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We study the transition between sharp and smooth density distributions at the edges of quantum
Hall liquids in the presence of interactions. We 6nd that, for strong con6ning potentials, the edge of
a v = 1 liquid is described by the Zz ——1 Fermi-liquid theory, even in the presence of interactions,
a consequence of the chiral nature of the system. When the edge con6ning potential is decreased
beyond a point, the edge undergoes a reconstruction and electrons start to deposit a distance 2
magnetic lengths away from the initial quantum Hall liquid. Within the Hartree-Fock approximation,
a new pair of branches of gapless edge excitations is generated after the transition. We show that the
transition is controlled by the balance between a long-ranged repulsive Hartree term and a short-
ranged attractive exchange term. Such a transition also occurs for quantum dots in the quantum
Hall regime and should be observable in resonant tunneling experiments. We 6nd that the edge
theory for sharp edges also applies to smooth edges (i.e., reconstructed edges) once the additional
pairs of edge branches are included. Electron tunneling into the reconstructed edge is also discussed.

I. INTRODUCTION

In fractional quantum Hall (FQH) states there are
no bulk gapless excitations; the only gapless modes are
edge states, which are responsible for nontrivial transport
properties at low temperatures. Edge states arise natu-
rally in real samples, as the two dimensional electron gas
(2DEG) is confined in a finite region. The manner in
which the 2DEG is confined determines the structure of
the electronic density on the borders of the sample, and
rich structures may appear.

If we ignore the electron correlations, the electronic
density near the edges of a v = 1 liquid can be deter-
mined from an electrostatic consideration. For a typical
smooth confining potential in experimental devices, the
electron density changes smoothly from v = 1 to v = 0
in a range of order a few thousand angstroms. The struc-
ture of these smooth edges has been studied mainly by
focusing on the electronic density distribution at large
length scales, where it is reasonable to use a semiclas-
sical approach. 2 In this approach, one calculates the
stable electron density distribution n(x) by minimizing
the electrostatic energy

In a refined consideration, one assumes that the internal
energy of the 2DEG u(n) has cusps for n corresponding
to fractional filling factors as a consequence of the cor-
relation. In this case, strips of compressible and incom-
pressible FQH states may be formed between the u = 1
and v = 0 regions. ' An improved calculation using the
Hartree-Fock approximation was done in Ref. 5 at fi-
nite temperature, which agrees very well with the elec-
trostatic calculation.

In the opposite extreme of a strong confining potential,

the electron density varies sharply at the edge, leaving no
room for the formation of compressible or incompressible
strips. One needs to use a quantum mechanical treat-
ment to determine the structures of the edge. In the
Landau gauge, the states in the first Landau level are
labeled by momentum k . If the electron interaction is
much weaker than the confining potential, electrons sim-

ply fill all the energy levels up to a "Fermi" momentum
kp [i.e., the electron occupation number takes a form
ns. = e(kp —k )]. In this case the edge electrons are de-
scribed by a chiral Fermi liquid in which electrons only
propagate in one direction. The electronic density profile
of the edge (n(y)) can be obtained from the momentum
occupation (n~. ) by a convolution with a Gaussian func-
tion.

One naturally questions how the above picture changes
when the electron-electron interactions are included, and
how the sharp edge picture evolves into the smooth edge
picture as the edge potential becomes smoother. As an
interacting 1D system, the Fermi edge of the v = 1 state
may have the following possible singularities displayed in
Fig. 1, such as a Fermi liquid singularity, with a Z~ ——1
discontinuity [Fig. 1(a)] (ZF is the discontinuity of the
momentum occupation ns. across the Fermi point kp)
or a renormalized Zp ( 1 discontinuity [Fig. 1(b)], or a
Luttinger liquid singularity [Fig. 1(c)]. One scenario is
that the sharp edge and the smooth edge are connected
continuously by the distributions in Fig. 1(b) or 1(c). As
the edge potential becomes smoother, the occupation dis-
tributions in Figs. 1(b) and 1(c) also get smoother. Ac-
cording to this picture, the smooth edge of the v = 1 state
contains one branch of gapless edge excitations which is
described by a renormalized Fermi liquid. The smoother
the edge, the stronger the renorrnalization. However, the
calculations presented in this paper suggest a new sce-
nario for some natural confining potentials. We find that
the chiral nature of this one dimensional system plays an
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level, and in the main part of the paper we assume that
the spins are fully polarized. The droplet is con6ned by
its interaction with an underlying positive background
(one way to introduce a confining potential). The paper
is organized as follows. In Sec. II we introduce the 1D
interacting version for the problem and discuss the im-
portance of chirality in determining the structure of the
edge singularity. In Sec. III we present exact numerical
results for small systems, which support the picture that,
before a discontinuous transition occurs, the chiral edge
system is reasonably well described within the Hartree-
Fock approximation. In Sec. IV we study the efFects
of this transition for quantum dots. The experimental
consequences of the edge reconstruction in quantum dot
systems are discussed. Finally, in Sec. V we investi-
gate the consequences of the transition on the dynamics
of edge excitations, and in Sec. VI the consequences to
electron tunneling into the reconstructed edges.

