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EfFect of fractons in superconductors with fractal structure
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We present in this paper the first quantitative calculation of critical temperature T, and gap parameter
P(—:2h/k+T, ) of superconductors with fractal structure in the light of electron-fracton coupling. The
Kresin's formula which is valid for any arbitrary value of A. is used. The calculations are based on the
McMillan function a F(cu) of electron-fracton interaction recently developed by the authors. Variations
of T, and P with the fractal dimension D are plotted. The results exhibit the possibility of obtaining high
critical temperature in superconductors where electrons and fractons are strongly coupled. Application
of the calculations to amorphous superconductors is discussed.

Currently, the study of physical properties of disor-
dered systems has received considerable attention. ' In-
terest has been renewed partly because of the application
of fractal theory to disordered materials. From a geome-
trical point of view, random structures exhibit a dilation
symmetry and can be described by using a noninteger
Hausdorff (or fractal) dimension D, which is lower than
the embedding Euclidean space dimension. The dynami-
cal properties of fractal networks have been accounted
for by assuming the existence of localized excitations,
namely, fractons. Amorphous materials can be an illus-
trative example which possess the self-similar property.
It was suggested by Alexander et al. that one can regard
amorphous materials as having a random force-constant
structure at short length scales. A fractal connectivity
can be assumed for the masses participating in vibration-
al dynamics at these length scales. A characteristic
crossover length g then separates this regime from the
long length scale (Euclidean) regime. When the phonon
wavelength decreases to length scale g, crossover occurs
to fractons. Existence of this crossover has been
confirmed by experiments and was shown by many au-
thors to be responsible for many anomalous physical
properties in topologically disordered systems.

Among the studies, the electron-fracton interaction has
been widely investigated. Entin-Wohlman, Alexander,
and Orbach calculated the inelastic scattering rate of the
extended electronic state off fractons. They found that
the temperature dependence of the inelastic electron
scattering rate differs substantially in the fracton regime
from that in the phonon regime. Tian, Li, and Zhang
derived the Hamiltonian for the interaction between con-
duction electrons and fractons and obtained the transi-
tion matrix element of electrons. They calculated the
temperature dependence of resistivity to second order of
the interaction between electrons and fractons and
demonstrated that resistivity minima at low temperatures
in weak-scattering metallic glasses may be due to a com-
petition between negative temperature coei5cients of

resistivity (TCR's) resulting from the electron-fracton in-

teraction and a positive TCR from the regular electron-
phonon interaction. Shortly after the discovery of high-
temperature cuprate superconductors, Butter and Blu-
men' suggested a possible explanation for the high-T,
superconducting phase in the Y-Ba-Cu-0 system in light
of the electron-fracton interaction. When a crystal lattice
changes to a fractal one, the cutoff vibrational frequency
co+D can become much greater than the phonon Debye
frequency ma. This fact exhibits the possibility of obtain-

ing a high critical temperature. The existence of vibra-
tional fractons in a high-T, cuprate single-crystal sample
is questionable, although it is still worthwhile to investi-
gate the possible in6uence of fractons on superconduc-
tivity in superconductors with a fractal nature. Using
McMillan's formula, "Chakrabarti and Ray' studied the
behavior of the enhancement ratio T,'/T, against the De-
bye frequency and concluded that T,

' in a fractal struc-
ture can be much higher than that of a compact or crys-
talline structure. Later, Tewari and Gumber' pointed
out that only under certain conditions will there be a sub-
stantial increase in the critical temperature in the fractal
superconductor over its value in the corresponding crys-
talline superconductor. Making use of the interaction
matrix element derived by Tian, Li, and Zhang, Xin,
Liao, and Yang' calculated the function relation be-
tween T,'/T, and the fractal dimension. They also ob-

tained a scaling law between T,'/T, and p'/p, where p' is

the resistivity of the fractal structure and p is that of the
periodic structure in their normal states. These investiga-
tions shed light on the importance of the electron-fracton
interaction in the superconductivity of the fractal struc-
ture. However, there has not been a quantitative calcula-
tion presented up to now. More recently, Jiang et al. '

calculated the spectral function a,+(cv) due to the in-

teraction between the conduction electrons and fractons.
Using this spectral function, they studied the temperature
dependence of the resistivity arising from the scattering
of conduction electrons off fractons. Their results
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showed that this contribution to the resistivity is nearly
linear in temperature over a wide temperature range and

p(T) varies as T / ' for fracton scattering at low tem-
peratures. The McMillan function a F(co} of electron-
fracton coupling can also be derived in an analogous way
to theirs. This function would permit us to perform
quantitative calculations. The purpose of this paper is to
present a quantitative calculation of the critical tempera-
ture T, and gap parameter P (—:25/kz T, ) in light of the
electron-fracton interaction.

