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BInasmuch as the spin polarization may be enhanced by
conduction-electron—conduction-electron exchange effects
[R. E. Watson, in Hyperfine Intevactions, edited by A. J.
Freeman and R. B. Frankel (Academic, New York, 1967),
p. 413], the range of B is bounded by N(Ep) <N (EpR),
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We have studied in the molecular-field approximation the statistical-mechanical properties

of the Hamiltonian

Go=—hY. Si=DJy;SEST—> Ky (5D = 5SS+ D] [(5)*~5S(S +1)]
i i, i,j

for S=2 ions. We investigate the possibility of ordering in the independent parameters M = (S%)
and @ ={(S92=3S(S+1)). The phase diagram is discussed for positive and negative biquadratic
interactions as a function of the ratio of bilinear to biquadratic interactions and as a function

of the magnetic field &.

Successive phase transitions and triple, critical, and tricritical points

are found. We also show that the model gives a qualitative understanding of the phase transi-

tions observed in DyVO,.

I. INTRODUCTION

In molecular crystals, the existence of both
dipolar and quadrupolar interactions between the
molecules may lead to successive orientational
transitions, as shown by Krieger and James.!
Similar behavior is found in magnetic systems,
where it is possible to define two different order
parameters, the ordinary magnetization M= (S%)
and the quadrupolar order parameter @= {(5%)?

- 15(S+1)). For instance, Blume and Hsieh® have
considered a Heisenberg Hamiltonian for S=1 ions
with quadratic and biquadratic exchange interac-
tions and discussed the phase diagram as a func-
tion of the ratio of these two types of interactions.
S=1 Ising models with quadrupolar interactions have
been investigated by other workers.>""

In connection with recent experimental results
on successive phase transitions in DyVO,,%-1
we have studied the statistical-mechanical proper-
ties of the Ising-like Hamiltonian

Je=—h2s SE=20d;;S8% =20 K;;[(S9)P - 3S(S+1)]

i i,J iy d
x[(s2F-3S(s+1)] (1)

for N (S=%) ions on a lattice. This Hamiltonian

is not directly applicable to DyVO, because the en-
ergy-level scheme is not that of an effective spin

% nor are the interactions in that substance strictly
Ising-like. We expect the qualitative picture, how-
ever, to be correct. The interactions J;; and K;;

can arise from a number of different physical pro-
cesses. We refer to them as the “dipolar” and
“quadrupolar” interactions, respectively, but we
do not necessarily imply that they arise from mag-
netic dipole-dipole or electric quadrupole-quadru-
pole interactions. The names are convenient
because they suggest that the interactions can
produce dipolar or quadrupolar order, as defined
above. The quadrupolar interaction K;; could
arise, for example, from biquadratic exchange
due to the presence of the orbital moment, or from
bilinear exchange projected into the low-lying
levels of a multiplet, so that in a spin Hamiltonian
the form of the interaction becomes complex.!+!2
Alternately, it could result from phonon exchange
between ions, in which case one might refer to a
“cooperative Jahn-Teller effect.” The thermody-
namic properties of the system will, however, be
independent of the origin of the exchange interac-
tion and we therefore consider these properties
here. Separate experiments are required in order
to determine the physical origin of the parameters
J;; and K;;. A study of the elementary excitations
(e.g., phonons, librons, and magnons) and their
interactions can distinguish between the various
possible mechanisms and can determine whether
lattice distortions, which accompany the phase
transitions, are essential to or incidental to their
occurrence.

We first derive self-consistent equations for the
order parameters M and @ in the molecular-field
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approximation. For spin 3 it is in general also
necessary to consider “octupolar” ordering with a
parameter which depends on ((5%)%). We do not

do so here because the Hamiltonian (1) does not con-
tain “cubic” exchange of the form (S%)%(S%)% so

the octupole-order parameter is not driven directly
by the interactions.

