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Phonon-mediated attraction between large bipolarons: Condensation to a liquid
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The self-trapped carriers of large (multisite) bipolarons redistribute themselves among the sites of their
molecular orbitals as their self-trapping potential wells are altered by changing atomic positions.
Through this polarizability, large bipolarons reduce the phonon frequencies. The dependence of the
lowering of the zero-point vibrational energy on the spatial distribution of large bipolarons produces an
intermediate-ranged phonon-mediated attraction between large bipolarons that is comparable to a pho-
non energy. Coulomb repulsions that oppose the phonon-mediated attractions tend to be suppressed by
the large static dielectric constants associated with large-bipolaron formation. However, a strong short-

range repulsion between bipolarons, analogous to the hard-core repulsion between helium atoms, per-
sists. With the dominance of the medium-range phonon-mediated attraction and the short-range repul-

sion, large bipolarons can condense into a liquid. The bipolaronic liquid might be the condensed Quid

phase that has been suggested as a precursor to superconductivity in cuprates.

I. IN rRODUCi. ION

In multidimensional electronic systems two distinct
types of polaronic state can form. ' A large polaron can
form when the electron-lattice interactions due to the
long-range Coulombic interactions between an electronic
carrier and a solid's ions are of paramount importance.
Competing effects then determine a radius that generally
exceeds an interatomic separation. ' Because such self-
trapped states extend over multiple sites, the self-trapped
carrier can continuously adjust to alterations of the atom-
ic positions and thereby move "coherently. "

By contrast, a small polaron typically forms when a
short-range electron-lattice interaction, such as the
deformation-potential interaction, is dominant. ' ' Then
the small-polaron's self-trapped carrier shrinks without
limit until it is confined to a single site. As a result of this
severe confinement, "coherent" small-polaronic motion is
generally suppressed. Small-polaronic motion then
proceeds by a succession of "incoherent events, " thermal-
ly assisted hops.

If the electron-lattice interaction is sufBciently strong,
carriers can form bipolarons. Then the increased pola-
ronic binding that occurs when two carriers occupy a
common site exceeds these carriers' Coulomb repulsion.
The existence of a large-bipolaronic bound state requires
that cp&2c„, where cp and c.„are the static and optical
dielectric constants, respectively. The energy of this
large bipolaron exceeds the energy of two separated large
polarons by at most the Coulomb energy e /aoR, where
R is the radius of the hydrogenic self-trapped state. Sta-
bilization of a large bipolaron with respect to separation
into two separate large polarons can occur with the addi-
tion of only a modest short-range electron-lattice interac-
tion. Since unusually large values of cp fs„characterize
the insulating parents of oxide superconductors, one is
led to consider the possibility that charge carriers added
to them are bipolaronic.

Evidence suggestive of polaronic carriers in cuprate
semiconductors and superconductors has been found.
Carrier-induced infrared-absorption bands expected of
polaronic carriers are reported in cuprate semiconductors
and superconductors. ' Polaronic absorption bands
arise from exciting carriers from the self-trapping poten-
tial well within which they are bound. The shapes and
temperature dependences of polaronic absorption bands
distinguishes between those of large- and small-polaronic
carriers. " The temperature-independent asymmetric
shapes of these carrier-induced absorption bands are
similar to expectations of large-polaronic carriers. " In
addition, neutron-diffraction experiments find that dop-
ing introduces dynamic regions of displaced atoms that
are consistent with the presence of large-polaronic car-
riers. '

Indications that the carriers in the cuprates are singlet
pairs also exist. The independence of the Seebeck
coeScient of an applied magnetic field implies that the
carriers have no spin degree of freedom. .' In addition,
carriers in doped La2Cu04 induce a structural transfor-
mation to a tetragonal insulating state (with a square
geometry in the CuOz layers) when there is —,

' hole per
unit cell. i4 is This result is consistent with bipolaronic
carriers condensing into a state commensurate with the
lattice geometry. In this view, there is one bipolaron for
each 4X4 superlattice unit, —,

' =2/4 .
Changes in the atomic vibrational motions indicating

collective behavior are observed with the onset of super-
conductivity in cuprate superconductors. ' ' ' Since su-
perconductivity is generally understood to be a coopera-
tive property of carriers, these changes in the vibrational
motions suggest collective polaronic effects. To address
superconductivity of bipolarons one must consider the in-
teractions between them. Recent intriguing reports argue
that carriers in cuprates coalesce into a condensed fluid
state prior to their manifesting superconductivity. ' '
This finding, implies an attraction between carriers.
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Here interactions between bipolarons are considered.
Consistent with the carriers being self-trapped, interac-
tions between bipolarons are treated within the adiabatic
approach. That is, the electronic carriers are presumed
to adjust to the instantaneous atomic positions.

There are several different interactions between bipola-
rons. Of course, bipolarons repel one another through
their Coulomb interaction. However, the Coulomb
repulsion between them is reduced by the static dielectric
constant. An additional repulsion arises because singlet
bipolarons are stable against coalescing to form
"grander" polarons since the Pauli principle forces addi-
tional carriers to occupy excited states of the self-

trapping well. This effect produces a short-range repul-
sion between bipolarons analogous to the hard-core
repulsion between helium atoms.

Another interaction between bipolarons arises because
the adjusting of self-trapped carriers to changing atomic
positions lowers a solid's vibrational frequencies. ' The
dependence of a solid's vibrational energy on the relative
positions of large bipolarons is herein shown to constitute
a (phonon-mediated) medium-range attraction between
them. Through this attraction a gas of large bipolarons
can condense into a liquid.