(c)

FIG. 1. Possible singularities for the momentum occupa-
tion distribution of a v = 1 state: (a) Z~ = 1 Fermi-liquid
singularity, (b) Zp & 1 Fermi-liquid singularity, and (c) Lut-
tinger liquid singularity.

important role in determining the form of the singular-
ity. Due to the chirality (i.e. , the fact that electrons near
the edge propagate only in one direction), the Z~ = 1
edge is very stable. Figure l(a) correctly describes the
edge structure for a range of edge potentials even for in-
teracting electrons. However, as the edge potential is
smoothed beyond a certain point, the edge undergoes a
reconstruction. The occupation distribution in Fig. 1(a)
changes into the one in Fig. 2, which contains three Fermi
points. The occupation (nA,.) has algebraic singularities
at these Fermi points. The addition of two more Fermi
points to the momentum occupation is accompanied by
the generation of a pair of edge branches moving in op-
posite directions. This. new scenario has received some
support from exact calculations on small systems.

In this paper we focus on the structure of the elec-
tronic occupation density distribution at the boundary
of a v = 1 liquid in the presence of interactions. We
work with a Hilbert space restricted to the fnst Landau

3
2

FIG. 2. Momentum occupation distribution after recon-
struction, with three singularities. The addition of two sin-
gularities corresponds to the addition of two branches of op-
posite moving edge excitations.

II. THE 1D INTERACTINC MODEL
AND CONSEQUENCES OF CHIRALITY

A system of interacting particles in a 2D QH droplet
can be mapped into a one dimensional problem by enu-

merating the single particle wave functions of the 6rst
Landau level. The Hamiltonian of the interacting theory
1S

H = 6p Al C~Cpi + g VA] A2 p3 A4 Cp Cp Cp Cp4 )
t

A, A' AI, Ag, A3, A4

(2)

where

A, P' = QZyd&2P &1 + +1 &2 P &2 A' +2

The dispersion ep p is determined by a background
charge p(x), which we use to control the confining po-
tential. The P~'s are the single particle wave functions,
labeled by the quantum number A. For example, in the
symmetric gauge, A stands for the angular momentum

quantum number m, with P (x, y) = —'~-, e ~*~ ~ and

z = ~" (throughout the paper we work in units of mag-

netic length l~ = 1). The wave packet P is centered
in a circle of radius R = /2m. In the Landau gauge,
A denotes the linear moment»m in the x direction I(. ,

with P& (x, y) = ~&),&,
e'" ~e (" " ) ~2, and the wave

packet Pg,. is centered at y = k (I is the size of a system
subject to periodic boundary conditions).

Let us consider for now backgrounds p(x) that are in-

variant under certain symmetry transformations, such as
rotations (if we are studying a circular droplet, using the
symmetric gauge) or translations along the x direction (if
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we are studying a long strip, using the Landau gauge). In
this case we have ep p = e~ bp ~ . Impurities break such
symmetries, and their effect will be considered later in
the paper. Because the interaction V(~xq —z2~) depends
only on the distance between xq and x2, it is also invari-
ant under these symmetries, and thus we can rewrite the
Hamiltonian as

II = ) epcpcp + ) V(b, A, A ) cp+scpcgicgi+s . (3)
8,A, A'

It is this 1D interacting model that will be the basis of
our study of the v = 1 droplet. The question we want to
address is how to determine the ground state occupation
number (czcq) for this theory.

Without loss of generality, let us focus now on the
problem of a strip with length L and periodic bound-
ary conditions (equivalently, a cylinder of circumference
L), using the Landau gauge. The QH fiuid lies on the
surface of the cylinder, between its left (L) and right (R)
boundaries (see Fig. 3).

In a typical 1D interacting theory we have non-Fermi-
liquid behavior; the Fermi discontinuity is destroyed by
the interactions, and the system is better described as a
Luttinger liquid. Notice, however, that the Hamiltonian
in Eq. (3) has a peculiar difference Rom the usual 1D
Hamiltonian of an interacting system in the sense that
the effective scattering potential V depends not only in
the momentum transferred b, but also in the momen-
tum configuration (i.e., A and A') of the scattered par-
ticles. The Luttinger liquid behavior is caused by the
coupling between particle-hole excitations in the two dis-
tinct Fermi points. Now, for our system described in Eq.
(3), the two Fermi points correspond to AL, and A~, at
the two boundaries of our droplet. These two points are
spatially separated, and the matrix elements for coupled
particle-hole excitations near these points should go to
zero as the distance between the boundaries is increased.
In the limit of infinite separation, the two edges are de-
coupled, and we can describe the system as containing
two different types of fermions R and L with one Fermi
point each. More precisely, we can describe the particles
as being in a Dirac sea that is filled as we move inwards
to the bulk. Indeed, in topologies such as a simply con-
nected droplet, like a disk, we only have one boundary,

and the Dirac sea description is exact. Such theories fall
within what we call "chiral Luttinger liquids. "

The 1D chiral theory has a special property that the
occupation distribution of the ground state can have a
Fermi discontinuity (Fermi liquid) even in the presence
of interactions. In fact, for certain values of interaction
strength and single particle dispersion, the ground state
may have a perfect Fermi distribution with Z~ ——1. This
is because the momentum occupation with Z~ ——1 is
always an eigenstate of the interacting Hamiltonian (3)
in the limit of infinitely separated edges. This is eas-
ier seen in the filled Dirac sea description of the L and R
fermions. Take, for example, the R branch, for which the
unique minimum total momentum eigenstate is the one
that has all single particle levels to the left of the edge
occupied. Because total momentum commutes with the
Hamiltonian, and this state is the only one with mini-
mum total momentum, it must also be an eigenstate of
energy, possibly the ground state for some edge poten-
tial. Notice that the occupation distribution of this state
corresponds exactly to a Z~ ——1 Fermi-liquid occupa-
tion. One should contrast this case with a nonchiral 1D
system, where clearly the Fermi gas distribution is an
eigenstate of zero total momentum, but it is not the only
one, and thus not necessarily an eigenstate of energy.
Again, chirality plays a key role.