In Sec. II, we discuss the phase diagram for
fixed positive quadrupolar interactions and varying
dipolar interactions in zero external field. We find
that for a range of the parameters J;; and K;;,
two separate second-order phase transitions occur.
At a higher temperature, there is a transition to
a state of nonzero quadrupolar order, but zero mag-
netic order. At a lower temperature, a second
transition occurs to a state of nonzero magnetic
order. As the parameters change, the two transi-
tions eventually are found to occur at the same
temperature and in another regime they become
first-order transitions. We also investigate the
influence of a magnetic field on the phase diagram,
and the case of negative quadrupolar interactions.
Finally, we discuss the suggestive similarities
between the behavior of our model and the observed
properties of DyVO,.

II. MOLECULAR-FIELD APPROXIMATION

We first restrict ourselves to positive dipolar
and quadrupolar interactions and introduce their
Fourier transforms

J=J(0)=22;J; (2a)
and
K=K(0)=23,K,; . (2b)

Let H and o be the molecular fields associated with
the order parameters M= (S*) and Q= ((S*)?-%).
In the molecular-field approximation, the one-ion
Hamiltonian 3¢ is

Wo=— (H+h) 22, S - 022,[(S5P-5] .

The corresponding partition function is Zf,‘
=tre™®%, where

®3)

Zy =26 coship (H+h)+2¢ % coship(H+h)  (4)

and 8=1/kT. In order to derive equations for H
and 0, we use the variation principle for the free
energy™!® F,

F<p=Fy+{(V),

where

(5)

X=3,+V, (6)

Fo=—glnzo, (7)

(V)o=trpV, ®)

1127
e-ﬂJﬁo
Po =1 8%y - 9)
We find immediately
(V)o==NJ (5% = NK((S*)* - )§
+NH(S® )y +No ((S*2-%),, (10)
with
(%)= ;— [3¢%° sinh3B(H + )
0
-B0 i1 1 A
+e smh-gﬁ(H+h)]=—Z~ , (1)
0
US%E=5%),= ;— [2¢*° coshiB(H + )
0
—Bo 1 B
—2¢ " coshzB(H+n)]== . (12)
Zy
We get then the following expression for ¢/N:
¢__1 A B _(AV__(BY
¥ BanO+HZO+OZo —J(Zo> —0<Zo> . (13)

H and o are now determined from the conditions

2N (- 22 (A (o2 2) (2) -
- f-22) @, b 2) @)

(14)
' '
S E-wg) G R )
(15)
which are satisfied if, and only if,
H=2JA/Zy=2JM , (16)
0=2KB/Z,=2KQ . (17)

Finally, M and @ are determined from the
following self-consistent equations:

_ 3¢9 sinh(38M + 38h) + e #¥ sinh(8JM + 5h)

M

(18)
20%%9 cosh(3BJM + 38h) — 2¢ 2859 cosh (BJM + 1 6h)

Q=3.27a cosh(38JM +28h) + 2¢ X9 cosh (BJM + 2 Bh)
(19)
and the free energy is given by
F__1
N-—BanO+JMZ+KQz . (20)

III. PHASE DIAGRAM FOR J, K>0 AND /=0

Before discussing the general situation, let us
consider three particular cases [Figs. 1(a)-1(c)]:

(@) J=0; Eqgs. (18) and (19) give

M=0, Q@=tanh2BKQ. (21)

There is no dipolar ordering. Quadrupolar order-

" 2¢°%9 cosh(38JM +38h) + 2¢7#% 9 cosh (BJM + 38h)’

H
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ing (Q#0) appears below T, (kTq=2K), the transi-
tion is second order (as for a dipolar ordering in

a spin-3 Ising model), and just below T\,

Q~ (Tg— T)'/2. The molecular field o splits the
S$=% quadruplet into two doublets: S?=+% (the
ground state), and S,=+3. We note here that for
J=0, we can make rigorous statements about the
system which go beyond the mean-field approxima-
tion. This is because the system in this case is
equivalent to a spin-3% Ising model. The exact par-
tition function Z is given by

Z= E eXp{RE Ksj[(s )