This paper is organized as follows. The adiabatic for-
malism is introduced in Sec. II. The repulsive interac-
tions between bipolarons are also described in this sec-
tion. In Sec. III the effect of bipolarons on the vibration-
al frequencies is addressed. In Sec. IV the dependence of
the lowering of the zero-point vibrational energy on the
spatial distribution of large bipolarons is considered.
This dependence results in a phonon-mediated attraction
between large bipolarons. The phase diagram for the
condensation of large bipolarons into a liquid is discussed
in Sec. V. The possible relationship between the forma-
tion of a large-bipolaronic liquid and superconductivity is
discussed in Sec. VI. The primary arguments of the pa-
per are summarized in Sec. VII.

II. ADIABATIC ENERGY OF n BIPOLARONS

To begin, consider the formation of a large polaron.
Within the adiabatic approach the potential energy for
atomic motion is the sum of the potential energy arising
from direct interactions between atoms, Vs, and the
carrier s electronic energy, itself a function of atomic po-
sitions, E,&. Beyond the electronic kinetic energy, a
carrier's electron energy contains the potential energy re-
sulting from the electron-lattice interaction:

fi V%'E„=fdr + f dr~q'~'V(r) .

Here V(r) denotes the potential experienced by an elec-
tronic carrier at position r as a result of atomic displace-
ments. Modeling atomic displacements centered at posi-
tion u by the scalar parameter h(u) yields:

V(r)= fduZ(r —u)b, (u), (2)

where Z(r —u) describes the electron-lattice interaction.
The strain energy resulting from direct interatomic in-
teractions is Vs =—Sfdu b, (u)/2, where S =k/a is the

stiffness constant k per unit volume and a is the lattice
constant.

The first and second derivatives of s(u) =—E,&+ Vs with

respect to variations of h(u) are

=Sh(u)+ f dry%i Z(r —u), (3)

and

=85(u —u')+ fdr, Z(r —u) . (4)
b u'

In obtaining these results the normalization of ~%~ is
used to eliminate derivatives of the electronic wave func-
tion with respect to b,(u} from Eq. (3).

The carrier-induced shifts of the equilibrium dilations
from b,(u)=0 to b,(u)=ho(u) are determined by setting
the right-hand side of Eq. (3) to zero. When atoms are
constrained to these equilibrium positions, the energy of
the system is lowered by E —= —Sfdu[50(u)] /2. As

described by Eq. (4), the carrier's presence also shifts the
stiffness constant from its carrier-free value S. Thus, the
adiabatic Hamiltonian may be written as H,d =ED
+TL+ Vr, where Eo is the system's energy when the
atoms are at the equilibrium they assume in the presence
of charge carriers. Vibrations of the atoms about these
positions are described by the sum of the atomic kinetic
energy, TI, and quadratic displacements of the adiabatic
potential from these equilibrium positions, VL .

In Ref. (5) the energy minima Eo associated with pola-
ron and bipolaron formation were studied. The analysis
of Ref. (5) can be readily generalized to obtain Eo when

there are multiple large bipolarons that interact with one
another. For a system of n large bipolarons that each
have a binding energy of Eb;.

EO nEbi+2 Xp r s p *+8 S E'R 8 5

where C, and C2 are numerical constants. The 6rst of
the terms in Eq. (6} represents the Coulomb interactions
between bipolarons of radius R. Since the carriers adia-
batically follow the atomic motion, the Coulomb interac-
tions between bipolarons are reduced by the static dielec-
tric constant. This repulsion becomes the dominant
term in Eq. (6) at sufficiently large separations, ~s~ ))R.
Then, this Coulomb repulsion approaches that of static
point charges separated by s. The exceptionally large
static dielectric constant required for bipolaron forma-
tion also tends to suppress the long-range Coulomb repul-
sions between bipolarons.

The second term in Eq. (6) describes the repulsion be-

where p(r} is the density of bipolarons centered at the po-
sition r and ea(s) is the interaction energy of two bipola-
rons separated by the distance s. For n particles there
are n single-particle and n (n —I)/2 distinct two-particle
contributions to the energy of Eq. (5). The delta function
in Eq. (5) eliminates counting a particle's interaction with
itself.

The prime interactions are repulsions described by

ea (s)—:(2e ) /so( ~
s ) +R ) +C,E exp( —Cz ~

s
~
/R ),
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tween large bipolarons that occurs when the wave func-

tions of the self-trapped carriers of different large bipola-
rons overlap one another. This repulsion occurs because
the Pauli principle forces two of the four electronic car-
riers of two bipolarons into excited electronic states of
the self-trapping potential well as two bipolarons are
brought together. This short-range repulsion occurs for
large bipolarons but not for large polarons. Thus, even

though large polarons may find it energetically favorable
to merge into large bipolarons, large bipolarons are
presumed not to coalesce into grander polarons such as
quadpolarons.

As detailed in Appendix A, if the self-trapped electron-
ic states of a large bipolaron are hydrogenic, the electron-
ic energy is —3E~ and the energy from the ground state
to the first excited state is three-quarters of 3E . Then,
when s=o the repulsive energy is =9E~/4; that is,

C, =—', in Eq. (6). As in the case of the repulsion between

helium atoms, the repulsion depends exponentially on
electronic overlap between different large bipolarons.
This repulsive interaction is one reason why large bipola-
rons are destabilized if they are packed in too high a den-

sity. In addition, beyond a critical density neither large
polarons nor large bipolarons can form since the atomic
displacements required for the self-trapping of different
carriers interfere with one another.

