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The first-order Raman spectrum of Ge and Si has been investigated as a function of carrier
concentration, In p-type materials we observed large broadenings of the Raman line and large
shifts to higher frequencies of the Stokes line. We attribute these effects to the splitting of
the valence band produced by the k= 0 optical phonon in a manner similar to the effects of
doping on the Cyy elastic constant discussed by Keyes. From these results it is possible to
estimate the coupling constant d; between optical phonons and holes. The k=0 phonon should
also produce a splitting of the conductionband of Ge (but not of Si). However, for a given im-
purity concentration, the shifts observed in n-type materials are much smaller than those for
p-type materials. The absence of large effects is probably due to the low rate of intervalley
scattering. An effect on n-type Si related to the splitting of the X; conduction-band degeneracy
by the phonon is also discussed and compared with the analogous effect on the elastic constants,
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It is shown that the internal stress parameter ¢ is also affected by doping.

I. INTRODUCTION

Several years ago, Keyes! pointed out that the
elastic properties of semiconductors depend on the
free-electron or hole concentration. The strain
produced by an acoustic wave or a uniaxial stress
produces changes in the electronic energy bands of
semiconductors, which can be represented by de-
formation-potential Hamiltonians.? In Si and Ge the
shear strain shifts equivalent conduction-band “val-
leys” with respect to one another and splits the top
of the valence band at k=0. Carriers in valleys
whose energies are raised by strain will transfer to
lowered valleys until equilibrium is restored, i.e.,
until the chemical potential is the same for all val-
leys. This transfer results in a lower chemical po-
tential in the strained crystal and hence a smaller
electronic contribution to the crystal free energy;
this means that part of the work spent in deforming
the crystal has been regained as a consequence of
carrier redistribution, and therefore the effective
elastic constant for that strain must decrease.

Thus the addition of carriers through doping “soft-
ens” the crystal; i.e., it produces a reduction in
the shear elastic constants. This effect has been
experimentally observed by several authors®=7 in
the second- and third-order elastic constants of n-
and p-type Si and Ge.

A long-wavelength optical vibration of the lattice
is in many ways similar to an externally applied
stress. The optical phonons, being displacements
of sublattices with respect to each other, produce
shifts and splittings similar to those produced by
shear strains. The symmetry of a § =0 optical pho-
non in the diamond structure is I'y5, the same as the
symmetry of a traceless [111] strain. Hence the
effect of such a phonon on the electronic bands is
similar to that of a pure shear [111] strain. There-
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fore, the long-wavelength optical vibrations of the
lattice in a doped semiconductor can also cause a
dynamic carrier redistribution among energy
bands, which will result in a “softening” of the lat-
tice and thus a decrease in the phonon frequency.

While the effects of free carriers on the elastic
constants and on the Raman frequencies are simi-
lar, there is, however, an important difference.
Measurements of elastic constants are made either
under static stress or via strain induced by sound
waves of low frequency (<10° Hz). The redistribu-
tion of electrons among valleys can follow the strain
at such low frequencies, since, for example, the
lowest intervalley scattering rate found by Weinreich
et al.’® from acoustoelectrical experiments in very
pure Ge is 7x10% sec™!, and greater than 10! sec™!
in specimens moderately doped with As. Thus the
carriers view the perturbation as static, since they
redistribute themselves in times much shorter than
the period of the perturbation. In our Raman mea-
surements, however, the perturbation has the fre-
quency of the long-wavelength optical phonon, i.e.,
wo~ 10" sec™!. The presence of free-carrier ef-
fects on w, depends on the ability of carriers to re-
distribute themselves in a time shorter than the
period of wy. If 7 is a typical redistribution time,
the effect can be observed only if

weT< 1. (1)

Since our wg is very high, in some particular cases
Eq. (1) may not be satisfied and the effect will not
be observed.

The band edges of semiconductors usually occur
at points or lines of high symmetry in the Brillouin
zone. Consequently, the electronic contribution to
the elastic constants (or Raman frequencies) does
not have the most general form permitted by crystal
symmetry but has special properties arising from
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the symmetry of the band extrema occupied by the
carriers. We now discuss the cases of free elec-
trons and holes separately.

A. Contribution from Free Electrons

The lowest conduction valleys occur along the
{111} directions of k space at the zone boundary
(L, points) for Ge and along {100} directions (A,
points) near the zone boundary in Si.**° Changes
in C4 with doping were experimentally observed by
Bruner and Keyes3 in n-type Ge. In the present
work we sought to find similar changes in the Raman
frequency which should be qualitatively related to
C..!' However, no frequency change was found that
could be clearly attributed to free-carrier effects.
We believe this is caused by the fact that the inter-
valley scattering time in # Ge is too long and there-
fore Eq. (1) is not satisfied; i.e., the electrons
have no time to redistribute themselves among val-
leys in one period of oscillation and therefore make
no contribution to the § = 0 optical-phonon frequency.
We performed our experiment at temperatures up
to 430 °C still with negative results. As a by-prod-
uct of such observations the temperature depen-
dence of the first-order Raman line in intrinsic Ge
was determined; our results are found to be in
agreement with Cowley’s'? numerical calculations
and with similar measurements for Si by Hart
et al 13

Silicon has its conduction-band valleys along the
{100} directions in k space inside the Brillouin zone.
The q= 0 optical phonon should not alter the relative
positions of these valleys and therefore should pro-
duce no electron redistribution among valleys.
Hence it seems that there should be no electronic
contribution to the Raman frequency or the C,, elas-
tic constant in n-type Si. However, a small de-
crease in Cy with doping, which can be traced to
electronic effects, has been observed.*” We have
investigated the dependence of the first-order Ra-
man frequency of n-type Si as a function of carrier
concentration and found that it decreases systemat-
ically as the electron concentration increases; this
small effect can be explained as a free-electron
contribution. Its origin is explained by the fact that
the perturbation splits the X-point degeneracy of the
conduction band thus producing a lowering in the
conduction-band minima quadratic in strain,*%® or,
in our case, in the amplitude of the phonon vibra-
tion. This results in a lowering of the average en-
ergy of the free carriers, with the consequent low-
ering of their contribution to the free energy which,
in turn, produces a softening of the lattice [see Fig.

1(b)].
B. Contribution from Holes

Our perturbation will cause the valence band to
split [see Fig. 1(c)] and the dispersion relation of
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holes to change. The holes will redistribute them-
selves within and between the light- and heavy-hole
bands. This redistribution causes a reduction in all
the shear elastic constants (C4 and C;-C,,), as
well as in the Raman frequency. Large effects on
the elastic constants of p-type Si and Ge have been
observed.*” A strong dependence of the Raman fre-
quency on hole concentration is reported in this
paper.