{s%}

His5? =51,

where each S% takes on the values +3 and +3.
Defining o; = (S 52 % we note that o;=+1 when
S%=:+% and 0;=-1 when S?=+3. Hence,
z=27; exp(BZ)K i00;)
{o;} i,d
where the factor of 2¥ accounts for the two possible
values of S§ for each o;. This is just the partition
function for a spin-3 Ising model, for which the
phase transition is second order.
(b) K=0; Eq. (18) gives

_2M coshBJM (4cosh?BJM — 3) — 8 sinhBJM cosh®8JM + 3 sthJM
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_ 3 sinh3BJM + sinhBJM
" 2 cosh3BJM + 2 coshBIM

=By, 5(BIM) . (22)

Dipolar ordering appears below Ty o[k Tyq= 5J
=2JS(S+1)]; the transition is second order and the
the S=3% quadruplet is split into four singlets by
the molecular field H. Because of kinematical
coupling, M#0 implies @#0 (although K=0) as
given by Eq. (19) and near Tyq, M~ (Tyq- T)'/2
and @~ M?~ Tyq - T.

(c) J< K; since the dipolar interactions are al-
most negligible, we expect that the quadrupolar
transition at Ty, 2T, =2K will be unchanged. Near
0 °K, because J#0, dipolar ordering is now possi-
ble and M is given by Eq. (18) where @ ~1 and
2BKQ~: M=3tanh38JM. The transition appears
at Ty (kT =3%J) and is second order. It involves
only the ground-state doublet S*=+% (effective
spin 3) but the moment is § so that k7, =2J(3)?=£J.
In this case, we find two well-separated phase
transitions as shown in Fig. 1(c).

We now investigate the phase diagram for arbi-
trary values of J/K. Eliminating ¢*¥? between (18)
and (19), where we put 2=0, we get

4 sinhBJM cosh?BIM

Using (23), it is possible to determine the lines
in the J, T plane along which second-order phase
transitions may appear. We write BJM=x. For
x<<1,

Q=Qo+R¥*+Sx*, (24)

where @, R, and S are some functions of J and
T. In particular,

Q=1/287-% , (25)

so that if M- 0 for T— T, @ -~ @, The continuous
dipolar transition is also a continuous quadrupolar
transition if Ty=Tyo=3J (and Q~ M? just below
Tyg); there will be a continuous transition from a
dipolar to a quadrupolar state at T, if @y(7})
=tanh (28, KQ,), so that we must have

kRT, 5 K 5K
Riw_2_ 2_
57 "4 tanh(J 2kTM> . (26)

Otherwise the transition is first order. Equation
(26) may be solved numerically or graphically.
One finds always T}, <2K. For very low tempera-
tures (26) gives the solutions 27T, =5J and kT,=%J
(only in the first case, one has @,>0).

Let us suppose now that a purely quadrupolar
transition is possible at T,. From (23) with M=0,
we get (as when J=0)

(23)

[
Q=tanh28KQ ,

so that 2T, = 2K and the transition is always second

Q
! /2
£3/2
kT
kTQ=2K
MQ
3/2
I -3/72
-172
(b) +1/2
+3/2
KT
KTmq=5/2J
M,Q
372
| -1/2
+1/2
(c) -3/2
+3/2
KT
KTy=9/2J KTq=2K

FIG. 1. Thermal variation of the order parameters
M and @ and splitting of the quadruplet S=% in three
particular cases: (a) K>0, J=0; (b) J>0, K=0; and (c)
K>J>0,
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FIG. 2. Possible second-order phase transitions in the
J-T plane according to Eq. (23).

order. Finally, Fig. 2 shows the lines in the J,
T plane along which second-order phase transitions
may appear. The results agree with the above
discussion of the three particular cases, J=0,
K=0, and K> J.