The next step is to understand how the occupation dis-
tribution evolves as we smooth the confining potential.
One way to assemble a sharp distribution is by simply
laying the electron gas on top of a similarly sharp pos-
itively charged background, and one way to try to de-
stroy this sharp distribution is to smooth the positive
background. Notice that the perturbation we include by
changing the background is not in the form of an addi-
tional interaction between the particles, but of a change
in the one particle dispersion cp. We will show that
the occupation distribution has the tendency to remain
sharp, due to a balance between a repulsive long-range
Hartree term and an attractive short-range Fock term,
and also due to the special stability of the Z~ ——1 chiral
Fermi liquid. The sharp distribution eventually becomes
unstable, and the Fermi surface is destroyed, as a luxnp
of particles detach and form two more edges which de-
stroy the chirality. We will show that the Hartree-Fock
approximation seems to contain the relevant ingredients
to describe this transition.

l7~ "f/ ppri»& 'I

l

III. EXACT RESULTS FOR SMALL SYSTEMS

In the Landau gauge, the dispersion due to the back-
ground charge, and the matrix elements V in Eq. (3) for

—(y —k+y )
dy' p(y') dy ln y—OO —OO 7r

(4)

FIG. 3. Cylindrical geometry, equivalent to a strip of
length L and periodic boundary conditions, where it is conve-
nient to use the Landau gauge. The QH liquid (shaded area)
lies on the surface of the cylinder, between its left and right
edges at Al. and AR.

' 1 e-q'~'
V(q, Ek) = —— dy e f" i ~ Kp(qy),

e 27l
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where e is the electron charge, e is the dielectric constant,
q is the momentum transfer [b in Eq. (3)], b, k = k —k', p
is the positive background density, and Ko is a modified
Bessel function. Notice that e /el~ (or e /e, as we use
units of l~ = 1) is the natural energy scale in the prob-
lem. In particular, the Hartree-Fock effective two body
potential between two particles with momenta A:q and k2
is given by

VHF(ky, k2) = VH(~ky —k2~) + v,„(~ky—k2~), (6)

where the Hartree and exchange terms are obtained &om
Eq. (5) by setting q ~ 0, b,k = kq —k2 and q = kq-
k2, b, k = 0, respectively (with a factor of —1 for the
exchange):

—(y —k +k )~/2

We subtracted a logarithmic divergence &om the
Hartree term ( lnq~~~o), which is independent of kq

and k2, and thus simply contributes to a constant in the
energy. The Hartree contribution to the effective two
body potential VH is repulsive and long ranged, whereas
the one from exchange V,

„

is attractive and short ranged.
We will show that it is a balance between these two ef-
fective interactions that controls the short length scale
behavior of the density distribution.

We will proceed by first presenting exact numerical
results for a small system and then using these results to
justify a picture that the short length scale behavior of
the density distribution is controlled by the Hartree-Fock
terms.

We study the edge structure of a system that we divide
into "edge" and "bulk" electrons (see Fig. 4). We con-
sider just one edge, say, the R edge, and assume the bulk
extends to infinity in the opposite direction. The occupa-
tion of the bulk levels is fixed to be 1. Doing so, we can
concentrate all the computations on the edge, as the ef-
fect of bulk electrons is simply reduced to a contribution
to the one particle dispersion of the edge electrons. Such
division presents no harm, as long as the edge excitations

under consideration do not change the bulk occupation.
Consider a strip geometry with I = 20l~ and periodic

boundary conditions (cylinder). The edge is composed of
10 electrons in 20 single particle states. We start with a
sharp background and smooth it by changing the width m

in which the density drops from the bulk value (p = 1/2m

for v = 1) to zero (see Fig. 5). The bulk electrons con-
tribute to an additional term in the dispersion. The effect
of adding a variation in the positive charge density over a
length scale m can be thought of as simply superimposing
a dipole to the effective edge potential for a sharp edge,
as shown in Fig. 5.

Figure 6 displays the energy levels for different total
momentum K of the edge electrons (the sites, numbered
from 1 to 20, are assigned k = 0—19). For w ( SlB
the ground state has K = 45, i.e., all the electrons are
packed up to one side and the edge is described by the
Z~ ——1 Fermi liquid. For ~ = 9l~ the ground state is no

longer the sharp configuration with minimum K = 45,
but has moved to a configuration with K = 60 (see Fig.
7). The occupation number distribution is shown in Fig.
8 for m = 9t~ and 10l~. Notice the formation of a lump
of electrons distant 2t~ from the bulk (for I = 20,
Ak = 1 corresponds to a distance 2vr/I 0.314l~).

The exact calculation for a small system seems to indi-

cate that the sharp edge is robust against the smoothing
of the background charge, up to a point where there is
a transition, and the density redistributes. We will show

that the robustness of the sharp edge is a consequence
of the attractive exchange, which tends to keep the edge
packed. Eventually, as the strength of the dipole result-

background
1

2nl z2. &

background

1

2nl~z
I

(n„)4

background:;

1
2mlBz

FIG. 4. The v = 1 droplet is divided into "bulk, " where
all the states are fully occupied, and "edge, " in which states
can be partially occupied. The division allows one to focus
the computations solely on the edge electrons, with the bulk
simply contributing to the one particle dispersion. This sort
of division is not unique, as one can adjust the position of
the boundary between the two regions; this boundary can be
moved as long as the sites on the edge side of it are all fully
occupied.