To study the effect of carriers on the elastic prop-
erties of a given semiconductor, a wide range of
samples with different carrier concentrations, i.e.,
dopings, must be used. Therefore, it is essential
to separate the effect of electrons or holes on the
elastic properties of the material from the effect
of the donor or acceptor atoms. This can be done
in several ways. First of all, electronic effects
produce changes in Raman frequencies and elastic
constants which are much larger than direct impu-
rity effects.! Also, the free-carrier effects in de-
generate semiconductors may be recognized by other
features besides their large size; for instance,
their effect is insensitive to the species of the im-
purity and depends exclusively on the carrier con-
centration. Moreover, free-carrier effects are
very sensitive to the symmetry of the band struc-
ture. Finally, the free-carrier effects have a char-
acteristic temperature dependence which makes
them distinguishable from direct impurity effects.

In Sec. II of this paper, we develop the theoretical
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FIG. 1. Illustration of how a ¢ ~ 0 optical phonon, or

a traceless [111] strain, affect the energy valleys in the
materials of interest: (a) n-type Ge, (b) n-type Si, (c) p-
type Si and Ge.
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expressions for the frequency shifts of the Raman
line as a function of carrier concentration, and the
influence of finite electron redistribution times. In
Sec. III the experimental details are given. Section
IV presents the experimental results and their dis-
cussion. Finally, in Sec. V we offer a few conclud-
ing remarks.

II. THEORY

We consider long-wavelength optical vibrations
polarized along the [111] axis: Since the cubic sym-
metry makes all axes equivalent, we choose the po-
larization which makes the treatment simpler.
During vibration, the nearest-neighbor distance ¥
changes to

T=%1a(1+95, 1+95, 1+90), (2)

where a is the lattice constant and 6 represents a
deviation from equilibrium. The deformation po-
tential associated with this vibration will be gen-
erally designated by Dy, where D is the correspond-
ing deformation potential associated with a pure
shear [111] strain; the linear splittings produced by
D and D, have the same structure. We define D,

in such a way that the expressions for the linear
splittings under a [111] strain become those under

a sublattice shift upon the following substitution:

€D~ D0, (3)

where € is the off-diagonal component of the strain
tensor

-

011
€e=ell1 01 (4)
110

related to the magnitude of the stress X and the
compliance constant Sy by £=%XS44. This definition
enables us to decompose the deformation potential
Dinto a sum of two terms, one labeled ®’, which
would be that produced if the whole unit cell would
deform like the macroscopic strain alone, and
—-19,¢, the effect of the sublattice displacement as-
sociated with the internal strain parameter ¢ of
Goroff and Kleinman'$;

D=0~ 5Dgt . (5)

Equation (5) enables us to extract D, from existing
calculations of D for several values of £.!%!7 We
have also obtained algebraic expressions for D, at
several points of the bands in terms of pseudopoten-
tial form factors'® (see Appendix A).

We now derive the free energy as a function of 6.
If T is the nearest-neighbor distance and T, is the
same distance in absence of vibrations, the free en-
ergy per unit volume can be expanded as follows:

F=Fgy+i[iNyiM 03F - T, (6)

where N is the number of atoms per unit volume,
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M the atomic mass, w, the frequency of the optical
phonons under consideration, and F; a constant
which takes care of other contributions to the free
energy. Inserting into Eq. (6) the value of N,=8/a®
(a=1attice constant), and the expression of T - T,
given in Eq. (2), we finally obtain

F=Fy+3(Mw?/8a)5% (7

In order to express Eq. (7) in a form more ame-
nable to comparison with the effect of doping on the
elastic constants, we define the quantity

Cii=Mwi/8a , (8)

which has the same dimensions and almost the same
numerical value!™'!® as the elastic constant Cy,.
Equation (7) thus takes the form

F=Fy,+%C}, 6%, 9)

which can be immediately compared with the expres-
sion of the free energy under a traceless [111]
strain:

F=Fy+6 Cyue?. (10)

Equation (9) transforms into Eq. (10) under the
substitutions:

02‘4‘ Cy, 0-2¢, (11)

in agreement with Eq. (3). Equations (9) and (10)
must be compared with the expressions for the free-
carrier contribution to the free energy in order to
assess the changes in Cyy, CL, and wg with doping.

The free-carrier contribution to the change in
free energy per unit volume produced by a deforma-
tion is given by

- 1 5~/ 9,
oF _ngkéE,ﬁ > ?(ﬁi) (6E,)? (12)

where 0E, is the change in the carrier energy pro-
duced by the deformation (either a stress or a sub-
lattice shift) and f, is the Fermi distribution. We
now consider several cases separately.

A. Electrons: n-Type Ge

This is the multivalley case. The minimum en-
ergy of the conduction band occurs along the {111}
axes in k space at the edge (L point) of the zone.
The change in the Cyy elastic constant with free-
carrier concentration was calculated by Keyes! to
be

0Cy ___8 2
Co = 9Ca ®(8,)?%, (13)
where
oo N Fua@ ,_u-E,
8koT Fy,4(2) kT
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Here u is the chemical potential of the unperturbed
state, E, is the energy of the bottom of the unper-
turbed valley, F,,, are the Fermi integrals,® N is
the number of carriers per unit volume, and 8, is
the appropriate deformation potential according to
the notation of Brooks.? Following the prescription
of Egs. (3) and (11), we obtain for Raman frequen-
cies:

0Ch _p0w__ 8 (5 °)

We should mention at this point that Eq. (13) does
not include changes in C,4 due to changes in the in-
ternal strain parameter & with doping. These
changes are discussed in Appendix B.

For the completely degenerate case (T'— 0),

& = &0/ ) N3 (15)

and therefore dw/w is proportional to N'/3,
B. Electrons: n-Type Si

The lowest conduction-band valleys of Si lie in the
{100} directions of k space, and hence all valleys
are equivalent from the point of view of a [111]
strain. To first order, a traceless deformation
with [111] symmetry leaves the energies of these
valleys unaltered. However, the fact that they lie
close to the X point in the Brillouin zone [£= k{100}
with 2y= 0. 86 (27/a), where a is the lattice con-
stant'®] produces a nonlinear shift due to the stress-
induced coupling between the A; and the A, conduc-
tion bands, related to the X-point splitting under a
[111] stress. Using the Hamiltonian of Hensel and
co-workers,** the second-order shift of the A, con-
duction-band minima is found to be for a traceless
[111] strain?®:

(283¢€)?

