation mas
generated using a gas laser system which has been
described in previous publications. The laser
was a 2. 3-m-long 15-cm-diam device of semicon-
focal optical configuration which was pulsed at
23 pulses/sec with a 5-kV capacitor discharge.
The far-infrared radiation used in the experiments
reported here was the 118.G-p. m mater-vapor emis-
sion line and the 336.8-p, m HCN line. The laser

radiation was extracted from the cavity through a
6-mm coupling hole covered by a 3-mil-thick poly-
ethylene window. The beam was transmitted through
light pipes of 1.25-cm diam to a 6.25-mm-diam
hole bored along the axis of the magnet-pole piece.
The beam was then polarized by an infrared grating
polarizer before being transmitted through the
sample. Upon emerging from the sample, the
beam passed through a rotatable grating polarizer
used as an analyzer. The transmitted signal was
measured by means of either a GaAs- or Ga-doped
Ge photoconductive cooled detector.

The far-infrared polarizers were vacuum-evap-
orated aluminum transmission gratings with lines
spaced approximately 25 p, apart on either Mylar
or silicon substrates. The degree of polariza-
tion of these elements was approximately 93% at
both wavelengths of interest.

The rotation and ellipticity data were obtained
from high-purity n-type InSb samples, of volume
Sx 9 x 1 mm', cut normal to the [ill j axis and

etched in the acid etch CP-4 to the desired thick-
ness. The 77 'K electron concentration of this
material was 1&& 10' cm with dc mobility p, o

= 6.7
x10' cm~/Vsse. The sample was mounted in an
aperture in a copper block and cooled by conduc-
tion to 5 K as measured by a semiconductor sen-
sor. The optical windows in the Dewar tail were
the visible and far-infrared transmitting material
TPX."

The 337-p.m radiation was detected with a 100-
p. m-thick ~-type GaAs epitaxial detector mith

room-temperature carrier concentration of 2&&10"

cm and mobility of 7000 cm /Vsec; sample re-
sistance at 4. 2'Kmas 1.4&10' Q. Ohmic contacts
mere made to the detector by alloying Au-Sn vacu-
um-deposited contacts at 400 C. The photoconduc-
tive signal was observed by the change in voltage
across the 2 && 8-mm rectangular sample when biased
with 40 p, A from a constant-current source.
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FIG. 2. Infrared transmission of InSb specimen as a
function of angle between polarizer and analyzer for
several values of magnetic field. The progressive ro-
tation and increase in ellipticity of the beam is clearly
illustrated.

Larger bias values produce noise, and ultimately
impact ionization at field strengths of approximately
V. 5 V/cm. The 119-pm line emitted by water vapor
was detected using a Qa-doped Ge photoconductor.
This detector had an impurity concentration of
1&&10' cm so that at 4. 2'K the 2~ 2~8-mm sam-
ple had a resistance of 200 kQ. The maximum bias
on this element was restricted to about 20 p. A by
the critical field for impact ionization at 5 V/cm.
The output signals from these detectors were pro-
cessed by a preamplifier, a gated integrator, and
synchronous phase-coherent detector, and were
recorded as a function of analyzer rotation angle.
The limiting noise in the system came from ampli-
tude fluctuations in the laser output which were
several percent of the peak signal.
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where M is the intensity ratio of minimum to max-
imum in zero field and X is the same ratio in the
magnetic field.

Analysis of the data as shown in Fig. 2 leads to
measurements of the rotation and ellipticity at
A. = 337 p, m as a function of magnetic field as shown
in Figs. 3 and 4. The rotation increases with field
up to the resonant field strength where there is a
sign reversal, followed by a decrease in rotation
angle. The experimentally obs erved ellipticity
reaches a maximum near the resonant magnetic
field, but the maximum and minimum intensity
values do not become equal at resonance as pre-
dicted by the computation. Also shown in Figs. 3
and 4 are curves calculated using the exact expres-
sion for the quantum plasma dielectric tensor with
different values of relaxation times w. Calculations

EXPERIMENTAL RESULTS

The far-infrared beam transmitted through the
polarizer, analyzer, and experimental sample
varies periodically as a function of the rotation
angle of the analyzer with a period of m rad as il-
lustrated in Fig. 2. If two imperfect polarizers
are used to produce the transmission curve, the
minima do not reach zero. The percentage polar-
ization P of either polarizer may be measured in
terms ot' the intensity ratio I /I „which for
I »I,„ is given by

+ma( min

2Ie+I q„
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When the magnetic field is applied to the specimen,
the plane of polarization of the beam is rotated
producing the curves also shown in this figure. The
shift in the point of maximum or minimum intensity
is taken as the rotation angle g. When the plane-
polarized radiation becomes elliptical as a result
of scattering, the ratio between maxima and minima
becomes smaller. The ellipticity 4 is then given

—160—

—180—

FIG. 3. Measured Faraday-rotation angle as a function
of magnetic field at 337 pm. Curves are calculated from
Eqs. (5)—(7) for different values of scattering time.
Experimental data shown as solid squares.
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a very weak dependence on frequency or magnetic
field. Recent calculations of infrared cyclotron
resonance linewidths at low temperatures in non-
degenerate systems using different forms of long-
range electron impurity interactions using the Kubo
theory have yielded results similar to Kawamura
for the case of unshielded Coulomb potentials. "
However, using various forms of shielded interac-
tion, the high-frequency resonance linewidths
reach constant values in the long-range limit. Both
of the processes described by Egs. (18) and (19)
occur simultaneously with the dominance of one or
the other being determined by experimental condi-
tions, and so the total scattering time is given by
the harmonic sum

FIG. 6. Observed ellipticity vs magnetic field at
119 pm.