III. INTERACI ION OF LARGE-BIPOLARONS'
POLARIZABILITY WITH PHONONS

The carrier-induced change of the stiffness tensor, the
second term contained on the right-hand side of Eq. (4),
is now studied. Calculating this term requires consider-
ing the derivative of the electronic probability with
respect to atomic displacements: B~%~ /Bb(u')=O'Bql/
Bh(u')+VBV'/Bh(u'). To evaluate this factor, the wave
function of a self-trapped carrier is expanded about its
value when the atomic displacement pattern is an equilib-
rium configuration, b, (u) =50(u). For ease of notation of
bra and ket notation is adopted in which the electronic
ground state corresponding to a polaron's atomic equilib-
rium configuration is denoted as

~ g, o) where the position
vector g designates the centroid of the self-trapped state.
The excited electronic states for this potential are labeled
by the index n and are denoted by ~g, n ). As the dilation
changes by 5b, (u') from 60(u}, the electronic wave func-
tion is altered. To lowest order the perturbed electronic
wave function may be expressed as a superposition of the
~g, n ):

g ~g, n)(g, n~Z(r —u')~g, o)
5%= —56,(u') nPO

(g —g )

where the matrix element represents an integration over
the electronic position coordinate contained within it, r.
Thus, to lowest nonvanishing order in the deviations of
the atomic displacement pattern from equilibrium,r, Zr —u5 u'

g (g,o~Z(r —u)~g, n & &g, n ~Z(r —u')~g, o)

(E —E )

(8)

where the polarizability of a self-trapped carrier centered
at g is defined by

g (g, O~(r —g)(g, n )(g, n ~(r —g)~g, O)
nAO

(E„—EQ)
(10)

For polarons that are equivalent to one another the
subscript denoting the polaron's position may be
dropped, P =P.

This polarizability arises from the redistribution of the
self-trapped charge among different sites of the polaron's
molecular orbital. A large polaron's polarizability is
essentially the square of the radius of the self-trapped car-
rier divided by its binding energy, =3E for a large pola-
ron. " For a single-site (small) polaron P =0, since the
self-trapped charge is restricted to a single site. In recog-
nition of a large bipolaron's containing two self-trapped
carriers, its polarizability is denoted as 2P.

For a collection of n large bipolarons, the carrier-
induced softening term in Eq. (8} is summed over the site
index g that denotes the centroids of the bipolarons. The
potential energy produced by shifting the atoms from
their equilibrium values by d(u}=—h(u} —50(u) is then

VL =—Sfdu d (u)/2+ V,&, where

The electron-lattice interaction function that appears
within the matrix elements of Eq. (8) is now expanded
about its value at the polaron's centroid, g:
Z(r —u) =BZ(g —u }IBg (r—g). With this approxima-
tion the tensor of Eq. (8) becomesr, Zr —u5 u'

= —2P [BZ(g—u)/Bg][BZ(g —u')/Bg], (9)

V, = 2P g fdu fdu'—[BZ(g—u)/Bg]. [BZ(g—u')IBg]d(u)d(u')
8

2P g fdu fdu'[—BZ(g —u)/Bu]. [BZ(g—u')IBu']d(u}d(u')
8

2P g f du f du'Z—(g—u)Z(g —u')[Bd(u)/Bu) [Bd(u')/Bu'] .

The third equality of Eq. (11) follows an integration by parts.
The atomic displacement parameters are now expressed in terms of phonons through the transformation
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d(u) =g QAI2MNcos[e' t "bz+e '~ "(bz)*] .
q

(12}

where b and (b )* are the operators that respectively destroy and create phonons of wavevector q and frequency co .
These are the solid s phonons prior to consideration of carrier-induced changes of the stiffness. M and N represent the
reduced atomic mass appropriate to the vibrations and the number of unit cells in the solid, respectively. Introducing
Eq. (12) into Eq. (11) then yields

V „= PN—'g+B(q)B(q')cos8 .[[n b (b ~ )'+n + (b )'b ~ ]
—[n + .b b ~ +n .(b )'(b ~ )']I, (13)

nz —=g e'"'s= fdr e'"' g 5(r —g)
8 8

= fdre'"'p(r), (15)

is the Fourier transform of the carrier density p(r). The
number of bipolarons is no=—n. Since polarons are pri-
marily polarized by phonons for which qR & 1,' the q
summations should only be carried out up to a maximum
value =1/R.

The range of the electron-lattice interaction determines
the q dependence of A(q}:=fdvZ(v}cos(q v}, where

A(q)=A( —q) since Z(v)=Z( —v). A(q) and B(q) are
generally the sum of contributions since Z(r —u) is the
sum of contributions.

The Coulomb interactions of a carrier with the ions of
an ionic solid produce the long-range Frohlich interac-
tion: Z(r —u}=(pe kla m. }' /~r —u~, where a is the
lattice constant and p—:1/s„—1/eo with e„and so being
the optical and static dielectric constants, respectively.
The transform of this interaction is A (q)

2(Pe kn/a —)'~ /q. Hence, for the long-range. in-
teraction with optic phonons B(q) is independent of q,
apart from the q dependence of the vibrational frequen-
cies: B(q)—:2(Pe Rm ~/a )'~ . These long-range
electron-lattice interactions provide the dominant contri-
bution to the polaronic binding energy when a large pola-
ron or bipolaron forms in a multidimensional electronic
system. ' '

Short-range electron-lattice interactions (the
deformation-potential interaction and Holstein interac-

where

B(q)=q+f—i/Mao&A (q) . (14)

Here q = ~q~, cos8 z, is the cosine of the angle between q
and q', and

tion) are common to all materials, Z(r —u)= A5(r —u).
The transform of this interaction is A(q}—:A. Hence,
for short-range electron-lattice interactions, B(q), Eq.
(14), is explicitly proportional to q and also contains the
implicit q dependence derived from its dependence on

