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In order to extend the density-matrix renormalization-group (DMRG) method to two-dimensional
systems, we formulate two alternative methods to prepare the initial states. We Gnd that the number
of states that is needed for accurate energy calculations grows exponentially with the linear system
size. We also analyze how the states kept in the DMRG method manage to preserve both the
intrablock and interblock Hamiltonians, which is the key to the high accuracy of the method. We
also prove that the energy calculated on a finite cluster is always a variational upper bound.

Exact diagonalization is often the only reliable tech-
nique for obtaining the ground-state properties of inter-
acting many-body systems. Since the Hilbert space grows
exponentially with the size of the system, current com-
puting power limits the diagonalization to systems too
small to infer the thermodynamic limit for most prob-
lems.

One method that can potentially overcome this diK-
culty is the renormalization-group technique, in which
one attempts to describe the many-body ground state
with fewer degrees of freedom. Unfortunately, this
method, which works so well for the Kondo problem,
gives rather inaccurate results when applied to lattice
models of strongly correlated systems. '

In an exciting recent development, the key weakness of
the previous method has been identified and a density-
matrix renormalization-group (DMRG) method has been
developed by White. When applied to one-dimensional
spin chains, the DMRG method is highly accurate.

This success raises the hope that the unconventional
ideas proposed for the two-dimensional Hubbard model
can now be tested, allowing progress to be made in the
theory of high-T, superconductors. In this paper, we take
a step in this direction by devising ways to perform two-
dimensional calculations and study the characteristics
of the DMRG method when applied to two-dimensional
problems. We find that the real-space DMRG method
has an intrinsic difhculty in two dimensional problems.
The amount of computation needed grows exponentially
with the linear system dimension. To identify the source
of the difBculty, we develop a physical picture which
also provides insights as to why the DMRG method
works better than the conventional real-space renormal-
ization group. In addition, we prove that the finite-
cluster DMRG method always computes variational up-
per bounds to the ground-state energy.

To analyze the physics of the DMRG method, we use
the simplest Hamiltonian of free spinless fermions. We
find that, for an L x I lattice, the error in the calculated
ground-state energy is proportional to e f', where m
is the number of internal states kept in the calculation.
The coefBcient m* grows exponentially with the linear
system dimension: m* oc a with o. = 3.9. However
the accuracy of the method mainly depends on the to-
tal strength of the interblock interactions, and is almost

independent of the length of the boundary. Thus, the
DMRG method should work well in, for example, one-
dimensional systems with long-range but fast-decaying
interactions.

The DMRG method is a diagonalization technique in
which one attempts to use a small number of states to
expand the ground state accurately. One divides the lat-
tice under study into two parts, i.e., the system and the
environment, and asks if one is allowed to use only m
states each for the system and the environment, which
m states one should choose'? The answer given by the pi-
oneering work of White is the following: construct the
density matrix of the system &om the ground-state wave
function of the whole lattice by summing over the Hilbert
space of the environment and pick the m largest-weight
eigenvectors of the density matrix. This is different from
the conventional approach where, instead, the m lowest-
energy eigenvectors of the system are chosen. Since the
ground-state wave function of the whole system is not
known beforehand, one constructs an approximation to
it. The DMRG method systematically improves the ap-
proximation. In addition to the ground state, this pro-
cedure also works for low-lying excited states.

In order to study the characteristics of the DMRG
for two-dimensional systems, we consider a simple tight-
binding Harniltonian of spinless fermions defined by:

II = —) t,sc, c, +H.c. .

(~i)

where cJ (c,) is the fermion creation (annihilation) oper-
ator; the sum is over nearest neighbors and t,~ is equal
to 1 (t') for the bonds indicated by the solid (dashed)
lines in Fig. 1. When t' = 0, the model describes nearest-
neighbor hopping of electrons in a one-dimensional chain,
whereas when t' = 1 the two-dimensional model is recov-
ered. For technical reasons, we restrict ourself to the case
of free boundary conditions.

The two-dimensional system is thus mapped onto a
one-dimensional model with long-range hopping (Fig. 1).
The sites are numbered sequentially by integers along
the one-dimensional lattice (the solid lines in Fig. 1).
The partition of the lattice in Fig. 1 minimizes the in-

teraction between blocks when the system is divided into
four blocks indicated in parentheses: (1, ..., i —1), (i), (i+
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FIG. 1. A square lattice is mapped to a one-dimensional
lattice along the solid line. There are two kinds of near-
est-neighbor bonds indicated by the solid lines with t,~

= 1
and the dashed lines with t;~ = t'.

1), (i + 2, ..., N), where N = L x L„ is the total num-
ber of sites. We will denote the blocks by (1), (2), (3), (4).
The blocks (2) and (3) are each composed of only a single
site.

A block is represented by states in sectors which are
labeled by n, the number of fermions. The Hamiltonian
matrix in each sector and the matrix elements of c, com-
pletely specify the quantum state of the block. Using this
information, the ground state of the whole lattice can be
obtained in the Hilbert space of the direct product of the
states &om the individual blocks. With this ground-state
wave function, the density matrix of block (1)+(2) is cal-
culated. After the density matrix is diagonalized, the m
largest-weight states are retained to form a new block
(1). The number of sites in block (1) has thus grown by
1. A complete iteration starts with block (1) consisting
of one site and continues until it includes 1V —3 sites.