To see which parts of these lines correspond to
real second-order phase transitions, we perform
a Landau development'* of the free energy F along
these lines, using Eqgs. (20) and (24). We write
then

F=Fy+A(T, Q)M+ B(T, Q)M* +- - - (27)

‘(no M® term appears in the development). @, is
the value of @ at the transition and is given by @,
=tanh2BKQ,. In particular,

A(T, Q) =1+2RBEKJ(1 +Q,) — BJ 51+ 28¥%)

(28)
The transition temperature is given by A(7, @,)=0,
and the transition is second order as long as
B(T, Q) >0. If Q,=0, we find 2T=3J; if Q,~1,
ET=%J. If =0, B(T, Q,) is positive for J>1.80;

1.80 -
FERROMAGNETIC g
ORDERING ///
-~
~ e PARAMAGNETISM
'
0.65 5 /P -
0.46 QUADRUPOLAR
«1~  ORDERING
1 Q ] !
° K 2K KT

FIG. 3. Phase diagram for 2=0, J and K>0, Dashed
lines indicate first-order transitions.

1+ *¥%90(9 + 8RBK)
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if @y#0, B(T, @,) is positive for J<0.46.

Finally, the self-consistent equations (18) and
(19) have been solved numerically by substituting
(23) into (18), and we compared the free energy of
three solutions M=@=0; M=0, @=tanh28KQ:
M#0, @#0. The phase diagram is shown in Fig.
3. Summarizing, we have found: (a)ForJ>1.80,
a single second-order transition to a state where
M and @+#0, driven mainly by the dipolar interac-
tions. (b) For 1.80>J>0.65, a single first-order
transition to a state where M and @ # 0 (the ap-
pearance of a magnetic transition is well known in
systems like MnAs !* where biquadratic exchange
may be important). (c) For 0.65 >J >0.46, two
separate phase transitions; the quadrupolar one is
second order, the dipolar one first order. (d) for
0.46>J>0, two separate second-order phase
transitions. As we shall see, a similar situation
appears in DyVO,. Figure 4 shows the thermal vari-
ation of M and @ for the four situations.

IV. INFLUENCE OF MAGNETIC FIELD

We first suppose that J=0 and study the influence
of a magnetic field % on the transition at T,. Even
at high temperature, M#0 and, because of the
kinematical coupling, @#0 so that the transition is
suppressed by & [Fig. 5(a)]. (We have checked
that the transition never becomes first order.)

As shown in Fig. 5(b), the magnetization presents
a bump near k7=2K when % is small.
We now come back to the general situation.

M,Q M,Q
3 3
2 2
! |
kKTmg kT kTmq kT
=75 =2.7
(a) (b)
M,Q M,Q
3 3
2 2
[
KTm KTq KT KTy Klq kT
=18 =2 =158 =2
(c) (d)

FIG. 4. Thermal variation of M and @: (a) a single
second-order transition (J=3K); (b) a single first-order
transition (J=K); (c) a second-order quadrupolar transi-
tion and a first~order dipolar transition (J=0.5K); and
(d) two second-order transitions (J=0.4K),
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(d)

3.0 kT
(c)

FIG. 5. Influence of 2 on the phase diagram: (a) and
(b) J=0; AS=0.1K and 1. 0K; (c) line of critical points
(dashed line); and (d) thermal variation of M and @ for
h<h, (Sk=0.05; J=K).

When % is applied, the second-order lines QP’
(quadrupolar transition), OP, and P'’= (dipolar

ferromagnetic transition) disappear, i.e., paramag-

netic and quadrupolar regions disappear, so that
the system is always ferromagnetic. The first-
order transitions along PP’’ appear at higher tem-
peratures [Figs. 5(c) and 5(d)] and disappear when
% is very large: the surface describing the first-
order transitions is limited by a line of critical
points, P and P’ are tricritical points.!® The
character of P’ could be made precise if the mag-
netic field were replaced by a crystalline field.
Let us comment briefly on the case where K>0
and J<0. The dipolar interactions favor an anti-
ferromagnetic ordering, so that we have to divide

the lattice into two sublattices A and B and introduce
Self-

four order parameters Q,, Qg, My, and My.
consistent equations for these parameters may be
obtained as in Sec. II and, as long as 2=0, we get

Q=

so that the phase diagrams for J>0 and J<0 are

identical (we have not studied the influence of %).