O0F=- E(8g)-E(8,) °

(16)

where & : is the appropriate deformation potential.
Equation (16) represents a uniform lowering of all
the valleys which results in a lowering of the energy
given by

N(285¢)?

OF == =g,

am

where Eg=E(A,)—E(A;)=0. 8 eV at the minimum.
As the doping increases, the average E; decreases
and thus an increase in the contribution per carrier
to F, 6F/N, is expected. However, it is easy to

see that this increase should be very small. We can
make a power-series expansion of Eg:
Eg=Eg(0) +Ag(k, = ko) + Bo(k, — ko)? (18)

where E¢(0) is the value of E; at the minimum (k)
and %, is the component of k along the [100] direc-
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tion; k, and &, do not appear in Eq. (18) because the
corresponding masses of the A; and A, bands are

nearly equal. Equation'(16) requires the average
of EZ for all carriers, e. g.,

() ey (1o AR _ Bl roty
(19)

EZ(0) Eg(0)
It is easy to see by looking at the calculated band
structure of Si!° that B~0, therefore,

(et -2
= E:(o) (1 * 5235%3)6 Eﬁo))

= E:(O) (“ Ej—o)>

The parameters of Eq. (20) (A, B, and m,, the ef-
fective mass of the A; conduction band) have been
evaluated from the calculated!® band structure of
Si. Equation (20) yields a small increase of the
free-carrier contribution to F with increasing dop-
ing [1/E;(0)< 0.1 for our experiments]. A similar
argument also leads to an increase in the free-car-
rier contribution to F with increasing temperature
of the order of k,T/E;(0). By comparing Egs. (17)
and (20) with Eq. (10), we find

(20)

oCu__ 1 :
Cu  Cy 3E (0) (€. )N(l+ (0)> (212)

where changes in the internal strain parameter with
doping have been neglected (see Appendix B). The
effect of an optical phonon can be obtained by using
the prescription given in Eq. (11),

6Cly 20w 1 2 (g a"},)z ( m )
—*A- = —= N 1 syl I
Ci w  Ch 3E5(0) T E,(0)
(21b)
C. Holes: p-Type Si and Ge

This situation is not as simple as the previous
ones. The valleys under consideration are the top
of the doubly degenerate valence bands at k= 0.
These bands are badly warped. Also, the spin-or-
bit split band interacts with the light-hole band,
causing nonparabolicities. Bir and Turnasov® made
a calculation of the free-carrier-induced shift in the
elastic constants which takes into account the warp-
ing by averaging it, and entirely neglects the non-
parabolicity caused by the spin-orbit-split band.
Such a treatment should be only valid for low hole
concentrations. In this case the Fermi energy has
not yet reached a value close to the spin-orbit split-
ting A, at which nonparabolic effects must be taken
into account. An estimate based on calculated k- §
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bands'®® for Ge sets this limit at pu<g8, (N<3
%x10"*® ¢cm™3%); in the case of Si this limit is reached
at even lower carrier concentrations (N< 3x10!8
cm™®) because of the smaller spin-orbit splitting.

Bir and Turnasov’s® expression is

6Cyy _ Km, 251/3
CM - 044;172(3172)2” d*N ’

(22)

where m, is the heavy-hole mass, d is the appro-
priate deformation potential, and

K=(1+a)? (ﬁ+<1—s)@—’:i).

(C/B)*+5 (23)

In Eq. (23), a=m,/m,and B, C, and B are band pa-
rameters defined in Ref. 20. ‘Using Egs. (3) and
(11) we obtain for Raman frequencies

0Ch _ o 0w _ Km 21_0)2 1/3
k2w o \a) N @Y

As already mentioned, Eqs. (22) and (24) are only
valid for small hole concentrations (N<3x10*® cm™®
for Ge and N< 3x10'® cm™ for Si). Since the con-
centrations used in our experiment go from 10%° to
2x10% cm™, we expect considerable deviations
from Eqs. (22) and (24). Similar calculations for
intermediate hole concentrations, in which the
Fermi energy lies in the nonparabolic region, pre-
sent considerable difficulties. However, the limit
for high carrier concentration, when the Fermi lev-
el lies below the nonparabolic region, is quite sim-
ple: We can approximate the light- and heavy-hole
bands by two parabolic bands (both with masses
equal to m,) which run parallel at a constant energy
separation of 2A,. The spin-orbit-split band need
not be taken into account because of the small num-
ber of carriers which occupy it. The energy shifts
with strain of the upper valence bands, far away
from k= 0, can be written for the case of a traceless
[111] strain, such as that represented by Eq. (4)*:

8E=0 for k|| [111] or [111]
8ei?

0

=% for all other {111} valleys

9 €%?®
=+ =~ — for all {100} valleys (25)
2 4,
where the plus and minus signs refer to light- and
heavy-hole bands, respectively, and linear terms
in strain that average to zero over all directions of
k have been omitted. We now perform an average
of the energy shift over all directions of k contained
in Eq. (25), and obtain the average shift:

OF =+ 13 (€%d%/B) . (26)

We substitute Eq. (26) into Eq. (12) and find
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_ 75 €2d2 (zmh“’)S/z ( 2A0 3/2
oFe- i Sy o o) Jen

under the assumption of degenerate statistics and
for 4>%A, Under the same assumptions, the
total number of carriers is given by

3/2 3/2
Nz(—zﬁi%;—- [1+<1-2—A9> ]+N’ ,

37 3u (28)

where N’ is the number of holes contained in the up-
per portion of the light-hole band, which has been
neglected in this approximation. Using actual k. P
bands!®® for Ge, we estimate the value of N’/N to
be

r?
%zo.l at u=2%4,.

This value becomes even smaller as U becomes
larger than 2A, (which is the region of validity of
our treatment); we thus make N'=0 in Eq. (28).
Replacing Eq. (28) in Eq. (27), we get

__ Mo 2(pc2) Al/3
oF = BT % ak(ee?) N2 f(x) , (29a)
where
ot/3 1_(1_x)3/2
R =—sm———— ——‘——Wﬂr, ng
fO)= 5 W@ -2 Z7 (200)
x=200/3u, y,=2¥%175/84=1.42. (29¢)

The function f(x) can be expanded in power series,
for x<1, as

fx)=1-% (F+x%)—... . (30)

For K=A4, the last term in parens in Eq. (30) con-
tributes less than 2% to f(x) and, therefore, within
the limits of our approximation, we set f(x)=1 (for
w>Ag). With this in mind we compare Eq. (29a) to
Eq. (10) and obtain for the free-carrier contribution
to Cyy

6Cyy mp¥ a2 /s
S L0 S A, .
Cu @R o VW 0

44

(31)

The effect of a § =0 optical phonon can be obtained
using Eq. (11):

6C} bw myy 1 (dy\?