An approximated block (4) is first used as the environ-
ment block in calculating the ground-state wave func-
tion. After each iteration, the newly calculated block (1)
is "reversed" along the one-dimensional lattice, replacing
the corresponding block (4) to serve as a better approx-
iination for the environment block. This self-consistent
procedure converges quickly after a few iterations.

The trickiest part of the calculation is the prepara-
tion of the initial states, i.e., the environment blocks.
Two methods are used. In the first method we perform
a one-dimensional calculation (by setting t' = 0) using
the method of White. In the second iteration we set t'
to 1 and use the matrix elements of c, generated &om
the one-dimensional iteration to calculate the interac-
tions between blocks (1) and (4). We find that m, the
number of states kept, for t' = 1 has to be larger than
m for t' = 0 in order for the system to converge to the
two-dimensional wave function. One drawback of this
method is that the matrix elements of c, far away &om
the end point (where two blocks meet) are not preserved
well because they are not needed in the one-dixnensional
calculation.

To overcome this diKculty, we have also devised a sec-
ond method in which we prepare a one-dimensional chain
with L + 1 sites as a substitute environment block. The
chain is diagonalized using the conventional method. The

lowest few excited states, as well as the matrix elements
of c; between them, are calculated. The point is that in
the DMRG method, the states saved are such that the
matrix elements of the c; near the end point of the blocks
are kept much better than those away &om the end point,
whereas the lowest-energy eigenvectors do not have such
a bias. However, in this method, the density of states of
the environment block is not correctly represented.

In both methods, we also find that it is sometimes nec-
essary to iterate a few times with t' 0 1 before setting t'
to 1. This helps the system to become two dimensional.
We emphasize that once the wave function converges to
the two-dimensional solution, the final wave function de-
pends only on m and is independent of which initial states
are used. 8

To obtain the wave function for the whole lattice,
blocks are combined taking into account the conser-
vation of n. The Hamiltonian matrix is sparse and
is calculated once and used repeatedly. To diagonal-
ize the matrix, we use the Lanczos algorithm with se-
lected orthogonalization, which avoids the "ghost vec-
tor" problem with minimum added cost. It is especially
useful when several eigenvectors are sought. We have
found this method to be reliable and convenient.

We studied the error 6E in the total energy for the
free spinless fermion Hamiltonian [Eq. (1) with t' = 1]
on an L x L lattice at half filling (n = Ls/2) and with free
boundary conditions. We found that the error in total
energy decreases exponentially with the number of inter-
nal states kept for the block [see Fig. 2(a)]. However,
to keep the error within a predetermined value, m must
grow exponentially with L: the data for L = 3, 4, 5, 6,
and 7 are well described by Fig. 2(b)

gE g fA/114 — + ~Ljg (2)

with n(t = 1) = 3.9, A(t' = 1) = 185; C depends weakly
on L and approaches 1 at large L. We have kept up to
100 states for the most difficult case of the 7 x 7 lattice
where the error is about 1%. Extrapolation to m ~ oo
can always be used from the finite-m data in order to get
better estimates of the ground-state energy.

This result suggests that it is extremely difficult to
apply the method to two-dimensional systems. How-
ever, the number of states needed in the DMRG method
grows much slower with the lattice size than 2 states
required for exact diagonalization. The DMRG method
may therefore still be the best among the existing numer-
ical methods for strongly correlated systems. The expo-
nential growth is intrinsic to the DMRG method and is
independent of methods used to prepare the the initial
state as long as the wave function converges to the two-
dimensional one.

We next examined the feasibility of applying the
DMRG method to quasi-one-dimensional systems. We
studied how the error depends on m for stripes L x I„
with L„)L . Based on several calculations on 3 x 8,
3 x 10, 3 x 12 lattices, and wider stripes with t' = 0.5, we
found that when L& & 2L» m' becomes independent of
the chain length L„and depends only on L .

We then studied the dependence of m' on L . For
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FIG. 2. (a) Representative data on how the relative error
in energy calculated by the DMRG method EE/[E[ depends
on the number of states kept for the block m, for the 6 x 6
lattice with t' = 1 at half filling. (b) Number of states needed
[m" in Eq. (2)j as a function of the system size L for L x L
lattices with t' = 1 at half filling. Values of 1/m* are obtained
from the slopes of semilogarithmic plots such as (a). Errors
are about a few percent. All the calculations were done on
workstations.

t' = 1 and L x 10 stripes with L = 2, 3, 4, we found that
AE decreases exponentially with m. The decay constant
m' grows with L following m* = 4L /4.