FIG. 5. Smoothed background charge density, which over
a width m drops from its bulk value to zero. Such density can
be written as the superposition of a sharp density profile to a
dipole term, which is used to tune the confining potential as
function of m.
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ing from the smoothing of the background is increased,
the short-range attraction due to exchange can no longer
sustain the edge sharp and a lump of the electrons splits
and forms a "puddle" near the minimum of the effec-
tive potential seen by the QH liquid. Let us illustrate
the point above by calculating the effective single par-
ticle energy within the Hartree-Fock approximation for
the distribution that has occupied levels for all negative
momenta, i.e., a sharp R edge (we have centered the co-
ordinate system on the edge):

2 —(y —k+y')
dy' p y' dy ln y,

where

e(k) = es + Z~(k) + Z,„(k),
One should notice that the electronic occupation num-

ber nI, = (c&cs) dill'ers Rom the electronic charge density
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FIG. 6. Energy eigenstates obtained as
function of the total momentum K of the
edge electrons for values of m ranging from
Ol~ to 7l~. Notice that the ground state for
this range has = K = 45, the minimum mo-
mentum configuration for 10 electrons (the
20 sites used in the calculation are assigned
k values from 0 to 19). Also notice that the
energy levels of states of higher K are pulled
down as m increases.
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n(y) = {ct(y)c(y)). The latter is obtained &om the for-
mer by a convolution with a Gaussian function of vari-
ance a = 1/2 (the single level charge distribution). With
this in mind, one can show that the background density
that cancels the electronic charge density is exactly the
one that makes eq + E~(k) = 0, as it should be expect.
A sharp background charge distribution as shown in Fig.
5 makes a sharp electronic occupation distribution even
more stable, as we have an extra dipole term, result-
ing &om the difference between a sharp positive charge
background and the electronic charge density of a sharp
occupation distribution, and which favors the levels with
negative k to remain occupied.

As we change the background con6guration, we alter
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k

FIG. 8. Occupation numbers for the ground state past the
transition, for m = 9l~ and 10l~. Notice how a lump of
density moves away from the main body of QH fiuid. This
density profile (which goes from its bulk value to zero by first
decreasing, then increasing, and finally decreasing again) is
the signature of the existence of now three singularities, and
thus three branches of edge excitations.

the one particle dispersion ep. For the stability of this
edge it is necessary that the effective single particle en-

ergy of any unoccupied level be higher than the one of
any occupied level. Figure 9 shows the effective single
particle energy for unoccupied levels for different values
of the parameter m, which measures the width which it
takes the background to decrease &om its bulk value to

) ( « I ) ) ) ) I )-2 I 7 ) I I l I I E I I I I I I I 0.2

40 45 50 55 60 65 70 75
0 I
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FIG. 7. For m & Sl~ the ground state configuration is no
longer the sharp edge distribution. The transition occurs near
m = Sl&, and for m = 9l& is already fully developed, with the
ground state momentum moved to K = 60.

FIG. S. The effective single particle potential calculated
within the Hartree-Fock approximation for different widths

m, decreasing from Ol~ to 1.5l~ in steps of 1l~. Notice that
starting at m 11l~, the condition for stability of a sharp
edge is violated, as there are locations with smaller effective
potential than the one at the edge of the sharp occupation
density.
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FIG. 10. Energy levels and occupation numbers for
m = 10l~ calculated within the Hartree-Fock approximation
(the hopping or off-diagonal elements were suppressed).

zero. The potential obtained for m = Ol~ is primarily due

to the exchange term, which stabilizes a sharp edge. The
exchange potential is short ranged, reaching zero within

1.5—2lgy, the overshoot for m = Ol~ is due to the dipole
which results from the difference between a sharp posi-
tive charge background and the electronic charge density
of a sharp occupation distribution, as mentioned previ-

ously, whose contribution decays to zero as I/~k~ for large

~k~. For tu ill~ the condition for stability is violated

(the higher value for the m that marks the transition, as
compared to the small system result, can be regarded as
due to a finite size efFect, to the Hartree-Fock approx-
imation, or to both). It is then more advantageous to
move electrons to the minimum e(k) locations. A simple

picture is that particles start to escape &om the sharp
edge and start to deposit at a distance of order 2l~
away &om the initial boundary. This separated lump
brings in two new boundaries into the problem. These
new boundaries break our previous chiral geometry, as
we now have three Fermi points finitely separated. The
three Fermi points describe two right-moving branches
and one left-moving branch of edge excitations. From
this point on one should expect that the interactions will

destroy the Fermi-liquid singularities, and we will have
three Luttinger singularities.

Notice that we said the necessary condition for the
stability of the sharp edge is that e(k) be larger for unoc-
cupied states than for occupied states. But we have not

yet argued it is sufFicient. It is possible that even if this
condition is satisfied one can have a ground state for the
interacting problem difFerent &om the sharp edge, as the
energy could be lowered by rearranging many particles.
Worse, it is possible that the hopping terms, which cou-

ple difFerent states in configuration space (and are not
included within Hartree-Fock), would completely mod-

ify the picture. In particular, the Hartree-Fock approx-
imation does not allow the distributions in Figs. 1(b)
and 1(c). Therefore, we cannot use the Hartree-Fock
calculation alone to judge which of the distributions in

Figs. 1 and 2 is realized after the transition. How-

ever', the exact diagonalization results for small systems
that we have presented support the picture described
in Fig. 2. This suggests that the transition is mainly
controlled by Hartree-Fock terms and that the conclu-
sions depicted &om the single particle potential obtained
within Hartree-Fock seem to be qualitatively correct.
Certainly we cannot rule out the possibility that Figs.
1(b) and 1(c) might be realized for some other interac-
tion and edge potential.