1/7'((u, ) = 1/~ „,~((o,) + 1/v ~((u, ) . (20)

teraction. The interaction is governed by a shielded
ionized impurity potential behaving as

V(r ) = e''e "~"/e, r,

where the shielding distance is either the Debye
length 1/k, =e, ks T/4~m, em, or the Fermi-Thomas
length 1/k, = e, f0/6wn, e ~ depending on whether the
electron statistics are classical or degenerate.

The case of a long-range impurity interaction
for which r, «1/ kis qualitatively different. The
scat".ering may be nonadiabatic where an electron-
ion collision causes an electron to redistribute its
total energy among its internal states with little
energy exchange to the heavy particle. Kawabata
has calculated a transport relaxation time r„„,~(co,),
which for photon frequencies near w, is"

(18)

The appropriateness of the expression given by
Ec(. (20) in describing scattering as measured by
far-infrared radiation ma, y be judged by results
shown in Tab]e I. In this table the high-frequency
scattering times measured by cyclotron resonance
experiments' rc„(~,), and by infrared Faraday ro-
tation r~(&o,) and ellipticity rsL(~, ), are compared
with the scattering time computed from the fre-
quency-dependent Coulomb scattering time 7'coMv(~, ).
The agreement between these parameters contrasts
sharply with the field-dependent dc scattering time
ro(B). The Faraday-rotation results for each wave-
length used in the experiment appeared to be well
fitted by a single scattering time although the mag-
netic field varied over a wide range; the ellipticity
at 337 p. m was somewhat less regular at low mag-
netic fields. The former would seem to imply that
the scattering times should be considered to be
frequency-dependent parameters. The expressions
for adiabatic and nonadiabatic Coulomb scattering
in the quantum limit [Et@. (18)—(20)] appear to
correctly represent ionized impurity scattering
for energies above the plasmon energy.

This scattering involves only the z component of
momentum and grows with increasing B.

At higher values of B, the scattering is dominated
by an adiabatic rate 1/7'~(&u, ) resulting from elec-
tron drift motion in the combined external magneto-
static field and the impurity electrostatic field E, .
The drift motion modulates the electron cyclotron
frequency, introducing a frequency spread into the

spectrum. Using the appropriate averages, the
reciprocal of the frequency spread becomes 7„(B)
given by' ~"

A (pm) 118.6

7c@(~,) (sec)
&pH, (, ) (sec)
~qL(~, ) (sec)
~coMp(~c) (sec)
7,(B) (sec)

2. Sx 10-"
3x10 '2

3xlo"
3. 1x 10-"

2x 10 ~3

5.3 x 1.0-12

5 x1O-"
3 x 10-"

5. 5xlo ~2

7 x ].0-'4

TABLE I. Scattering times in InSb.
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We have calculated the imaginary part of the dielectric constant &2 for Si and Ge using inter-
band matrix elements obtained from the full orthogonalized-plane-wave (OPW) wave function
(rather than only the plane-wave portion). The results show that for the class of semiconductor
represented by Si and Ge a pseudopotential description including pseudo-wave-function matrix
elements is quite adequate for obtaining the one-electron transition probabilities.

INTRODUCTION

Over the last nine years, theoretical calculations
of the imaginary part of the dielectric constant &,
have been carried out for a large number of semi-
conductors. The calculations have employed a
variety of methods including pseudopotential, '
full zone k ~ p, ' and Fourier expansion (tight

, binding). ~ From the outset the importance of the
interband matrix elements has been recognized. '
For each method there is a prescription for obtain-
ing the matrix elements. For the above methods
the prescriptions are equivalent to defining the
interband velocity operator' as the 0-space gradient
acting on the model Hamiltonian,

v(k) = irIC(k) .
With the exception of one PbTe calculation, ' matrix
elements calculated from first principles have
never been employed. (Unfortunately, in that case
the calculated &3 differs from the experimental &p

by a factor of 2. 'o) In the most commonly used
technique, the local-pseudopotential method, there
are terms in the full wave function which are omit-
ted in the pseudopotential-matrix-element calcula-
tion. These terms have been calculated at F in
the Brillouin zone in a few materials"' and found
to generally contribute 20'7o or less to the matrix

element. We present here the results of ga calcula-
tions in which the full OPW wave function has been
used to calculate the interband matrix elements
for the well-understood semiconductors Si and Ge.
We will show that the difference from pseudopoten-
tial matrix elements is really quite small. Finally,
to emphasize the distinction between Eg. (1) and
the (real-space) gradient acting on a pseudo-wave-
function, we will discuss matrix elements in copper
derived from a nonlocal pseudopotential employing
three different prescriptions.

METHOD

The present work starts with an OPW calculation
including velocity matrix elements. The crystal
potential used is a superposition of spherically
symmetric self-consistent free-atom potentials. '"
The Kohn-Sham-Gaspar value 3 is used for the
coefficient of the Hartree-Fock-Slater free-electron
exchange. Approximately 181 OPW's are employed
throughout. This simple model gives eigenvalues
within a few tenths of an eV of the experimental
values. The OPW calculation was carried out at
points T', X, L, and W in the Brillouin zone for Ge
and Si plus g(200) and Z(&20) in Si. The OPW
eigenvalues and velocity matrix elements were then
used in a parameterless k p extrapolatiqn, to:px,-'o.-, ,

vide energies and matrix elements throughout the