44 _ o9 % _ _ —_ (%0 1/3

o2 e e (@) Y
We now have expressions that are valid in the low

[Eq. (24) for p<%A,] and the high [Eq. (32) for u
> Ay] carrier concentration limits.

(32)

D. Redistribution Time

So far we have derived the Raman frequency
shifts produced by free carriers considering a stat-
ic sublattice displacement; i.e., in our derivation
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it was implicitly assumed that carriers are in ther-
mal equilibrium at all times while the lattice vi-
brates. Actually, an optical phonon is a rapidly
varying sublattice displacement with a frequency
wo™>10" sec™!. The previous derivations are valid
only if wyT<< 1, where 7 is the mean time in which
the carriers redistribute themselves into thermal
equilibrium. On the other hand, if wyv> 1, no ef-
fect can be observed; the carriers do not have time
to redistribute themselves between oscillations and
hence do not contribute to the change in free energy.
In the case where wyT=> 1, a frequency shift will
still be present, but the results of the previous sec-
tions have to be modified to take into account the
fact that all carriers do not redistribute themselves
into equilibrium (the frequency shift should be
smaller). Also, a “time lag” will exist between the
oscillation of the lattice and the redistribution of
carriers: The Raman peak will broaden. To put
this notion on a quantitative basis, let us call F; the
free energy in the absence of the vibration, Fg the
free energy in the presence of a static sublattice
displacement, and F the free energy in the presence
of a lattice vibration of frequency wg The change
in free energy for a static sublattice displacement
is the quantity already computed in previous sec-
tions:

OF ;=Fy—Fo=—4C, 6%, (33)

where C; is a constant whose value has already been
computed for all the cases of interest, and 6 is the
normalized sublattice displacement introduced in
Eq. (2). In the dynamic case, 6= 04,e’“0" and
F~e?%¢t, Now, F will fall short of the static value
F, as we mentioned previously. In fact, F-F,
will contain an oscillatory term, coming from sub-
stitution in Eq. (33) of 6 by its dynamic counter-
part, and an exponentially decaying factor due to

the finite redistribution time, i.e.,

d 1 1.4
S F-F)=-—(F-F)+5Co = (6% . (34)

Replacing 6~ e'“0 in Eq. (34), we find

2iwg(F —=Fg)=~(1/7) (F =F,)+iwCy6%.
Noticing that

OF =F ~Fy=F ~F ,+F,~F,,
and using Eq. (33), we find

OF = 8F ./ (1 + 2iwqT) . (35)

Since 6F ~ 6w and &F ~ dw,, where 6w and dw, are
the frequency shifts in the dynamic and static cases,
respectively, we obtain

8w = bwg/ (1 + 2iw,T) . (36)

Thus, the dynamic frequency shift is smaller than
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the static one and has an imaginary part that should
appear as a broadening of the Raman line ():

 bw, . Ow(2weT)
= Taoor?? 0= T= T gpmts &7

where the subindices 7 and ¢ stand for the real and
imaginary part of the dynamic frequency shift, re-
spectively. For 7—0, the frequency shift dw,
equals the static one 6w, and I'=0. For 77—, both
6w and I' vanish, 8w more rapidly than I'.  There

is a broad range 2w,7=1 in which the frequency
shift is considerably reduced by the redistribution
time and a substantial broadening (I" is maximum
for 2wyr=1) should occur.

E. Direct Impurity Effects

We have so far discussed the free carrier contri-
butions to the frequency shifts produced by doping.
Actually, the phonon frequency may be affected by
the presence of the impurity itself. In this section
we estimate the size of such an effect in order to be
able to distinguish between purely electronic and
purely impurity-induced frequency shifts.

Perhaps the simplest way in which an impurity
can affect the phonon frequency is through a change
in the “average” atomic mass, which enters the
frequency as wo M™Y/2 and a change in the “aver-
age” volume, which should affect the frequency
through the Griineisen parameter. The changes in
average mass and average volume are

M=MQ-ayn), V=V(Q1-3a,m), (38)

where M and V are the average atomic mass and
volume, respectively, M and V the atomic mass and
volume of the pure semiconductor, and 7 the frac-
tional impurity concentration. The parameters ay
and ay, are defined as

ay=M-Mp/M, ay=(p-pp/p, (39)

where M, is the atomic mass of the impurity atom
and p and p; are the covalent radii® of the host and
impurity atom, respectively. From the dependence
of the frequency on mass and from the definition of
the Gruneisen parameter, it is possible to write

Swe, L OM .V du
Wy 2 M’ we AV’

and thus we find for the frequency shifts induced by
the impurities the approximate expression

(o]
—(%Jf =~ (3 ay+3vay)n . (40)

III. EXPERIMENT

Our measurements were performed with the 4880-
A line of a £-W argon-ion laser (Coherent Radiation,
model No. 54) in the backscattering configuration.

A Jarrell-Ash 1-m monochromator with detection
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by photon counting was used. The wavelengths of
the phonon-shifted lines were determined by com-
parison with several reference lines of a neon low-
pressure lamp.

The low-temperature measurements were per-
formed with the samples immersed in liquid nitro-
gen. The high-temperature measurements were
performed in an evacuated glass Dewar with the
sample held in mechanical contact with a heated

copper block. The temperature was monitored with

a copper-constantan thermocouple placed near the
sample. The temperature stability was better than
+1°C.

The samples were cut from single crystals, me-
chanically polished, and etched with a CP-4 solu-
tion. The carrier concentration was ascertained
by Hall-effect and electrical conductivity measure-
ments.

IV. RESULTS AND DISCUSSION

We have observed the first-order Raman peaks of

n- and p-type Si and Ge with various carrier concen-

trations. The results can best be discussed for
each group of materials separately.