According to Kresin, ' the following expression for T,
can be used for any arbitrary coupling constant A,:

0.25li

g 2/Z, ~

where

(2)
1+2jlt, '+ A p, 't (I, )

Here 0= (to )'/2, p,
' represent the electron-electron

Coulomb interaction, and t(A, ) is a function which is nu-

merically evaluated and can be approximated closely by'

t(g) —
1 5e

—0.282,

Considering the fact that fractons only exist over the fre-
quency range between the crossover frequency co, and the
fracton cutoff frequency cozD, the electron-fracton mass
enhancement factor A, and (t0 ) can be expressed as

f "FD a F(~)
~c N

and

~F~ N

( 2)—

f ct'F(~)~
~c

respectively. The gap parameter p is given by'

p 2g/k T =3 52[1+5.3(T, /Q) jn(Q/T, )]

integral ljmjts jn Eqs. (3) and (4) ««e»te
other by'

~FD
——c0, (g/a )

Ct, =4m ga)FD(g/a )
X0

1 —(g/a )

Inserting Eqs. (7) and (8) into (3) leads us to

x0 D —1

1 —3D/2
X f (sin8) 18, . (9)

0 -', D —1 1—(g/a) '

It is also convenient to obtain

( —,'D —1)(g/a —1)
n, =~FD(g/a )

'D"-
1 —(g/a)—1 —3D/2 (10)

(3)

(4)

(5)

(6)

One can see that the effect of fractals enters both in the
prefactor and the exponential term which normally work
against each other. In this paper we focus on the effect of
fractons and assume that they provide for a contribution
to a F(a2}. It is straightforward to incorporate other
contributions to a F(co). Using Eq. (1) along with (5), (9),
and (10), we have calculated T, and P for various fractal

0
dimensions D The p. arameters used are a =3 A, (=25
A, t0FD =4000 K, and p'=0. 1. Choices of these values
are reasonable, in particular that of co+D,

' since the density
of states in the fracton range varies as N(to)-co'/2 for
co) co„ in contrast to N(co)-co ' for the phonons (d is
the Euclidean dimension), the cutoff frequency coFD

should be much higher than the ordinary Debye frequen-

cy coD for crystals; in fact, Tewari and Gumber' estimat-
ed that the highest frequency changes from coD to 8coD.

The value of g is typical in dense amorphous materials.
For D =2.5, the above values together with Eq. (6) give
co, =1X10' s '. This value of co, is very close to that
used in the study of thermal conductivity of amorphous
materials by Orbach and co-workers.

The calculated T, and P against the fractal dimension
D are plotted in Figs. 1 and 2. Curves a, b, c, d, and e
correspond to AD=0. 3, 0.5, 1.0, 1.5, and 2.0, respectively.
One can see from Fig. 1 that, for small values of A,o, T,

where D is the fractal dimension of the network, 1 the
fracton (or spectral} dimension, g the correlation length,
and a the interatomic spacing. Later d= —', will be used

as a good approximation in general.
Following Jiang et al. ,

' the function a F(co} of the
electron-fracton interaction is given by

2F(to) C (sjn8)D 218 d/D 2KD id 1
'

(2m. )D D g~~/D 0

40
/

with a prefactor which is independent of the fractal di-
mension D. In order to determine Cf„we introduce
another quantity A,0, which is the coupling constant of
electrons and fractons for D =2. Then we have

0
1.4 1.8 22

D

2.6

FIG. 1. T, vs fractal dimension D. Curves a, b, c, d, and e
correspond to A,0=0.3, 0.5, 1.0, 1.5, and 2.0, respectively.
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r= —(g/a) + 1 ——D
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FIG. 2. P vs fractal dimension D. Curves a, b, c, d, and e cor-
respond to Ao=0. 3, 0.5, 1.0, 1.5, and 2.0, respectively.