To 6nalize this section, we present in Fig. 10 the spec-
trum and occupation numbers calculated for the small

system with m = 10t~, but now within the Hartree-
Fock approximation (the hopping or ofF-diagonal ele-

ments were suppressed). Compare the spectrum to the
exact diagonalization for m = 10l~ displayed in Fig. 7.
The occupation numbers in the Hartree-Fock approxima-
tion suggest the separation of part of the density from the
main Quid and the appearance of two more singularities.
The hopping elements would take charge in redistribut-

ing the density, modifying the form of the singularity.

IV. THE EDGE RECONSTRUCTION
FOR QUANTUM DOTS

The effect we describe in this paper is not particular
to large systems. In fact, the exact results for small sys-
tems, which we used to support the Hartree-Fock picture,
directly indicate that the transition occurs for Gnite sys-
tems. The edge density redistribution is a consequence
of the balance between the con6ning potential, the repul-
sive Hartree term, and the short-ranged exchange, all of
these present regardless of the size of the system.

Quantum dots are innately interesting systems for ob-
serving this transition. To begin with, because the num-
ber of electrons is small, the redistribution will involve a
substantial part of the total number of particles in the
dot, which can then be considered not simply an edge
effect, but, in a way, a bulk effect as well. Second, exper-
iments on resonant tunneling into quantum dots in the
FQH regime should be sensitive to a transition involving
a redistribution of the particle density both because the
energies of adding one electron to the dot on both sides
of the transition should differ (which can be measured by
the position of the resonant peaks) and because a change
in the size of the dot will change the coupling to the
probe leads as well. Third, the transition can be driven

by altering the confining potential, either changing the
voltage on a back gate or changing the magnetic 6eld
(which varies the radii of the orbits, and consequently
the potential seen by each orbit).

In this section we study some of the consequences of the
transition as applied to quantum dots. We study systems
with total numbers of particles up to N„=70. We will
use only the Hartree-Fock matrix elements because the
system is not small enough for exact diagonalization and
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the Hartree-Fock approximation seemed to contain the
essential elements to describe the transition.

The energy eigenstates of the Hamiltonian in Eq. (3)
are also eigenstates of total momentum. The true ground
state is a superposition of diH'erent occupation number
states in Fock space, all of them with the same total
momentum. We will call hopping elements the terms
in the Hamiltonian that couple different states in Fock
space. The Hartree and Fock terms couple a configu-
ration in Fock space to itself. Within the Hartree-Fock
approximation, i.e., neglecting the hopping terms in the
Hamiltonian, any occupation number state is an energy
eigenstate. Finding the ground state is then equivalent
to determining the configuration of particles that mini-

mizes a classical energy function. Notice that within the
Hartree-Fock approximation all (c~&c&) are equal to either
0 or 1.

We focus on a disk geometry, which is more appro-
priate for describing a dot. The single particle states
are labeled by the angular momentum quantum number.
The matrix elements are given by

V ] ~2 ~3 ~4 —(ml m3~V~m2 m4),

where the state ~m m') stands for a particle in the level

labeled by m and another in the level m' [(zi, zz~m m') =
IfA tA Jz~ ( +)zg (

2 2

*"+'""j.The matrix elements in the classical energy

function that couple states m and m' are obtained &om
the Hartree and Fock terms:

HFV~ ~( = Vm, rn m&, m' Vm', m, m, m' (10)

To obtain these coeKcients it is easier to work in a ba-
sis in which V is diagonal. The ~l, n) basis, in which

z" zl I +I +I —I

is such that (E, n)V)l', n') = V(l) b'i i b„„.For the
Coulomb interaction we have

Vl 1 e dz+dz

2 e lay 7r2

X ~
—lz+ I'~ —Iz- I'

e' 1 I (l + i/2)
e l 4 I'(l+1)

1 /z~ /'" fz

and

(mm'(V[m' m) =).(—1)' V(l) [(mm')l, n)( . (13)
l,n

The confining potential is assumed to be parabolic,
e(r) = zkrz, with r the distance Rom the center of the
dot and k the strength of the confining potential. It is

2
convenient to write k = o.o

&
l&, so that ao is a dimen-

~lg
sionless parameter, maintaining e /el~ and l~ as our,

The Hartree and exchange terms are obtained, respec-
tively, using

(m m'~v~m m') = ) V(l) [(m m'~l, n) ~'

respectively, energy and length units. The single particle
dispersion is given by

1 e' dz', ized'= —no 2[z~' e
2 e l~ m mI

e2 I'(m+ 2) ez
= o.'0 = o!o (m + 1)

The energy function that must be minimized is

Z=) ~ n + ) V"",n„n',
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FIG. 11. Occupation number of the angular momentum
states as a function of no for N„=60, calculated within the
Hartree-Fock approximation. The occupied orbits are repre-
sented in black and the unoccupied ones are shown in white.

where the n 's are 0 or 1, constrained to Pn = N„,
the total number of particles. We obtained numerically
VHF, for the first 80 levels (0 ( m, m' ( 79), and
searched for the minimum of f for different values of
N~ and o.o. We find that, depending on these parame-
ters, the minimum energy configuration switches &om a
compacted to a separated droplet.