A. Holes: p-Type Si and Ge

The Raman spectrum of p-type Si and Ge was
studied for a variety of hole concentrations at room
and liquid-nitrogen temperatures. In Figs. 2-5 we
show the spectra of some typical samples of these
materials. As we increase the carrier concentra-
tion, the peaks exhibit a marked decrease in fre-
quency and a considerable broadening. As we go
from room temperature to liquid-nitrogen tempera-
ture, the frequency shifts for the lower concentra-
tion samples decrease while the broadening of the
peaks remains unchanged. This effect is demon-
strated in Figs. 4 and 5, where the Si sample with
p=1%10' cm™ has a finite frequency shift at room
temperature but none at liquid-nitrogen tempera-
ture. This fact suggests that the hole-redistribu-
tion time is in the region 2wyt~ 1, for which the

20
pP-Type Ge
1 T=300°K #&°
a5
=
r3 ) INTRINSIC
;,EIO — F
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FIG. 2. Raman spectra of several typical p-type Ge
samples at room temperature.
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FIG. 3. Raman spectra of several typical p-type Ge

samples at T=77°K,

broadening is maximum (see Sec. IIC). It also in-
dicates that direct impurity effects are not domi-
nant, and that the observed effects are of electronic
nature, since a direct impurity effect such as esti-
mated in Sec. IIE would be temperature indepen-
dent. Let us compare the order of magnitude of the
observed effects with those estimated as direct im-
purity effects with the expressions derived in Sec.
IIE. We rewrite Eq. (40) in the following way,
making use of the fact that the Grineisen parameter
for Si and Ge is approximately one2:

YI= (%aM+3aV) QX N (41)
where
X=10""N (Wincm™®), 7n=10" QX,

0.24 for Ge
o-|

0.20 for Si, (42)

Y=10%w/w) (requency shift in parts
per thousand).

3
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FIG. 4. Raman spectra of several typical p-type Si
samples at room temperature.



|en

n
o
T

% ~
e 5o o
%

1 P-Type Ge =1.0x10"%cm™?
2 T=77°K o 2o
E o~
>z A 12x10%%m 2
[
= £
> o
Qxio | .
2 v
=zE
—
x
<

-8 -6 -4 -2 0 2 4 6 8
_ ~|
(w-wg)em™ —

FIG. 5. Raman spectra of several typical p-type Si
samples at T=77°K,

The Ge samples were doped with Ga, and the Si
samples were doped with boron. The relevant pa-
rameters for using Eq. (41) are listed on Table I,
as well as the predictions of Eq. (41) compared to
the observed shifts. We see from Table I that the
observed shifts are much larger and of opposite
sign to those predicted on the basis of impurity ef-
fects; this fact, coupled with the temperature de-
pendence of frequency shifts and peak broadenings,
indicates that the dominant mechanism for the shift
is electronic.

We now try to correlate the experimental results
with the expressions derived in Sec. IIC and the
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TABLE I. Comparison of estimated impurity shifts
and observed frequency shifts for a given hole concentra-
tion in p-type Si and Ge.

10%9
(impurity
concentration in
X=10"1°N parts per Y
Material (cm™) thousand) ay ay® Y; (expt)
Ge
24 5.8 0.037 o0 0.1 —-20
(Ga doped)
Si
14 2.8 0.64 0,20 2 -6
(B doped)

2Calculated from the covalent radii given in Ref. 31.

parameters of Table II. We can rewrite the results
for high and low carrier concentrations [Egs. (24)
and (32)] as

Y=-0XY3  (u<iay)
- _<YEQ)bX”3 (>4, , (43)
where

b

19 1/3 2
_ 10%Km,(10) (do) ’ (44)

= e (X2

né(3r%)%3cy, \4
and vo=1.42. In Figs. 6 and 7 a logarithmic plot
of frequency shifts versus carrier concentration is
shown; the experimental points are compared with
the straight lines obtained from Eq. (43):

logyy ' YI =log;40 + %IOgloX (u< %Ao)

p-TYPE Ge

log [V

HIGH-CONGENTRATION LIMIT

TURNASOV LIMIT

Y=-10° ST“’
X 107" N
T= 300°
T= 77°%
BRUST'S
———- HEINE'S

FIG. 6. Logarithmic plot of ob-
served frequency shifts in parts
per thousand for p-type Ge vs car-
rier concentration (at room and
liquid-nitrogen temperatures).
Solid lines calculated with Brust’s
pseudopotentials; dashed lines
with Heine’s pseudopotentials.

BIR AND
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i p-TYPE Si

log; |¥] —=

HIGH-CONCENTRATION LIMIT

-

BIR AND
TURNASOV LIMIT

FIG. 7. Logarithmic plot of
observed frequency shifts in
parts per thousand for p-type Si
vs carrier concentration (at
room and liquid-nitrogen tem-

[=] peratures). Solid lines cal-
F culated with Brust’s pseudopo-
° tentials; dashed lines with
0 e T=300°K Heine’s pseudopotentials.
L ° OT=77°
38w
i Y = lO_l;'w—
X=10 "N
——BRUST'S
L ———HEINE'S
1 1 1 1 JJ 1 C}—I‘G Il 1 l L 1 ] 1 l 1 ]
(0] 1.0 2.0

=10g;oly o/ K) +10g ob + 3log X (1> A4g).  (45)

Although the experimental points for Ge at room
temperature fall between the two asymptotic limits
predicted by Eq. (45), for Si the experimental
points, at room temperature, fall below the lowest
line. At liquid-nitrogen temperature the points fall
below the room-temperature points, especially at
low carrier concentration. We believe this is a
redistribution time effect. Equation (45) gives the
theoretical limit for 7 0 (static sublattice shift);
what we measure, however, is the dynamic frequen-
cy shift given by Eq. (37):

Y'=Y/[1+(2w,T)?], (46)

where Y’ is the measured quantity, and Y is the
quantity given by Eq. (45). The existence of a finite
relaxation time makes the measured frequency

shift smaller than the one predicted by Eq. (45).
The temperature dependence is understood when one
considers that for low impurity concentrations the

TABLE II. Parameters that enter into the calculation
of the frequency shifts for p~type Si and Ge.

ci? Cy?
Mate- (10! (101t 4, b
rial  dyn/ecm?  dyn/cm?) (eV)® (cm)
Ge 9.2 6,71 8.3-7.36 2,16—1.68
Si 10.6 7.96 8.4-7.25 4,16-3,30

2Reference 20, bFrom Appendix A.

relaxation time is dominated by phonon scattering
(thus 7 decreases markedly with increasing tem-
perature), and for high impurity concentrations the
relaxation time is dominated by impurity scattering
(thus rendering 7 temperature independent). For

T=300 °K

2.0

(2wT)

oT=77°

o o T=300 °K

—_—

(wt)

Io—l9 N ——

FIG. 8. Inverse scattering times (2w0'r)'l obtained
from linewidths as a function of carrier concentration.
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TABLE III. Comparison of the relaxation times ob-
tained from our room-temperature experimental line-
widths with relaxation times from the electrical conduc-
tivity.