5
COq.

Now consider V
&

as a perturbation on those carrier-
free vibrations for which qR &1. The first-order correc-
tion to the system's energy is —nEb;&, where,

Eb;& =2PN ' gB (q)[N + —,
' ],

q

and N is the phonon population of the qth vibrational
mode. Combined with the vibrational energy of the un-
perturbed system, E„ the first-order energy shift has
the effect of reducing each phonon's energy from %co to
RQ~=Rco~ —2(n IN)PB (q). That is, E„—nEb;,
=+&RAN(N&+ —,'). Since P=R /(Pe /R) for a large

bipolaron s self-trapped carriers, for the Frohlich interac-
tion PB (q) is proportional to and comparable to
A'co (R /a ) . Thus, n bipolarons lower the energy of each
long-wavelength phonon by the fraction (nlN)(R/a)3.
In other words, the bipolarons produce a perturbatively
small effect on the atomic vibrations if the density of bi-
polarons is small enough so that they do not overlap ap-
preciably with one another: n IN ((a /R) . Indeed, it is

only within this regime that it is even reasonable to speak
of bipolarons.

IV. PHONON-MEDIATED ATTRACTION
BETWEEN LARGE BIPOLARONS

Phonon-mediated interactions between large bipola-
rons enter through the second-order correction to the
system's energy, Ez Treating . V,&, Eq. (13), as the per-
turbation yields

~n +,
~

(N +N + l)(1+5 ) ~n
~

(N N)(1 —5 ~)—
A co& co&

(17)

Kronecker deltas, 5q q
enter into the two terms within

the curly brackets of Eq. (17) for two distinct reasons.
The Kronecker delta in the first term arises because the
net value of the squares of the matrix elements is doubled
when q=q': (N +1)(N +2) N(N —l)=2(2N —+1)
versus (Nz + 1)(Nz. + 1 ) —NzNz = (Nz +Nz, + 1). The

Kronecker delta enters in the second term in accordance
with the prescription of second-order perturbation theory
that explicitly excludes contributions to EE2 from matrix
elements that are diagonal in the set of phonon occupa-
tion numbers, j

. Nz . ]. E2 is proportional to
Fourier transforms of the density-density correlation
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function of the large bipolarons. In particular, d'or paru-
cles labeled by their positions, g:

(1+5 )
F(

fdscos(k. s)f dr p(r)p(r+s)

=fds cos(k s.)fdr g 5(r—g)g 5(r+s —g')
8 8

=g g cos[k.(g' —g) ]= Inj, I' (18)

where nz =n
Expressing the density-density correlation function in

real space, Eq. (16) may be rewritten as

( I+5q q ) (1—5 )
(22)

A'(a) —a) .)

In the algebraic manipulations that were performed to
obtain Eqs. (19)—(22), use was made of the equivalence
of the summations over q and q' in Eq. (17). In addition,
the argument of the q' summation was first converted
from q' to —q' and then it was noted that
B ( —q')=B (q') and co .=co .. The total bipolaronic
energy is found by combining the zeroth-order, first-
order, and second-order contributions to the bipolarons'
energy, Eqs. (5), (16), and (19), respectively:

E2= —nEbI2 2 rP r s P r+s s ~A

where

Eb;2
——P2N 2+B (q)+B (q')cos 8qqF(q, q'),

q q'

e„(s)=2P N +B (q)QB (q')cos 8
q q'

Xcos[(q —q') s]F(q, q'),

and

(19)

(20)

(21)

+T n (@b' ++b'$ ++b'2 )

+—,
' fdrp(r) fds[p(r+s) —5(s)][ex(s)—e„(s)] .

(23)

The magnitude and range of the phonon-mediated at-
traction e„(s) is now investigated. Consider the Frohlich
interaction between charge carriers and optic modes,
since the interaction must dominate the energetics if a
large bipolaron is to form. Then, as modeled below Eq.
(15), the explicit q dependence of B(q) vanishes for
qR (1 and B(q) itself vanishes for qR &1. To consider
the ground state, take Nq=0 for all q. Then, ignoring
the dispersion of the optic phonon modes, co =~p, Eq.
(20) is approximated by

2

s„(s)/(P B /A'coo)=
3 f du u sinu +(2/N)

(qos)

3 2s/R
du u sinu

(2qos)
2

3
[sin(s/R) —(s/R)cos(s/R )] .

(qos)'
(24)

where B=B(0), t—he q and q' summations have been con-
verted into integrals that extend over a Debye radius qp,
and the factor cos~8, has been approximated by unity
for simplicity. In the second line of Eq. (24) the second
term, that comes from the 5z s. in F(q, q'), is ignored
since it is proportional to the infinitesimal factor 1/N. In
the regime of interest, s/R » I, the right-hand side of
Eq. (24) is of order (a /Rs ) . As noted below Eq. (15),
PB is proportional to %coo(R/a) . Therefore, at large
separations, s/R »1, Eq. (24) gives s„(s)=fuuo(R/s) .
It should be noted that the detailed manner with which
s„(s) falls off with increasing s depends on the model of
the electron-lattice interaction and of the cutoff of the q
integration when qR = 1.

This phonon-mediated attraction between bipolarons
occurs because the carrier-induced reduction of a vibra-
tional mode's zero-point energy is enhanced when the
separation between large bipolarons is less than that
phonon's wavelength. In these circumstances the bipola-
rons' effect on these phonons is coherent. This coherence
effect is analogous to that which occurs in multiple

I

scattering when a wave is scattered by centers that are
separated by less than the wave's wavelength. The result-
ing attraction (proportional to I!coo) is quantum mechani-
cal in origin and associated with atomic motion. Unlike
the van der Waals attraction between neutral molecules,
it survives in the limit that so~ ao.