In Fig. 11 we display the occupation of the orbits as
function of ao for N~ = 60 (occupied orbits are displayed
in black and unoccupied ones in white). For strong con-
fining potentials the occupied levels are the ones with
minimum angular momentum. As the confining strength
is decreased, there is a transition and unoccupied levels
inside the dot appear. After the transition, hopping ele-
ments become important and take charge in redistribut-
ing the occupation, which can then have partially filled
levels. Figure 12 displays the orbital occupation for fixed
o,o, with N„varying from 70 to 30 electrons, where there
is also a transition, with a separated droplet for smaller
systems. This sort of instability for the compacted dots,
with the formation of holes in the bulk, has been dis-
cussed in Ref. 6. There the self-energy was calculated
for a compacted dot and the stability criterion is that
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FIG. 12. Occupation number of the angular momentum
states as a function of N~ for ao ——6.25 x 10, calculated
within the Hartree-Fock approximation.
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FIG. 13. Occupation number of '.he angular momentum
states as a function of no for N„=( 0, calculated within the
Hartree approximation.

all occupied levels should have a lower energy than the
unoccupied ones.

We would like to point out that the exchange term
is of key importance in order to have a compacted dot
solution. Notice that we have assumed that occupation
is nonzero only for the 6rst Landau level and that the
spins are fully polarized. One could argue that these
assumptions alone can lead to a compacted drop, as a
strong enough con6ning potential can always be chosen
such that the ground state is the minimum total angular
momentum solution even if one takes only the repulsive
Hartree term. This would be possible because the parti-
cles would be squeezed to the center, without being able
to occupy higher Landau levels, or fiip spin (see Fig. 13,

where we repeat the calculation for Fig. 11 without the
exchange term). In reality, as we increase the confining
potential, there are two mechanisms which tend to lower
the total energy of the dot, one by compacting the parti-
cles to the low angular momentum orbits in the first Lan-
dau level, with polarized spins, and the other by moving
particles to a higher Landau level or opposite spin po-
larization state. By increasing the confining potential we

enhance both of these effects. Therefore, in order to have
a v = 1 compacted dot we must have a window of ao that
allows totally packed dots with no higher Landau level
occupation. It is here that exchange comes in play, pro-
viding an attractive interaction that lowers the bound on
no to have a compacted dot, which opens that window.

The ideas above can be expressed quantitatively. The
lower bound on o.o, i.e., the minimum confining strength
necessary to keep an Nz-particle dot compacted, can be
obtained as follows. Within the Hartree approximation,
o.s

'" is obtained from the condition that the net electric
field on the edge of the dot due to the electrons just bal-
ances the field due to the con6ning potential. The radial
6eld due to the electrons diverges logarithmically, E„oc

&', ln(R/A, ), where R is the radius of the droplet and

A, is an ultraviolet cuto8' length scale. The 6eld due to
the confining potential is E = —

&', o.oR/l~, so we find
el2~

that no'" oc N„ ln(»&&&, ). Indeed, this dependence

of no on N„6tsvery well the numerical results obtained
when the exchange term is oinitted (Hartree approxima-

tion), where we find o.o
' 0.118N„ ln(o i's) [see Fig.

14(a)]. We find that a similar function dependence on N„
reasonably fits the results obtained within the Hartree-

Fock approximation, with ao ' 0.083N~ ln(0 2'i) for
our range of N~ [Fig. 14(b)]. Notice that the attractive
exchange term has the tendency to keep the dot com-
pacted, lowering the value of A'p ' .

The upper bound on ao can be obtained by estimat-
ing the energy decrease of moving one particle &om
the edge to the center. The electrostatic energy of a
disk of radius R and density po —

l2 is Zgjsk27K g

(R/l~)s, which gives an estimate for the electro-
static energy of adding one electron to the edge of the
dot of bt;gs, ——,&

~gN~. The electrostatic energy
cost of adding an electron to the center of the disk is

2bE'„t,„—— t 2/1V~ The total .decrease in energy
of moving one particle from the edge to the center is
EE =;& (aoN& — ~2/1V&), which has to be ( fuu,

(or ( Zz„)if we want to have occupation solely in
the first Landau level (or with polarized spins). So we

find o,max w —2 +PN / + ™~(or &z«~«) Ni-e /el~ e /el~ p
The last term contains the ratio between the cyclotron
(or Zeeman) and Coulomb energies. The condition for
a compacted dot is np ( o.p ( n& ". For GaAs

0.4y B, with B the magnetic field in Tesla.
So for reasonable values of B and N„ in a dot, the

term N„ in ao " is the dominant one, which con-
strains the maximum possible N„to the one that makes
ao'" o.o, which gives N 106. If we use the
value for o.o

'" given by the Hartree term alone we find
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FIG. 14. Minimum no necessary to keep an N„-particle
droplet compacted, calculated using the (a) Hartree and (b)
Hartree-Fock approximations. The solid line is the best curve
fit consistent with an electrostatic (Hartree) argument.

N„12.Although these values are rough estimates,
they should make it clear that the attractive exchange
terra plays a major role in opening up a window in o.o
for which there is a compacted dot solution.