Impurity scattering

Phonon scattering WW=2x10"2 cm=3)

Mate- wyT(our w T*(conduc- wgyT(our wyT (conduc-
rial expt.) tivity) expt.) tivity)

Ge 0.5 0.35 0.3 0.3°

Si 1.5 0.5 0.6 0, 3°

3C, Kittel, Introduction to Solid State Physics, 3rd ed.
(Wiley, New York, 1967), p. 308,

by, C. Irvin, Bell System Tech. J. 41, 387 (1962).

®S. M. Sze, Physics of Semiconductors (Wiley-Inter—
science, New York, 1969), p. 43.

low concentrations, when we decrease the tempera-
ture there is a marked increase in 7: The observed
frequency shift becomes smaller. For higher im-
purity concentrations, however, 7 and thus the fre-
quency shift, is practically independent of tempera-
ture. It is possible to estimate 7 from the observed
width of the Raman line. If we assume a Lorentzian
line shape and we call the width of a given peak W
(full width at half-power), and the width of the peak
corresponding to the intrinsic material W, we
have, using Eq. (37),

1 o (2wyT)dw __ bw
W= gt % T ogr?

(47)
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where the widths W and W, were corrected for in-
strumental resolution in the way specified in Sec.
IVC. From Eq. (47) the ratio of the observed
change in width to the observed frequency shift gives
an estimate of the relaxation time:

(W = Wp) /20w, = 2wyT . (48)

In Fig. 8 we show a plot of 77! computed with Eq.
(48) versus carrier concentration. It seems that
77! increases roughly linearly as the carrier con-
centration increases. The use of Eq. (48) with the
experimental data at room temperature for the low-
est carrier concentration should give us the relaxa-
tion time of the phonon scattering process alone and
for higher N the relaxation time for impurity scat-
tering. In Table III we list these two limits calcu-
lated from our experimental linewidths and compare

‘them with relaxation times obtained from conduc-

tivity measurements at room temperature. How-
ever, we must keep in mind that 7 is the time for
scattering from the light-hole to the heavy-hole
band. In the low-doping region, where 7 is mostly
determined by phonon scattering, it is easy to obtain
7 from the conductivity o by remembering that the
scattering between two states in the light-hole band
has the same probability as the scattering from a
state in the light-hole band to a state in the heavy-
hole band.?* One thus obtains

7= (0/Ne? [m,* 3/ m, 2+m;}'?)] . (49)

The temperature dependence of o also explains

o T=300 °K P
v T=77°K X=10""°N

———HEINE'S

s

Y = |O3 Sw FIG., 9. Logarithmic
plot of frequency shifts
inpartsper thousand, cor-
rected for scattering time
effects, forp-type Gevs

carrier concentration,

BRUST'S
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HIGH-CONCENTRATION LIMIT ///L
LS P-TYPE S
FIG, 10. Logarithmic plot
of frequency shifts in parts per
thousand, correctedfor scat-
1.0 tering time effects for p-type
) Si vs carrier concentration.
> Solid lines calculated with
e Brust’s pseudopotentials;
g dashed lines with Heine’s
- N pseudopotentials.
30W
Y=10" 45—
BIR AND TURNASOV LIMIT X=z10"""N
0.5 A T=77°K
= °
B ————  HEINE'S
l_l-_—l IEXPIER MEINTAIL I‘l'IIGI'lI-C(?NCFNTIRA"I;IOI\II LHTHT

0 05
log X —=

through Eq. (49) the observed change in w,T between
room and liquid-nitrogen temperature. In this case
it is difficult to extract quantitative estimates of
woT from our data, since no frequency shift was ob-
served for the lowest carrier concentrations. Set-
ting the minimum observable frequency shift at one-
twentieth of the linewidth, however, we get a lower
limit for wyr at T="77°K: wyr>10. The values pre-
dicted by Eq. (49) are wy7=30 for Si and w,7=21 for
Ge in agreement with these findings.

The redistribution time 7 for the heavy doped,

impurity scattering controlled case is more difficult’

to handle because of the lack of an appropriate scat-
tering theory. Therefore, we take for the relation-
ship between o and 7: 7=0/Ne? which should be
accurate to within a factor of the order of 1.

Having calculated the relaxation time from the
linewidths, we can substitute this time into Eq. (46)
to compute Y (static frequency shift in parts per
thousand), which may then be compared with the
prediction of Egs. (45). In Figs. 9 and 10 we plot
again logarithmically the static frequency shifts
Y (circles and triangles) versus carrier concentra-
tion, and we compare these points with the asymp-
totic behavior predicted by Eq. (45) (solid lines).
The agreement is quite good. We can now use the
experimental points as means of determining a value
for the deformation potential d, and compare this
value with the theoretical estimates (see Appendix
A) used in Eqs. (45) to obtain the solid lines in
Figs. 9 and 10. This comparison, shown in Table
IV, is satisfactory.

1.5

B. Electrons: n-Type Si

We have seen in Sec. IIB that the {100} conduc-
tion-band valleys of Si do not shift in energy with
respect to one another under a traceless [111] de-
formation. There is, however, an over-all qua-
dratic lowering of these valleys that could account
for the small electronic effect in Cy4 reported by
Hall® and by Beilin et al,,” and the small changes
in Raman frequencies reported in this work. In-
serting into Eqs. (29) the parameters listed in
Table V, we find

103(8C44/Cyq) = — 0. 95 X(1+0. 02X%/%) ,
Y =103(6w/w) = - 0.025 X(1 + 0, 02X3/3),

(50)

In Table VI we show a comparison of the experi-
mental results for Cy4 and the Raman frequency
(the last for only one concentration) at room and

TABLE 1V, Comparison of deformation potentials ob-
tained from our experiment with the theoretical estimates
of Appendix A,

%do édo 2 %do v
(theoret. ) (theoret. ) (expt.)
Material (eV) (eV) (eV)
Ge 7.25 8.3 7.25
Si 6.1 8.4 7.25

2From Appendix A, using the pseudopotential form fac-
tors of Ref. 35,

PFrom Appendix A, using the pseudopotential form fac-
tors of Ref. 36.
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TABLE V., Parameters that enter into the calculation
of frequency shifts for n-type Si.