V. CONDENSATION TO A LARGE-BIPOLARONIC
LIQUID

Since the formation of large bipolarons in a multidi-
mensional system requires a very large static dielectric
constant, cp »E, it is consistent to consider the limit in
which the static dielectric constant is large enough to
suppress Coulomb repulsions between bipolarons. Then
the sum of the repulsive energies of Eq. (6) and the attrac-
tive interaction described above can have a minimum at
s & R. Such a potential we11 is illustrated in Fig. 1, where
the sum of an exponential repulsion and an (R /s) attrac-
tion is plotted. The presence of this attraction provides a
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FIG. 1. Interaction energy (in dimensionless units) between
two large bipolarons of radius R separated by the distance s.
The short-range repulsion c&(s) falls exponentially with s/R.
The longer-range attraction e.&(s) diminishes as (R /s ) at large
separations.

mechanism for large bipolarons to condense into a liquid
phase.

The interaction curve of Fig. 1 is analogous to that en-
visioned for the condensation of a gas of molecules to a
van der Waals liquid. Therefore, the condensation of a
gas of large bipolarons to a liquid is modeled as the con-
densation of a perfect gas to a van der Waals liquid. In
making this association, the constant of the van der
Waals model corresponding to a molecule's volume, b, is
taken to be comparable to the vo1ume of the large bipola-
ron. The constant of the van der Waals liquid associated
with the intermolecular attraction, usually denoted as a,
is roughly the product of the depth of the attractive po-
tential, -ficoo for the case of large bipolarons, and a
"volume" associated with the range over which the net
interaction of Fig. 1 is attractive. This attractive
"volume" is generally much greater than the particle's
(large bipolaron's) volume. Thus, a lb is expected to be

~o.
The conditions for phase equilibria for this model of

the condensation of a bipolaronic gas to a bipolaronic
liquid are considered in Appendix B. The resulting phase
diagram is presented in Fig. 2, where the thermal energy,
kz T in units of a/b, is plotted against the product of the
global carrier concentration (the number of carriers per
sample volume), c, and b, roughly the bipolaron's volume.
In particular, the boundary between the liquid and gas
phases of large bipolarons is plotted as a solid line in Fig.
2.

This evaporation curve is seen to remain near zero for
bc &0. 1 and then rise sharply as bc increases when
bc &0.1. This feature indicates that the tendency of the

I

0.0
I

0.1

I

0.2
bc

I

0.3

FIG. 2. Large bipolarons will be bound into a liquid only
within a limited range of global carrier concentrations, c, and
temperature, T. Here the constants b and a respectively charac-
terize the short-range repulsion and the longer-range attraction
of the van der Waals model of a liquid. Above the solid line, a
plot of Eq. (B8), the liquid of large bipolarons has completely
evaporated to a gas of large bipolarons. When c )c, the car-
rier density is too great to permit bipolaron formation.

VI. DISCUSSION: POSSIBLE RELATIONSHIP
TO

SUPERCONDUCTIVITY'Y

Superconductivity and superfluidity are recognized as
cooperative phenomena of interacting carriers. In partic-
ular, bipolaronic superconductivity is usually conjectured
to arise from interactions between bipolarons that behave
as charged bosons. The approach to bipolaronic super-
conductivity is analogous to that adopted in understand-
ing the superfluidity of liquid He. That is, one considers
real (infinitely lived) excitations of a liquid of interacting

liquid to evaporate increases as the global carrier density
is decreased. In addition, a vertical line is drawn in Fig.
2 at the concentration beyond which large bipolarons are
taken to no longer exist: c=c . In particular, in the
"overdoped" regime, c &c, the atomic displacements re-
sponsible for the self-trapping of carriers are taken to in-
terfere enough with one another to destabilize the large
bipolarons so that large bipolarons do not form. Thus, a
bipolaronic liquid only exists at suSciently low tempera-
tures within a temperature-dependent bounded range of
overall carrier concentrations. Within this bounded re-
gion the fraction of the carriers that form a large bipola-
ronic liquid is determined by the lever rule. This fraction
tends to increase with increasing c and decreasing tern-
perature.
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bipolarons having momentum p and energy E(p). Since
bipolarons are charged, the longest-wavelength excita-
tions of a fiuid of bipolarons of density n are plasmon-
like albeit with low energies: e.g.,

E(p)~A+4ir(2e) n /Eom -fmo+(e /Eo)nR )

as )p~ ~0. In obtaining this estimate it is noted that the
large mass of a large bipolaron is -e P/(coo) R . '"
With suppression of the Coulomb interactions between
bipolarons, as e„/co~0, the long-wavelength excitations
approach those of a liquid of neutral particles, sound
waves: E(p)~c, ~p~, as ~p~ ~0, where c, is the sound ve-

locity of the liquid. With these spectra of real excita-
tions, the Landau condition for the liquid s ground state
to flow with velocity U without resistance can be fulfilled:

[E(p)/Ipl];„; „&v. The Meissner effect has also
been argued to be a property of the fluid ground state of a
system of charged bosons. Bipolaronic superconduc-
tivity is thus conjectured to occur when the liquid under-
goes a Bose condensation so that its fluid ground state be-
comes occupied.

As in considerations of the superfluidity of He, requir-
ing that the excitations of the ground state be real
(infinitely lived) necessitates having a liquid rather than a
gas. Then, one must ask how such a liquid might form.
In particular, what attractive interaction between bipola-
rons can lead to liquid formation? This question takes on
added meaning since analyses of experiments on the cu-
prates imply large-polaronic carriers that condense into a
liquid as a prerequisite to becoming superconducting. ' '
This paper addresses this question.