increases with D and then tends to saturate. For D =2.5
and A,c=0.5, T, is about 20 K, while for larger values of
A,o, T, presents a maximum on T, -D curves. For
Ao= 1.5, the maximum temperature T, appears at
D =2.4 and equals 70 K. In general, T, increases with A,o
if D kept constant. As is evident from Fig. 2, the gap pa-
rameter P increases monotonically with the coupling
strength A,c as well as with increasing fracton dimension
value D and can be as large as 5-6. As can be seen from
Fig. 1, if we take A,c to be 2.0, T, has its maximum at
about D=2.2 and can even approach 90 K. Therefore
there exists the possibility of obtaining high critical tem-
peratures in superconductors with a fractal nature where
electrons and fractons are strongly coupled. In materials
with a fractal structure, the large value of the coupling
constant may arise from the more "open" character of
the force-constant network seen by individual atoms or
atomic units at short length scales. These weakly con-
strained constituents would experience a very large am-
plitude of vibrations, ' resulting in a large enhancement
of the effective coupling constant averaged over the frac-
ton wave function. This effect can be seen from the in-
teraction Hamiltonian derived by Tian, Li, and Zhang,
where the coupling strengths between electrons and frac-
tons are closely related to the amplitude of the fracton
wave function. It has also been shown that large
electron-fracton coupling strength (at least one order of
magnitude larger than that of electron-phonon coupling)
is essential in explaining the resistivity minima phenome-
na in weak-scattering metallic glasses at low tempera-
tures. We note with interest that a very large value of
the anharmonic fracton-phonon coupling coefficient had
been obtained by Orbach and co-workers in the study of
the thermal conductivity of amorphous materials.

In the calculations of Tewari and Gumber, ' variation
of T, with r (which was defined as co& /co, and represents
the extent of fractal region) had been plotted. They
found that T, can increase with r under certain condi-
tions. Using expression (9) of their work and Eq. (7) of
this paper, we obtain the relationship between r and D:

From this equation, one can see that r increases with the
increase of D if we take (la to be a constant. Thus our
results presented in Fig. 1 and that shown in Fig. 2(b) of
Tewari and Gumber's paper are indeed qualitatively con-
sistent.

There are many interesting experimental observations'
in amorphous superconductors that have not been well
understood. It has been found that most amorphous su-
perconducting metals and alloys possess a higher critical
temperature than the corresponding crystalline solids. A
prominent example of T, enhancement due to amorphous
disorder is beryllium where T, in amorphous Be is known
to be about 30 times the value in the crystalline state. '

Another interesting point to be noted is that the values of
T, of many simple metals and alloys are very close in
their amorphous states, while T, differs from material to
material in their crystalline states. Also, the amorphous
superconducting materials often have larger k and P.
Our results show that the incorporating of electron-
fracton coupling may be an alternative explanation of the
observed phenomena. The usual way to explain this,
however, is concerned with the enhancement of the low-
frequency part of a F(co) when amorphous states appear.
The low-frequency part has a greater weight in the calcu-
lation of A, , and its enhancement will lead to an increase
of A, and thus enhance T, and P. This explanation is sup-
ported by the measurement of a F(co) from single-
particle tunneling experiments of amorphous supercon-
ductors. However, it should be pointed out that the tun-
neling experiment is successful in measuring a F(co) of
crystalline superconductors, although its application to
amorphous superconductors is not without dispute. '

Electrons in amorphous superconductors have small
mean free paths, and so the tunneling results are in fact
an effect of those electrons rather near the tunneling junc-
tion. To what extent the tunneling results can reAect
bulk properties is not clear. The electron-fracton cou-
pling, on the other hand, is a more natural and direct ex-
planation of the observed facts since it includes the
structural effect and therefore can be more universal.

The fundamental assumption of this paper is that frac-
tons in superconductors with fractal structure take part
in electron pairing. In amorphous superconductor s,
where the fractal geometry is expected to play a role, we
have no experimental evidence for the presence of frac-
tons yet. However, most amorphous materials are
prepared by use of quenching or vapor-condensation
techniques. In those cases, minimum energy
configurations are not attained by the solid phase and
fractal aggregation seems plausible. On the other hand,
experimental evidence for the existence of fractons in
different amorphous solids is rich. ' ' ' The presence of
fractons in amorphous superconductors can be detected
in several ways. One is to record light scattering or neu-
tron spectroscopy. The other is to measure the supercon-
ducting phase boundary T, (H) to see if there is a cross-
over between the homogeneous and fractal regimes.
Also, measurements of thermal properties can provide
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some indirect information. Research in this direction
will be worthwhile.

Finally, we must emphasize that we use "fractal struc-
ture" in the present paper in the sense that was demon-
strated by Orbach and co-workers. The mass distribu-
tion does not have to be fractal. Rather, it is the vibra-
tional connectivity between the sites participating in the
vibrational dynamics that is assumed to be fractal.
Therefore "fractal structure" in this paper means "force-
constant fractal structure, " and one should not confuse
this with mass-density fractal structure (such as a site
percolation network).

In summary, the effect of fractons on the critical tem-

perature T, and gap parameter P in superconductors
with fractal structure has been studied. The results ex-
hibit the possibility of obtaining a high superconducting
transition temperature in light of electron-fracton cou-
pling. Application of the calculations to amorphous su-
perconductors has been discussed.
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