N ,, * Eg(0)¢ mn® my®
8,2 850" 850° (eV) (units of mg) (units of mg)
7.5+2 2.02 1.97 0.8 0.916 0.190

2Reference 14,

PAppendix A, with pseudopotential form factors from
Ref, 35.

®Appendix A, with pseudopotential form factors from
Ref. 36.

9Reference 10.

°Reference 13.

low temperatures, with the predictions of Eqgs.

(50). We see that there is a reasonable agreement
between the predictions of Eq. (50) and the experi-
mental values of Cy determined by Hall® at low
temperatures. The predicted changes are smaller
than the experimental ones for the Raman frequen-
cies and also for the elastic constant measured by
Beilin et al.” We also notice that Hall’s measure-
ments and our measurements show a small increase
of dwyand 86C,, with temperature, in accordance with
Sec. IIB. Beilin et al. observe an anomalous
temperature dependence which they try to justify
theoretically; however, their derivation of the
change in Cy [Eq. (5) of Ref. 7] seems to be in er-
ror.

We measured the Raman frequency of n-type Si
for several carrier concentrations. To facilitate
comparison between theory and experiment, we re-
cast Eq. (50) into the following form

- Y
r_ -
Y'= 700275 0. 025X . (51)

In Fig. 11 we have plotted the values of Y’ obtained
from our data (circles) as a function of carrier con-
centration. From this figure we infer a dependence

Y’=(0.09+£0.03)X , (52)

with a larger slope than that predicted by Eq. (51).
The difference can be accounted for as an inaccura-
cy in the theoretical deformation potential (see Ap-
pendix A) used in the evaluation of Eq. (51). If we
use the data of Fig. 11 for an experimental estimate
of the deformation potential, we obtain § ;,0
=(3.8+1.3) eV, which is less than double the theo-
retical estimate 5;‘,0: 2 eV. Because of the approx-
imations involved, and the existence of large can-
celling terms in the estimate of § ‘2‘,0, such an error
is not unacceptable.

In our experiments we have used samples doped
with both As and P. The mass and size effects pre-
dicted by Eq. (56) are

Y’=0.16X for As
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20~ N-TYPE Si
I~ T= 300 °K (AS)

0 5 10 15
X =107"" N (cm™3) —=

FIG. 11. Frequency shifts in parts perthousand, di-
vided by the factor [1 +u/E;(0)] of Eq. (67) vs carrier con-
centration for n-type Si at room temperature.

=0.01X for P. (53)

Therefore, while impurity effects should be large
for As-doped samples, they should be negligible for
the P-doped ones; however, we see in Fig. 11 that
no difference is apparent between phosphorous- and
arsenic-doped samples (the dopant is shown above
each point). Thus the only parameter of importance
in determining the frequency shift seems to be the
carrier concentration. We may therefore conclude
that the effects we have seen are electronic, of the
type described by Eq. (51). The question remains
of why Eq. (53) overestimates the mass and size ef-
fects. This equation was obtained under the as-
sumption of an average mass and an average lattice
constant, which may give an overestimate of the ef-
fect. The perturbation of the phonon spectrum pro-
duced by the heavier impurities is likely to be con-
centrated in the vicinity of some local or resonance
modes, and thus at the top of the phonon spectrum
(wo) may be smaller than predicted by Eq. (53).

TABLE VI. Comparison of experimental results for
elastic constants and Raman frequencies with our theo-
retical predictions.

Expt.
From Room temp.
X Eq.(66) (T'=300°K) Low temp.
10° MC:M 15
u _ -1 -15
48 Beilin ef al. 442 0 (T=77°K)
(Ref. 7)
6C
1032C4
-3.4+0.3
44 -2 -4.1x0, : .
20 Hall (Ref. 6) £1 £0.4 (T=4.2°K)
Sw
1032«
W - (0.53+£0.2)
-0.2 - (0. . N
6.4 (our expt.) 0 0.85+0.2) (T =77°K)
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FIG, 12, Frequency of the g= 0 optical phonon in in-
trinsic Ge as a function of absolute temperature, The
circles are our experimental data and the triangles Cow-
ley’s predictions. The solid line was drawn through Cow-
ley’s points.

As a final comment, we indicate that no broaden-
ing of the Raman line with doping was observed in
n-type Si, thus implying w,7<<1. Therefore, itis
unnecessary to perform any scattering time correc-
tions when analyzing the frequency shifts.

C. Electrons: n-Type Ge

In this case we have been unable to detect any
shift in the Raman frequency that can be attributed
to electronic effects. The shifts observed are too
small and seem to depend critically on the nature
of the dopant, rather than on the carrier concentra-
tion. In fact, for one As-doped sample (7 =300 °K,
N=4.8X10"cm™®), we find a small decrease in the
phonon frequency (of the order of 0. 2% as compared
with shifts of the order of 1% for p-type Ge of the
same carrier concentration), while for a P-doped
sample of the same carrier concentration there is
an increase in the phonon frequency of the order of
0.1%. Since the electronic effects in Cy44 have been
observed by Bruner and Keyes,3 we conclude that
the nonexistence of a similar effect for the Raman
frequency is due to the long intervalley scattering
time of the conduction electrons of Ge. This con-
clusion is supported by the fact that intervalley
scattering times for moderately doped Ge are of the
order of 107!° gec.® This makes wyr= 10® which,
when inserted into Eq. (37), gives a dynamical fre-
quency shift 10°® times smaller than that predicted
by the static theory; such small shifts are undetect-
able. The measurements were also carried out at
high temperatures with still negative results.
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While performing the experiment at different
temperatures, we measured the temperature depen-
dence of the Raman line for intrinsic Ge. In Fig.
12 these results are compared with the theoretical
predictions of Cowley.!'? The agreement between
Cowley’s theory (solid line drawn between Cowley’s
numerical values given as triangles) and our exper-
iment (circles) is excellent. Similar results have
been recently reported by Ray et al.?

Next, the linewidths (full width at half-maximum)
are analyzed as a function of temperature. It be-
comes necessary, especially at low temperatures,
to correct the observed linewidth for the instru-
mental resolution by extrapolation to zero spectral
slit width., The correction is made, under the as-
sumption of Gaussian slit functions and line shapes,
with the expression

W(observed) = (W2+ W2t/ 2 (54)

where W is the corrected linewidth and W, the in-
strumental resolution (W;=1.7 cm™ for a slit width
of 50 4 measured with the laser line).