We have also performed the Hartree-Fock calculation
for spin 1/2 electrons with Zeeman energy 8'z„„~0+
(simply to break the degeneracy between the two spin
polarized configurations). For large confining potentials,
both spin-up and -down electrons form compact droplets
of filling &action v = 1. However, the droplet of, say,
spin down electrons, is smaller and the electrons near
the edge form a ferromagnetic state as pointed out in
Ref. 8. As we decrease a0, the separation between the
spin-up edge and the spin-down edge increases. At even
smaller o,0 the spin-down electrons no longer form a com-
pact droplet, which may be a sign of FQH states. As

o.0 decreases below o,, 0.53N& + 0.49N„,all the

electrons are spin polarized (the coefficient in N„ is
approximately the same obtained from the electrostatic
consideration and the one in N„shows the tendency of
exchange to align spins as an effective Zeeman energy).

Thus for o,0
'" & a0 ( o.

„

the electrons form a spin po-
larized compact droplet. The exchange term tends to
align the spins, increasing further the size of the window
of o.o's such that the droplet is compact.

We find that the inclusion of the exchange term brings
into the picture effects that are left out from purely
electrostatic models, which consider the effect of the
Coulomb interaction via the direct term alone. The pic-
ture we describe here for the compact v = 1 droplet
within the Hartree-Fock approximation seems to be con-
sistent with exact calculations for systems with a small

(N = 6) number of electrons, " for a finite region of con-
fining potential strengths. This is in the spirit of the
calculations we presented in Sec. III, where the exact re-
sults we obtained for small systems support qualitatively
the Hartree-Fock results.

The next question is how to experimentally obtain a
value for o.o that falls within the window above. In or-
der to make the connection to real samples, we use the
parabolic confining potential in Ref. 9. There they use

V,„,(r) = zm*I~2r2, with m* the effective electron mass
in GaAs and ~ = 1.6 meV for the particular device. The
relation between our dimensionless no (or alternatively,

2

given in units of,
&

——1 and t~ = 1) to this confining po-
2

tential is obtained by equating o.0
&

l& to m'~, which

gives ct0 =
( g ) )(~ ), or 0!0 0.376B ~, B ln Tesla.

For Nz ——40, for example, we find that B = 2.5 T will

yield a value of o,0 in the allowed window, so that the dot
occupation will be the one of a compacted v = 1 droplet.
As we increase B beyond 3.1 T the edge will undergo a
reconstruction.

We now turn into the possibility of probing experi-
mentally the transition between a compacted and an ex-
panded dot. In order to make a clear connection be-
tween this expansion effect and experimentally observ-
able quantities, we describe below the implications of
the effect to tunneling experiments into quantum dots.
In resonant tunneling experiments, the energy difference
between the ground states of an N + 1 and N electron
system, p(N), can be probed by tunneling in and out of
the dot a single electron at a time, when the Fermi level
of the electrodes become resonant with the quantum level
of the dot. By following a peak, the dependence of
the chemical potential on the magnetic Beld can be ob-
served. In Fig. 15 we calculated, within the Hartree-Fock
approximation, this dependence of the chemical potential
(in meV) on B (in Tesla) for dots with N„from 35 to 38.
The "sawtooth" for B ( 2.5 T corresponds to spin-down
electrons being Hipped and moved &om the center to the
edge of the dot. This result can also be obtained with the
self-consistent model of Ref. 9, where only the Hartree
term is included. The region between roughly 2.5 T and
3 T is the window of magnetic fields for which the elec-
trons form a compact v = 1 droplet. The "dislocation"
near B = 3 T corresponds to the reconstruction of the
electron number occupation, marking the transition from
the compacted to the expanded configuration. The exis-
tence of the compacted v = 1 droplet and the transition
(dislocation) cannot be predicted without the inclusion
of the exchange in the model of the electron island.
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FIG. 15. Dependence on the magnetic field B of the energy
cost to add one more particle p to an island with 35 (lowest
curve), 36, 37, and 38 (highest curve) electrons. The "saw-
tooth" corresponds to 1 ( v ( 2, where electrons are spin
Sipped and taken from the center to the edge as the magnetic
field is increased. The "dislocations" near B ~ 3 T correspond
to the transition between compacted and separated dots. The
region in between (B~ 2.5—3 T) is the window for which the
dot is a compact v = 1 droplet. These results were obtained
for the parabolic confining potential of the sample studied in
Ref. 9, with ao ——0.376B ~ (B in Tesla).

In addition to this anomaly in the peak position vs B,
the expansion of the size of the dot will also increase its
coupling to the probing leads, as this coupling depends
on the distance between leads and island. The tunnel-
ing current should then increase for an expanded dot. In
Fig. 16 we show the dependence of the size of the droplet
(measured as the radius of the orbit of the outmost elec-
tron) on ao and on the number of particles N~ in the
dot. In Fig. 16(a) we show the size of a 60 electron
droplet as a function of ao and in Fig. 16(b) we fixed the
value of a0 and varied the number of electrons &om 40
to 70. The efFect on the amplitude of the resonant peak,
together with the anomaly in the peak position, should
be a signature that a transition is indeed occurring in the
occupation density of the quantum dot.

V. THE EDGE MODES AFTER THE
TRANSITION

As we have seen in the preceding sections, after
smoothing the edge potential enough, a transition takes
place, and the Fermi-liquid occupation density gives way
to a more complex state. In terms of the electronic oc-
cupation distribution, the new state looks as if electrons
start to deposit a certain distance away &om the bulk
of the QH liquid. The QH "puddle" that is formed, as
mentioned above, brings in two more boundaries for each
edge, and we then have three singularities. The interac-
tions take charge in destroying the Fermi-liquid disconti-
nuity, as the three singularities are finitely separated.