An interesting question is whether m* depends on the
number of contact points only or whether it also depends
on the total interaction strength between blocks (1) and
(4). To answer this question, we varied the interblock in-
teraction strength t'. We found that m* depends strongly
on t' and weakly on the number of contact points. For
t' = 0.5, we studied the L x L system with L = 4, 5, 6.
Fitting to Eq. (2) we obtained n(t' = 0.5) = 1.9 and
A(t' = 0.5) = 3.3. For the same lattice geometry, the
number of states required is much less for t' = 0.5 than
for t' = 1. In addition, when we use stripe geometry
I x 10 with L = 2, 3, 4, 5 we obtain m' = (2.1)L /2. 2.
The data are consistent with the idea that the num-
ber of states required grows with the total interaction
strength between two blocks (which is proportional to
t'L ): logio(m') oc t,'L logio4.

The possibility that m' depends only on the number of
contact points is easily understood because the success of
the DMRG method tells us that the boundary effects are
very important. The Hilbert space of the boundary sites

should be kept well. The total number of states needed
grows exponentially with the length of the boundary. On
the other hand, the possibility that m* depends on the
interblock interaction strength is readily understood in
the conventional renormalization-group picture. If two
blocks described by a few lowest-energy eigenvectors in-
teract with matrix elements t, we know from perturbation
theory that the energy levels of both blocks within bE = t
of the ground state will be mixed in the ground state of
the superblock. Since the number of states within en-
ergy bE of the ground-state energy increases exponen-
tially with 8E, the number of states needed to expand
the ground-state wave function of the superblock grows
exponentially with the interblock interaction. Since the
density of states doubles when the block size is doubled,
keeping a constant number of states will not be enough
unless the interactions between two blocks also decrease
exponentially. For the usual lattice Hamiltonian that we
are interested in, the interblock interactions are fixed and
the conventional renormalization-group method breaks
down.

In contrast to this behavior, explicit examination of
the matrices for one-dimensional systems shows that for
the eigenvectors selected &om the density matrix the off-
diagonal interblock interaction matrix elements decay ex-
ponentially with the diagonal energy separation. The
interblock matrix elements are only large between a few
states. It is this property that makes the DMRG method
highly accurate.

In order for the total energy to be accurately cal-
culated, the block energies must be accurate. In the
DMRG method. , the intrablock Hamiltonian matrix is
not in the diagonal form. However, explicit examination
of the Hamiltonian shows that the off-diagonal matrix
elements are only large between a few states close in di-
agonal energy. Such a matrix with [H,~[ (( [H,, —H~~

~

at large ~i
—j[ describes a particle going uphill in a one-

dimensional potential (H, ,) and with short-range hop-
ping. We know that in this problem the ground-state
wave function is exponentially small in the classically for-
bidden region (at large i) States deep. inside the classi-
cally forbidden region can be discarded. Therefore, the
low-energy states of the block in the DMRG method are
well represented.

The extended states are good for the block energy and
the localized states near the boundary are good for in-
terblock matrix elements. Thus, the selection of states in
the DMRG method is a compromise between describing
the block energy well and describing the interaction be-
tween blocks well. This raises the interesting possibility
of satisfying both constraints without knowing the block
density matrix from the ground-state wave function.

We now prove that the ground-state energy calculated
in the finite-cluster DMRG method is always a varia-
tional upper bound to the true ground-state energy. Our
proof is based on the variational principle and the facts
that (i) the ground-state energy calculated in the DMRG
method is an eigenvalue of the Hamiltonian in a trun-
cated Hilbert space, the dimension of which is smaller
than the dimension of the full Hilbert space; (ii) the
Hamiltonian matrix elements calculated are unaffected
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by the truncation of states at each step, i.e., the Hamil-
tonian matrix would have been the same if all states were
used in the calculation. This is because the truncated
states can all be written as linear combinations of the
original basis on which c, acts through a series of orthog-
onal transformations. Aside &om the numerical errors,
the matrix elements are exact.

We would like to point out also that the sum of the
weights (the eigenvalues of the density matrix) of states
retained does not necessarily indicate how close the varia-
tional trial state is to the true ground state. For example,
in going from an l-site block to an (l + 1)-site block, the
wave function is first obtained in the Hilbert space of
m states Rom the t-site block and two states of the ex-
tra site. Then the space is truncated to m states in the
(l+ 1)-site block. The sum of the weights measures the
weight of the retained states relative to the approximated
ground-state wave function in the enlarged Hilbert space
of dimension 2m and does not necessarily correspond to
the weight relative to the true ground state.

In conclusion, the DMRG method is a powerful self-
consistent method for finding the approximate ground
state of a Hamiltonian. It automatically searches for the

subspace of fixed dimensions that provides the best ex-
pansion for the ground-state wave function. At each iter-
ation, the states in the subspace are re-expanded in terms
of the original Hilbert space of the states of a site, allow-
ing a rapid improvement in the self-consistent iterations.
The ground-state energy is calculated variationally in the
best subspace found. For an L x L lattice, the dimensions
of the subspace needed for accurate calculation grow ex-
ponentially with the linear system size L. However, for
coupled chains (L x L„with L„)2L ), the dimensions
of the subspace become independent of the chain length
L„and depend only on L . Finally, our data suggest that
the number of states needed depends only on the total
interaction strength between two blocks and is almost
independent of the number of boundary sites.
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