It has been suggested'? that the linewidth of the
Raman line is determined mostly by decay into two
LA phonons of half-energy, and hence its tempera-
ture dependence is

W(T)=W(0) [1 +(eM@0/*0T _1)1], (55)

Figure 13 shows excellent agreement between the
corrected linewidths, the predictions of Eq. (55)
(solid line), and Cowley’s more complete theoretical
calculations.

-

60— INTRINSIC Ge

LINE WIDTHS

< L
~
>
= 40 —
~N
=

20— e EXPERIMENTAL POINTS

10 a4 COWLEY'S CALCULATIONS

0 ) | ! | L | L
[o] 200 400 600 800
T(°K) —=
FIG. 13, Linewidthsof the Ramanline for intrinsic Ge,

normalized to W(77), asafunction of absolute temperature.
The circles are our experimental data and the triangles
Cowley’s calculated values. The solid line is calculated
with Eq. (71).
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V. CONCLUSIONS

We have measured the lowering of the Raman fre-
quency of Ge and Si induced by heavy free-carrier
concentrations. The effect observed agrees rea-
sonably with the predictions of deformation-poten-
tial theory. The shifts are limited by the time it
takes the carriers in the split bands to reach ther-
mal equilibrium. The long intervalley scattering
time completely suppresses the effect in n-type Ge,
while the much shorter scattering time only de-
creases the effect slightly at low carrier concen-
trations in the p-type materials. Some extensions
of the present work suggest themselves. Applica-
tion of uniaxial stress along the appropriate direc-
tion can shift all carriers into one valley: Strong
changes in the effects of doping on the Raman fre-
quency and on the elastic constants are expected.
This work should help to separate electronic effects
from ionic mass and size effects. A [100] stress
would also increase the free-carrier effect in n-type
Si by raising the Fermi level [see Eq. (20)]. The
direct effects of the stress on the phonon spectrum
of the pure material are well understood and could
be easily taken into account.2®?

We have also found that there should be an effect
of the high free-carrier concentration on the inter-
nal strain parameter ¢ (¢ decreases with doping).
In p-type materials this should be quite substantial
and may be directly measurable with x-ray scat-
tering.3® This change in ¢ produces a second-order
change in Cy which is too small to be detected ex-
perimentally.
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APPENDIX A

Using a pseudopotential approach we have com-
puted the values of the deformation potentials D, for
a sublattice displacement (optical vibration) at sev-
eral symmetry points of the Brillouin zone of dia-
mond-type semiconductors.!® The expressions for
the deformation potential d, of the I'y5, valence band
are

dy_ m (Us"vu)2 _ Vg = Vo
4 V3 E, ( E,—%(eq+vg)) ’ (A1)
where

Ey={[3(€o+ve) P+ 2(vg - Uu)z}’”2 s

€o= %/ 2m)(2n/a)? .

(A2)

The v,’s are the atomic pseudopotential form fac-
tors for a vector k of magnitude k. Equation (Al)
yields for Si and Ge the values listed in Table IV.
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Two values of d, have been calculated, using either
the v,’s of Brust™ or those of Animalu and Heine.%

For the X; conduction band in Si, the appropriate
deformation potential is, in the approximation of
Heine and Jones, 3

T v, - (€g+vg)%
183,0= 2 6’4+ — 0 4z, 4, (A3)
with
Eg={[4(eo+vg) 2+ 20810/2 | (A4)

The values obtained with Eq. (A3) for Si, using
Brust’s® and Animalu and Heine’s* pseudopo-
tential form factors, are listed in Table V,

APPENDIX B

We have mentioned in Sec. II that doping may
alter the internal strain parameter ¢ for [111]
stress. This change in { may, in turn, produce
changes in Cy4, in addition to those of Eqs. (22b),
(29a), and (40b). We use the bond-stretching-bond-
bending model of Martin,'® which accounts well for
the experimental value of ¢ in pure Ge and Si. Let
a and B be the bond-stretching and bond-bending
constants as defined by Martin.!® The elastic energy
for the strain of Eq. (4) is, for these materials,

F=(6€%/a) [a(1 - 0)%+B(1+£)?]. (B1)

By minimizing Eq. (B1) with respect to ¢, one ob-
tains the internal strain parameter &, for pure Si
and Ge:

So=(a-B)/(a+B) . (B2)

For a doped material we must add to Eq. (B1) the
free-carrier contribution which we shall represent,
in general, by

AF = - (6G/a) D? | (B3)

where the constant @, which depends on doping, has
been treated in Sec. II for the various cases of in-
terest, and D is the deformation potential defined by
Eq. (5). The dependence of ¢ on doping arises
through the dependence of D on ¢ given in Eq. (5).
By minimizing the sums of Eqs. (B1) and (B3) with
respect to £, we obtain

_a-B-aD'(Dy/4)
T a+B-a(Dy/4)?

(B4)

Since @ is the parameter responsible for the
small changes in Cy obtained in Sec. II, we can ex-
pand Eq. (B4) in power series of @ to first order
(an expansion of ¢ up to first order in @ gives free
energies and elastic constants correct to second
order in @):

C=§0(1—')\) 5

where

(B5)
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r=[@D/(a-B)] (Dy/4), D=D'-1fD,. (B6)

Substituting Eq. (B5) into the expression for the
free energy of the doped crystal and retaining terms
up to second order in @ alone, we obtain the modi-
fied free energy which, in turn, is compared with
Eq. (10) to yield the change in the elastic constant
Cyy:

ACy _ 5WCy __4ap («‘90/4)2 (5(1)044>2 (B7)
Cu Cu (@+B)? \ D Cu ’

where 8Y’Cy, is the first-order change in Cy com-
puted in Sec. II and given by

6(1)C44= - (1/a)a52 .

The second term on the right-hand side of Eq. (B7)
gives the contribution to Cy of changes in ¢ with
doping. Using for o and B the values obtained by

(B8)
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Martin!® and for 6*’C,, the expressions derived in
Sec. II, we find that this term is always less than
2x107; i. e., even in the best of cases (greatest
attainable dopings), the contributions of the change
of ¢ with doping to C,4 is less than one hundredth of
the first-order contributions computed in Sec. II.
Such small contributions are undetectable. On the
other hand, Eq. (B5) predicts changes in the param-
eter £ with doping given by

daB  (6'0C,,\ (Dy/4
AL = 3 N ’
(a+B) Cu D
which can mean a decrease in ¢ of 6% for the most
heavily doped p-type materials. The parameter ¢
has been measured experimentally by Segmiiller3’
in pure Si and Ge. The change in ¢ predicted by

Eq. (B9) could be detected by performing analogous
measurements on heavily doped materials.

(B9)
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