In the same manner when K<0 and /2=0 the phase
diagram for J>0 and J<0 are identical.

Qp and M,=-Mjz,

3298 ginh(38J My +
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V. PHASE DIAGRAM WHEN K<0

We introduce two sublattices A and B (2N atoms
on the lattice), and the molecular fields o,, 05, Hy,
and Hz. The one-ion Hamiltonian is

3=~ N(H, +h) 23 S5, = N(Hy + )2 S5
ig iB

- Noy 22 [(5%,)?
ia

.

—$1-Nop T [(s3,)° -
ip

(29)
The partition function for A and B ions is

Z, =254 cosh3 B(H, + 1) +2e"%4 coshs B(H,, + k)
(30)
and a similar expression for Z,. Z¥Z% is the
partition function of the system and

Fo_ 1 1
N —_ﬁ anA—'B‘anB .
Consequently,
(8% =z [3¢°°4 sinh3 B(H,, + k)
4 sinhz B(H, +h)], (31)
(3P -9 = [2e"°A cosh3 B(H, + 1)
- 2¢"*4 coshs B(H, +h)], (32)
and similar expressions for (S%) and ((S%)2-%).

We note (S%)=my/Z, and ( Q3 Y=q,/Z,, so that

¢__1 1
N8 Inz, - s InZg +HA A +HB ZB
da 5 98 ;7aMp _ o 9498
+0AZ 08y JZAZB KZA7B‘ . (33)
The conditions
8 _ %9 89 8¢ _
8H, 0Hz 080, 0d0g
give
H, =2 -2=2JMy ,
Hy=2724-27M, ,
Zy
(34)

0, = 2K—§§= 2KQ, ,

op=2Kd4=2Kq, .
Zy
Finally, we obtain four self-consistent equations

3BR) + ¢ 2% ginh (BIMy +58h)

My =3 25705 cosh (38J Mg +

2P 98 cosh(38JMp +5

3BR) + 2% 98 cosh(BI My + 3Bh) (35)

Bh) = 2¢"%%98 cosh(BJ My + 38h)

Q=5 2% G cosh(3BJMjy

+3Bh) +2¢ %% cosh(BIMg +38R)

(36)
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3¢®% % sinh (38JM, +36h) + e"** 94 sinh(BJM, +36h)
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Mg =

2e%% % cosh(38JM, +38h) — 2¢"%% %4 cosh(BIM, + 38h)

20%8KQ4 cosh (3BJM 4 +38h) + 2¢"#%%% cosh(BIM, +58h) ’

5 = P70, cosh (38JM,, + 2 Bh) + 2 PF % cosh(BIM, +2Bh)

and the free energy F/N is given by

F 1 1

N~ E InZ, - E InZy+JMy4Mz+KQ,Qp .
We first discuss some particular cases (Fig. 6)
for ~=0.

(@) 7=0. Equations (35)-(38) give
My=Mz=0, (39)
Qa1 =- Qo =tanh2g| K| Q, .

There is no dipolar ordering; “antiquadrupolar”
ordering appears at #T,=2| K| and the transition
is second order.

(b) J>0, K=0. Dipolar ordering (ferromagnetic
state) appears at T, ,=3J (see Sec. III).

(¢) J<1K|. Well below T,, the dipolar forces
impose a dipolar ordering. From (35) to (38) with
Q4=—Qp=1we get

My, =%tanh3pJ M, ,
Mg=%tanhgJM, .

When T—0, M, =3 and My =% so that we have now
a ferrvimagnetic ordering; the transition is second
order; it appears at kT, =3 J (=2J%X%x3$).

In order to solve numerically Eqs. (35)-(38),
we eliminate ¢®¥Q, between (35) and (36) and
e®¥Q, between (37) and (38), from which @,
=f(M,, My) and Qg = g(M,, Mz). We then substitute
into (35) and (37) so that we are left with two
equations.