Bipolaronic superconductivity would not occur if the
bipolaron's ground state were solidified rather than fluid.
In the case of superfluid liquid He, the atoms' zero-point
energy is presumed to be sufficient to preclude their con-
densation to a solid phase. For bipolarons or polarons in
a crystal full solidification entails ordering in a manner
that is commensurate with the underlying lattice, i.e.,
forming a superlattice. Such a state is only possible at
certain carrier densities. At other densities, the solid s
potential will frustrate the bipolaron's simple
solidification causing either liquid formation or multi-
phase and/or multidomain solidification. As noted in the
introduction, the loss of superconductivity in doped
La2Cu04 at some compositions may indicate superlattice
formation. ' ' Indeed, solidification and superlattice for-
mation rather than superconductivity has been observed
in La2 „Sr„Ni04+„. The observation that the carrier-
induced absorption occurs at higher energies in the nick-
elates than in the cuprates implies a more compact pola-
ronic state. ' The absence of superconductivity in the
nickelates may be related to bipolarons being too com-
pact to avoid solidification.

VII. SUMMARY

The self-trapped carriers of large-polarons and bipola-
rons extend over several sites. As the atomic
configurations change, the self-trapped electrons are
redistributed among sites of their molecular orbitals.
This polarizability reduces the stiffness of the atomic sys-

tern. Therefore, large polarons and bipolarons lower a
solid's vibrational frequencies. By contrast, small
(single-site) polarons and bipolarons do not alter vibra-
tional frequencies. '

To first order, these shifts of the vibrational frequencies
are simply proportional to the number of large-polaronic
carriers. However, to second order, the shifts of the vi-

brational frequencies depend on their spatial distribution.
The vibrational frequencies fall as the separation between
large-polaronic carriers is decreased. Since reducing the
vibrational frequencies lowers the zero-point vibrational
energy of the system, this effect constitutes a phonon-
mediated attractive interaction between large bipolarons.
This attractive interaction is proportional to the phonon
energy ficoo Th. at is, it is a dynamic quantum-mechanical
effect.

This attractive interaction is opposed by the Coulomb
repulsion between self-trapped carriers. However, for po-
laronic carriers this repulsion is reduced by the static
dielectric constant. Therefore, in the high-static-
dielectric materials in which large bipolarons are expect-
ed to form, the attractive interaction can prevail and bind
the large bipolarons into a liquid whose density is limited
by large bipolarons' "hard-core" repulsion.

Polaronic carriers can only form when their density is
low enough that they are not destabilized by the interfer-
ence of their atomic displacement patterns. The max-
imum carrier density for which superconductivity is
found in doped La2Cu04 corresponds to only one bipola-
ron for every ten unit cells. As shown in Fig. 2, the tem-
perature above which a large bipolaronic liquid evapo-
rates rises with the global carrier density. Thus, at a
finite temperature, a large-bipolaronic liquid at best only
exists within a restricted range of carrier densities. When
the carrier s ground state remains a bipolaronic liquid,
superconductivity should result.

For definiteness, the carriers have herein been assumed
to be large bipolarons. Were the carriers to be large pola-
rons, the phonon-mediated attractive interaction would
still result. Then, the hard-core repulsion between bipo-
larons that arises from the Pauli principle would be re-
placed by the repulsion that opposes the merger of large
polarons into bipolarons. Thus one can also envision the
phonon-mediated attraction condensing large polarons
into a liquid. In the liquid the individual carriers could
remain large polarons or be driven to pair as large bipola-
rons. In particular, it is noted that the attractive forces
associated with reducing the vibrational energies increase
as the temperature is lowered toward absolute zero
(where the vibrational free energy is just the zero-point
energy).

Charge transport of a large-bipolaronic liquid is unlike
that of free nonpolaronic carriers. For example, their
large masses and the mechanism through which they are
scattered by phonons differentiate large bipolarons from
free carriers. " In addition, transport in the liquid will
be collective as a result of the interactions between bipo-
larons. Unusual features of dc transport that are qualita-
tively similar to observations in the normal states of the
oxide superconductors can result in these cir-
cuxnstances.
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APPENDIX A: POLARONS, BIPOLARONS,
AND GRANDER POLARONS

Eg =
Egpgfjjge Etrgp +Edefo~ +Ecpu] (A 1)

Employing the commonly used linear electron-lattice in-
teraction, one has E„,p=2Ed,f„. The energies all de-

pend upon the radius of the electronic state R (expressed
here in dimensionless units):

In this appendix the conditions for the formation of
self-trapped states containing multiple carriers are suc-
cinctly described. Here the method developed in Ref. (5)
is extended to consider more than two carriers occupying
a self-trapped state.

Consider the ground-state adiabatic energy of n car-
riers that cohabit a self-trapped state of radius R. The
energy has four components: (1) the increase of the elec-
tronic energy associated with confining n carriers within
a region of radius R, (2) the lowering of the carrier's po-
tential energy resulting from residing within the self-

trapping potential well, (3) the elastic energy required to
produce this potential well, and (4) the Coulomb repul-
sion of the n carriers:

trapping energy of Eq. (A3) results from considering both
long-range and short-range components of the electron-
lattice interaction. The first term results from the long-
range (Frohlich} electron-lattice interaction of carriers
with the anions and cations of an ionic lattice. U is a
Coulomb integral and co and c.„are the static and optical
dielectric constants of the ionic solid, respectively. The
second term of Eq. (A3} results from the short-range
electron-lattice interaction. It is characterized by the en-

ergy Eb (Holstein's small-polaron binding energy) and de-
pends on the dimensionality of the electronic system, d.
The final term is a cross term that results from having
both long-range and short-range components of the
electron-lattice interaction in a three-dimensional de-
formable medium. Here, Ez L is proportional to
[(1/e„—1/eo) UEb ]'~ . Equation (A4) represents the
Coulomb interaction of the n carriers.