The phase diagram is shown in Fig. 7, which is
divided into several regions:

(@) J>1.53. A single second-order phase tran-
sition appears to a state where M, = Mz+#0, Q4
=Qp#0; kTyo=3J.

(b) 1.53>J>0.81. A second transition appears
to a state where M, # My, @, #@Qp; it is second
order (it corresponds to a lowering of symmetry
since two sublattices appear).

(c) 0.80>J>0.30. Two separate phase transi-
tions: the antiquadrupolar one (¢Ty=21K]) is sec-
ond order, the dipolar one is first order.

(d) 0.30>J>0. Two separate second-order
phase transitions. Finally, for J<%|K|, the
ground state is ferromagnetic, while for J<#|K|
it is ferrimagnetic. For 0.81> J>0.80, there are
four transitions: two second-order transitions to
a ferromagnetic state then a ferrimagnetic state,
and two first-order transitions limiting the exis-
tence of an intermediate purely antiquadrupolar

[

state. Thermal variations of the order parameters
are shown in Fig. 8.

Let us take J=0 and study the influence of a
magnetic field on the antiquadrupolar transition.
At high temperatures, the system is ferromagnetic;
below T,, it becomes ferrimagnetic [Fig. 9(a)].
The transition temperature is first slightly in-
creased by %, then decreased, and the transition
disappears for %>k, [Fig. 9(b)]. When J#0, as
shown in Fig. 10, a surface in the J~- z— T space
separates a ferromagnetic state from a ferrimag-
netic state, since a purely antiquadrupolar state
is no longer found. Consequently, the second-order
lines OP and P’ disappear; the first-order transi-
tion between two ferrimagnetic states appears at a
higher temperature and disappears (line of critical
points) so that P and P’ may be considered as tri-
critical points. The surface X intersects the three
coordinate planes along the lines CQ, QP and
P'P", PC. Finally, at T=0°K, the straight
line # +3J=4K separates a ferrimagnetic from a
ferromagnetic ground state.

VI. APPLICATION TO DyVO,

Two phase transitions are observed in DyVO,:
a crystallographic transition at 14 °K, which has
been considered as a Jahn-Teller transition, and a
second one at 3 °K, which is an antiferromagnetic
transition.!” Both of them are second order, as
shown by specific-heat measurements® and the
thermal variation of the crystal distortion 5/a.®

Optical studies® show that only a ground-state
quadruplet (effective spin $' =%) is involved in the
two transitions: This quadruplet is split into two
doublets at 14 °K, and then at 3 °K into four singlets,

Q. Qg

(a) 5 KT LC

+

+

NI POI—
ﬁ
I+

ol— Pl

Nl— — Mol

(b) KT

-1 -3

A +2 B +2

2K -3 -1
+2 +2

FIG. 6. (a) Pure antiquadrupolar ordering (J=0, K<0)
and (b) well-separated ferrimagnetic and antiquadrupolar
transitions (1K |[>J>0).
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FIG. 7. Phase diagram for 2=0, K<0, J>0, Dashed
lines indicate first-order transitions.

and indeed the entropy variation associated with
each transition is AS=~RIn2.® The spin Hamiltonian
responsible for the cooperative transitions may
consequently be represented at least qualitatively
by our model Hamiltonian (1) with J<0 and K> 0.
(The latter follows because between the two transi-
tions, all Dy* ions are equivalent). Because of
the observed quasidegeneracy, we may neglect any
crystalline field. J is an ordinary superexchange
interaction, and K is either a magnetostrictive or
indirect quadrupole-quadrupole interaction, as
discussed in the Introduction.

(a) (b)

KT KT

Qg Qg
(e) (f)

FIG. 8. Thermal variation of My, Mp, Q4, and Qp:

(a) a single second~order transition; (b) and (c) two second-

order transitions; (d) 0.81>J>0. 80 four transitions, an
intermediate antiquadrupolar ordering; (e) a second-order
antiquadrupolar transition and a first-order dipolar tran-
sition; and (f) two second-order transitions.

SIVARDIERE AND M. BLUME

[en

Since the two phase transitions are well sepa-
rated (3 and 14 °K), we must have J< K as in our
phase diagram. In particular, the crystal distor-
tion is unaffected by the magnetic transition, i.e.,
@ ~1 at the magnetic transition (as we have seen,
the sign of J, which here must be negative, has
no bearing on the phase diagram in the J, T plane).

The magnetic character of the transition at 14 °K
is shown by the influence of a magnetic field 4, or
h, which induces the crystallographic distortion
(tetragonal to orthorhombic) well above 14 °K ;
the splitting of the quadruplet explains the Ising
character of the magnetic transition (spin flip),
although the orthorhombic distortion is very weak.
To the two possible signs of @ between 3 and 14 °K
correspond two domains; when # is applied, the
sign of @ is determined, i.e., one type of domain
is selected. Finally, the values of the different
g factors are different in DyVO, and in our model,
since we neglect all the excited states and the pos-
sible Heisenberg character of the interactions as
well as more complex types of exchange. For the
same reason, it is difficult to get a correct value

3
+§ Ma
+1 Qa
+4
2 Mg
| |
KT
Qg
-1
he

2 1Kl kT

FIG. 9. Influence of % on antiquadrupolar transition (a)
variation of My, Mg, Q4, and Qg for J=0, Sk=1.0 and
(b) thermal variation of the critical field &,.
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Influence of % on the phase diagram (K<0).

FIG. 10.

of the parameters J and K of the true spin Hamil-
tonian, since we are dealing with an effective
spin 3.

With a change of interpretation, the Ising model
can be made to correspond somewhat more closely
to the situation in DyVO,. We assume that there
is no relation between the quantization axis of the
Ising system and the z axis of the crystal. A
|+3 ) state (@ =+1) represents a quadrupole elongated
along the x axis and a |+%) state (Q=-1) a quad-
rupole flattened along x or a quadrupole elongated
along y. This choice is more adapted to the de-
scription of DyVO, because of the two possible do-
mains which appear below T,. The introduction
of dipolar interactions selects the domain with @
=+1 preferentially.

The possibility of two successive second-order
phase transitions is confirmed by symmetry con-
siderations.!® The high-temperature group is
G=1(4,/a)md. Since the transition leaves the unit
cell unchanged, we may consider only the point
group G = (4/m)mm. Now, following Landau and
Lifschitz, we may classify the coordinates of the
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quadrupoles of the two Dy®* ions in the unit cell
according to the representations of G. We find that
a “ferromagnetic” arrangement of quadrupoles
transforms according to the By, representation,
whose kernel is Imma. Consequently, such an
ordering leads to an orthorhombic symmetry, and
it may be second order since B, is a real one-
dimensional representation. Then the dipolar order-
ing corresponds to a real one-dimensional repre-
sentation of the group Imma with £=0; it is de-
scribed by a magnetic group isomorphic to Imma.

VII. CONCLUSIONS

Our model Hamiltonian (1) may describe quali-
tatively some systems where two-order parameters
may be defined: crystals with crystallographic and
magnetic ordering, for instance. We have shown
that it describes qualitatively the magnetic prop-
erties of DyVO,. It would be interesting to com-~
pare our results with the results for a similar
Heisenberg Hamiltonian where new elementary
excitations appear which may be called magnetic

librons. Even the simple model considered here
shows the great complexity which is possible when

two or more kinematically coupled order param-
eters contribute to the internal energy. We have
found first- and second-order phase transitions to
states of quadrupolar and antiquadrupolar order;
erro-, antiferro-, and ferrimagnetism, and two
rombinations of these. The critical indices of the
juadrupolar order depend, even in the mean-field
ipproximation, on the nature of the interactions.

It should also be mentioned that quadrupolar or-
ler can be detected experimentally by x-ray dif-
raction, even if the lattice remains undistorted.
This is because the anisotropic part of the x-ray
form factor is altered by the alignment of the elec-
tronic quadrupoles.