For simplicity, we consider a system that is electroni-
cally two dimensional, d =2. Then, the contributions to
the net energy are combined to obtain

E„=n [[T+P(n)/n n(Eb+—Es L )]/R
—(1/s„n/so—)U/2R j . (A5)

This function has a finite-radius minimum corresponding
to a large-polaronic state, provided that co)nc„and
T+P(n}ln &n(E~+Esr ). Minimizing E„with respect
to R yields the ground-state radius and the ground-state
binding energy:

Ra=4[ T+P(n)/n n(Eb+Es —
L )]/(1/s„n leo—)U,

(A6)

E„„s„,= [nT+P(n)]/R (A2)
and

E„, =n [(1/e„—1/eo)U/2R+E~/R +Es L /R ],
(A3)

and

[(1/e„n iso) U—]~

16[T+P(n) In n(Eb+Es z )]— (A7}

Ec,„&
=n (n —1)U/2e„R . (A4)

In Eq. (A2}, T is the electronic half-bandwidth and
P ( n ) /R is the energy associated with promoting car-
riers above their ground state. For example, in a four-
carrier self-trapped state with two carriers in a singlet
ground state and two carriers in a singlet excited state,
P(4)/R =26„where b, is the energy difFerence between
the ground and excited electronic states. The self-

It is energetically favorable for two polarons to pair if
Eos(2) &2E&s(1). However, it is energetically unfavor-
able for two bipolarons to pair to form a quadrapolaron if
Eos(4) (2E&s(2). These requirements may be summa-
rized as Eos(2) /2 & Eos(1), Eos(4) /4. That is, to have a
system of bipolarons the binding energy per carrier must
be maximized when carriers form bipolarons.

From Eq. (A7) we write the binding energy per carrier
in units of the binding energy of a large polaron as

Eos(n)
nEas(1)

(1 nle)s—[o1 (Eb+Es L )/T—]

(1—e„leo} [1+P(n)lnT n(Eb+Es L )/—T]

[1 (n —1)e /e—o]
[1+P(n)/nT (n —1)(E&+EsL )/—T]
1+(n —1)[(Eb+Es L )I[T+P(n)/n ]—2e„leo]

[1+P (n) In T]
(A8)
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where

[(1/e „—1/eo) U]

16(T E—
b

E—s L )
(A9}

Eos(4)/2Eos(2) = 1/[1+P (n) lnT] = 1/(1+ —,
'

) =—,
' .

(A 10)

Thus, it is not energetically favorable for two bipolarons
to merge into a quadrapolaron. Furthermore, since the
net binding energy of two separate large bipolarons is
4Eos(1), the short-range repulsive energy of two bipola-
rons is 2Eos(1).

In summary, with an isolated large-polaron's binding
energy being Eos(l), two large polarons can increase
their binding energy somewhat from 2Eos(1) by merging
into a large bipolaron if (Eb+Es 1 )/T & 2e„/eo. How-
ever, mergers of bipolarons into quadrapolarons force
half the self-trapped electrons from their 1s hydrogenic
orbitals into higher-lying orbitals, 2s. This efFect greatly
reduces the binding energy of a quadrapolaron [by
=2Eos(1 }],rendering the merger of large bipolarons en-
ergetically unfavorable.

The simplifications of Eq. (A8} are justified when the con-
ditions for the existence of a large-radius polaronic state,
below Eq. (A5), are satisfied. Thus, we regard Eq. (A8) as

generally valid for a large-polaronic state.
The questions of bipolaron and multipolaron formation

are readily addressed with the final expression of Eq.
(A8). The formation of a singlet bipolaron with both car-
riers in the electronic ground state is energetically favor-
able when (Eb+Es L )/T &2e„/eo, since then P(2)=0.
In addition, the requirement that the bipolaron remain

large, from below Eq. (A5), is that —,
' &(Eb+Es 1 )/T.

Forming grander large multipolarons requires satisfying
conditions that become increasingly stringent as the num-

ber of cohabiting carriers is increased:

[T+P(n)ln]/n & Ei, +Es L & (2e„/eo)[T+P (n)/n]

with P (n ) & 0.
The promotion energy associated with an n-carrier

multipolaron, P(n)/R, can be estiinated for our model
of large bipolarons. To begin, we note that our large po-
larons and bipolarons are self-trapped carriers bound in a
nearly hydrogenic potential. That is, with only one
or two carriers, the energy functional of Eq. (AS) is
nearly hydrogenic: E„=n [T/R —U/2e„R ] when

P(1)=P(2) =0. It is the remaining n-dependent terms
of Eq. (A5) that stabilize a bipolaron when

(Eb +Es & )IT & 2e„/eo. The binding energy of an elec-
tronic carrier in the 1s ground state of this hydrogenic
well is =3U /16T(e„) =3Eos(1). The first excited
electronic state in this hydrogenic well is three-quarters
of the binding energy, 9Eos(1)l4. Thus, for the case of a
quadrapolaron, P(4)/R =26,=9Eos(1}/2. Noting that

Eos(1)= T/R in our hydrogenic model, we have

P(4) =9T/2.
With this result and Eq. (A8) we find the binding ener-

gy of a quadrapolaron to be about half that of two bipola-
rons:

APPENDIX B: VAN DER WAALS MODEL
OF THE CONDENSATION TO A
LARGE-BIPOLARON LIQUID

and

F( = ni k—s T ln(Ni In( )

nik—s T ln(1 bni
/—Ni ) (n—i )~a /Ni,

Fs = nk ji
—T ln(N /n ) . (B2)

Here, the lower-case n refers to the number of carriers
and the upper-case N refers to the number of elementary
structural units, sites or unit cells. For example, the
liquid is composed of n& large bipolarons among N&

structural units. The thermal energy is ks T, where ks is
the Boltzman constant and T is the absolute temperature.
Adopting the customary notation for the van der Waals
liquid, the short-range repulsion is characterized by the
constant b and the longer-range attraction is denoted by
the constant a. For large bipolarons the constant b is
comparable to the volume of the large bipolaron. The
constant a is roughly the product of the depth of the at-
tractive potential, -fuoo, and the bipolaron's volume.
Thus, the energy scale for the condensation of a bipola-
ron gas into a bipolaron liquid is a lb This ene. rgy is of
the order of ficoo.

At equilibrium between the large-bipolaronic liquid
and a gas of large bipolarons or free carriers, the pres-
sures of the two systems must equal one another. The
pressure of a system is the negative of the derivative of its
free energy with respect to its volume, N. The require-
ment that the pressure of the large-bipolaronic liquid
equal that of the large-bipolaronic gas is:

1
C =C(

1 —bc l

her
(B3)

where the carrier concentrations in the two phases have
been defined: cg ng/Ng, c&=——ni/N&, and —u =bksT/a. —
To form a van der Waals liquid the attraction between
particles must be sufficiently strong, u (1. Equation (B3}
gives the concentration of bipolarons in a gas required for
its partial pressure to equal that of a concentration of c&

large bipolarons in the liquid.
Equilibrium between the large-bipolaronic liquid and

the gas also requires equality of their respective chemical
potentials. The chemical potential of each system is the
derivative of its free energy with respect to its carrier
number. Equating the chemical potential of the liquid
with that of the gas yields

cg'

Cg

exp[(hei )[1/(1 hei ) —2/u ]]—
(1 bci)— (B4)

Eliminating c~ between Eqs. (B3) and (B4) gives an

To treat the thermodynamics of the condensation of
large bipolarons into a liquid, the large-bipolaronic liquid
is modeled as a van der Waals liquid. The gas of large bi-
polarons is described as a perfect gas. Then the free ener-
gies of the large-bipolaronic liquid, F&, and the large-
bipolaronic gas, F, are written as:
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equation that determines cl when equilibrium exists be-
tween the bipolaronic liquid and the bipolaronic gas:

1

1 —bc

bci exp I (bci )[1/(1 b—ci ) —2/u ] j

Q (1 bc—t )

The bipolaronic liquid will ultimately condense to a den-
sity determined by its repulsive energy as the temperature
is reduced. For this reason, a new variable is defined:

f= 1 —bc—i with the anticipation that f~0 as
u =bks T/a —+0. Introducing this notation into Eq. (B5)
yields:

1—f (1 f) — (1 f)
— 2f=exp 1—

u f u
(B6)

for the bipolaronic liquid to bipolaronic gas equilibrium.
As u and f~0 the magnitude of the exponentiated
square-bracketed terms on the right-hand side of Eq. (B6)
becomes infinite. However, the sign of the argument of
the exponential factor is negative if 2f /u & 1 and is posi-
tive if 2f/u & l.

The transition from a large-bipolaronic liquid to a
large-bipolaronic gas occurs because the attraction be-
tween the large bipolarons competes with the thermal en-

ergy. To examine this transition, presume the attractive
interaction, proportional to 2f /u & 1 in Eq. (B6), to dom-
inate the repulsive term in the exponential of Eq. (B6}.
That is, consider f~0 and u ~0 with 2f /u & 1. Then
the right-hand side of Eq. (B6), represented by e, becomes
vanishingly small as f~0. Solving Eq. (B6}in this situa-
tion yields f= [1—&I—4u (1—e)]/2 and

bc, = [1+&1—4u (1—e)]/2

= [1+&I—4u [1—exp( —1/u)] j /2, (B7)

where E is replaced by exp( —1/u) in the second of these
relations, since e ~exp( —1/u ) as f~u ~0.

The boundary between the domain of carrier concen-
trations, c, within which at least some large bipolarons
condense into the liquid and the regime in which all large
bipolarons exist in the gaseous state can now be found.
At this boundary the concentration of large bipolarons in
the gaseous state approaches the total concentration of
carriers, c. Using Eq. (B3) with Eq. (B7) and setting

cg =c yields, after some algebra, the desired relation be-
tween the carrier concentration and the temperature at
the phase boundary:

[ 1+&I —4u [ 1 —exp( —1/u ) ] jbc =exp —1 u
[1—& I —4u [1—exp( —1/u) ] j

where it is recalled that u is proportional to the tempera-
ture. This curve gives the boundary between the liquid
and gas of large bipolarons that is plotted as a solid line
in Fig. 2. This curve is seen to remain near zero for
bc &0. 1 and then rise sharply as bc increases when
bc & 0. 1. In addition, a vertical line is drawn in Fig. 2 at
the concentration beyond which large bipolarons are tak-
en to no longer exist: c =c . Within the bounded region
of Fig. 2 some fraction of the carriers form into a large-
bipolaronic liquid. The fraction of the carriers in the
liquid is determined by the lever rule. Outside of the
bounded region the large-bipolaronic liquid does not ex-
ist.
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