Quantitative calculation for specific substances
requires a more detailed knowledge of the exchange
parameters and of the form of the exchange interac-
tion than we have at present. The Ising system
treated here illustrates, however, the qualitatively
new effects which are to be anticipated.

*Work performed under the auspices of the U. S. Atomic
Energy Commission.

tGuest scientist, on leave from Centre d’Etudes Nu-
cléaires, Grenoble, France.
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Magnetic-susceptibility measurements between 4 and 800 °K and specific-heat measurements
between 1.5 and 4. 2°K are reported for a series of dilute Rh-Mn, Mo-Fe, Mo-Co, and Au-Fe
alloys in the concentration range 0.02~0.7 at.%. The solute susceptibility Ay of all alloys shows
local-moment behavior and scales with the concentration over a wide concentration range, but
large deviations from simple Curie-Weiss behavior, qualitatively the same for all alloys, are
observed. This deviation consists of a rapid increase of Ay at low temperatures. A pro-
nounced field dependence of Ay and large specific-heat anomalies at these temperatures strongly

suggest that this rapid increase in Ay arises from solute-solute interactions. This anomalous

part of Ax can readily be separated from the part due to isolated solute atoms. The conclusion
is drawn that scaling of the solute susceptibility with concentration does not necessarily signify
that the alloys are “dilute” in the conventional sense.

I. INTRODUCTION

In recent publications!'? we reported that dilute
alloys of Mn in Rh exhibit a local moment but that
the magnetic susceptibility does not show simple
Curie-Weiss behavior. It was found that the solute
susceptibility contains a very substantial tempera-
ture-independent term and at low temperatures in-
creases much faster than predicted by the Curie-
Weiss equation. Since these deviations from Curie-
Weiss behavior scale with the Mn concentration,
they were attributed to single-impurity effects.
Large temperature-independent terms in the solute
magnetic susceptibility of alloys exhibiting local
moments have alsc been reported for dilute alloys
of Mn in Mo,? Co in Mo,® and V in Au.? As in the
Rh-Mn alloys, the magnetic susceptibility of Rz~
Fe alloys increases at low temperatures much fast-
er than a simple Curie-Weiss equation would pre-
dict.’® Generally, deviations from Curie-Weiss
behavior of the magnetic susceptibility are observed
for almost all dilute alloys exhibiting local mo-
ments, "™ This is not surprising since the Curie-
Weiss equation can only be considered as a conve-
nient interpolationformula between a high-tempera-
ture Curie law and a finite zero-temperature solute
susceptibility as predicted by both Kondo-type and
fluctuation theories for the single-impurity limit®™*
In the absence of general theoretical predictions
for the detailed temperature dependence of the mag-
netic susceptibility for dilute magnetic alloys,

the observed systematic deviation from Curie-Weiss
behavior should give valuable information about the
electronic structure of a single magnetic impurity.
Quite recently, it has been demonstrated that
even in very dilute alloys, interactions between
solute atoms can contribute significantly to the mag-
netic susceptibility.!?!® The question then arises
as to whether the deviations from Curie-Weiss be-
havior observed earlier do indeed reflect proper-
ties of noninteracting impurity states. To investi-
gate this question, we have made a magnetic study
of a variety of dilute alloy systems over a wide
temperature range. In addition, low-temperature
specific-heat measurements were performed on
the same alloys.

II. EXPERIMENTAL DETAILS

A. Alloy preparation

The following new alloys were prepared: Mo with
0.02-, 0.1-, 0.2-, 0.5-, and 0. 7-at.% Fe, Mo with
0. 1- and 0. 4-at.% Co, Rh with 0.1- and 0. 6-at.%
Mn, and Au with 0, 02- and 0. 1-at.% Fe. The sol-
vent materials Mo, Rh, and Au were 99, 999% pure
as quoted by the supplier. The solute materials
were 99, 99% pure. Before alloying, the magnetic
susceptibility and the low-temperature specific heat
of the solvent materials were determined. No sig-
nificant amounts of magnetic impurities could be
detected. For each of the four alloy systems in-
vestigated, a master alloy with about 3-at.% solute