These three singularities can be related to three
branches of gapless modes, which correspond to particle-

hole excitations near each of the singularities. An intu-
itive way to visualize the three branches is by considering
the occupation number after the transition simply within
the Hartree-Fock approximation, which would look as in
Fig. 17. There the three edges are clearly identiied.
Correlations destroy the Fermi discontinuities, but we

will still have the three Luttinger liquid singularities at
the three Fermi points. Notice that the pair of branches
that is added always has opposite chirality. An edge that
had one right-moving branch before the transition, for
example, will have two right-moving branches and one
left-moving branch. All these three branches are strongly
coupled. One clear experimental consequence of now hav-

ing one branch'moving in the opposite direction (the one
left-moving branch in the originally right-moving edge,
for example) is that one could probe such excitations,
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FIG. 16. Radius of the QH droplet for (a) fixed N~ and
varying no and (b) Sxed ao and varying N~. One can vary
ao by changing the strength of the confining potential or
by changing the magnetic field. For the parabolic confin-
ing potential of the sample studied in Ref. 9, the parameter
o,o = 0 376B (.B in Tesla).
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(np ri 0 0)

K = 0 —1 0
&0 0 ij

(2o)

Electron operators can be written as

(21)

FIG. 17. Momentum occupation distribution after recon-
struction, if calculated only within the Hartree-Fock approx-
imation. The addition of two singularities correspond to the
addition of two branches of opposite moving edge excitations.

where originally there was none. We will show, however,
that the presence of impurities localize two of the three
branches and such backpropagating modes cannot be ob-
served beyond the localization length.

We will use the bosonized description of the edge states
in the FQH regime presented in Ref. 13, which we sum-
marize below for our particular case of v = 1. Let PR L,

be two fields, described by the Lagrangian density

1
~R, I, — ~+4'R, L (+ctt v~z)4'R, l, (16)

[P~ L, (t, z), PIr r, (t, y)] = hier sgn(z —y) .

Left- and right-moving electron operators can be writ-
ten as 4~ I (z, t) =:e+'~" ( ):,which can be shown to
satisfy the correct anticommutation relations. 4 The elec-
tron density is given by p~ L, = 8~/~ I, and the Hamilto-
nlan ls

(v is the velocity of the excitations) and the equal-time
commutation relations

t;=) K~L~,
2

(22)

dz ) p = — dz) pp, ,4'
l ) 4vr

(23)

which, when summed to the velocity terms, gives the
total V matrix

where the I s are integers satisfying g, L; = 1. The La-
grangian in (19) is not the most general one. We left out
four fermion terms that cannot be written as the prod-
uct of two densities. We know that it is the interactions
between the densities that are responsible for changing
the Fermi edge singularity and here we will concentrate
on this particular eHect of interactions. We have also
assumed a local interaction in the densities. However,
the long-range interaction can be easily included by al-
lowing Vz to have momentum dependence. In particular,
the long-range Coulomb interaction contributes to a term

P& As(g,. ps;)(g,. p I, ;), where A~ oc ln k is the Fourier
transformation of the 1/r Coulomb interaction and pA;,
the Fourier component of the density of the ith branch.
We see at long distances the most important interaction
term is the one that involves only the total charge density
P p;. This contribution is

v 2IIR L = d& PR L4x 'I

rv +A A A

v2+A
A A v +A)

(24)

Consider three edge branches as depicted in Fig. 18,
labeled by i = 1, 2, 3. We can generalize the description
above to include several branches, writing the following
Lagrangian density:

1 ) [K;, B,rtp;a. P, —V,, 0.&;B.P, ] (i9)

where the matrices K and V contain, respectively, infor-
mation on the direction of propagation (chirality) of each
branch and interactions between the branches (including
a diagonal term containing the velocities). For this anal-
ysis let us assume two B branches (1 and 3) and one L
branch (2) such that

K=(U ) 'KU =K (25)

so that the commutation relations of the P's are the same
as the ones for the P's. The transformation matrix U for
A )) v's is

Here, for simplicity, we have assumed that A is a large
constant independent of momentum. This will be the
case if the Coulomb interaction is screened at a long
distance (e.g. , by gates nearby). We will focus primar-
ily in the case where A )) v 's, i.e., strongly coupled
branches. Also, if the system has particle-hole symmetry,
then vq ——vs. We start by rewriting the Lagrangian (19)
in terms of new fields P; = P.U;i Pi that simultane-
ously diagonalize K and V. Furthermore, we would like
to keep, for convenience,

1 1

(26)

FIG. 18. Three branches of edge excitations, two right
moving (1 and 3, on the sides) and one left moving (2, in
the center). The mode in the first line of U, Pq

——Pq + P2 + Ps, 1s
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simply the total charge density mode (equivalently, pq ——

pq + p2 + ps, as p = 8 P). What we show next is that,
once we add to the Lagrangian (19) electron scattering
terms due to the presence of impurities, this total charge
mode is left unperturbed, and the other two will localize.

The scattering terms between electron operators in the
three edges that can be added to the Lagrangian are
bosonic couplings with zero charge. These can be writ-
ten as Tl, = exp(i g, l;P;) = exp(i g, L;K;~P~), where
now the L s are integers satisfying P, L; = 0 (Tg is

bosonic and neutral). In terms of the rotated fields P's,
TL, = exp(ig, . l;P;), where l; = P. l~U, Le. t us fo-

cus on the most relevant TL, 's; the naive renormalization
group (RG) dimension can be obtained from the Tl, cor-
relations

(Ti(t = O, z) Tl. (t = O, z = O))

oc exp —) l;li (P;(t = 0, z) rtp~(t = 0, z = 0))

(27)

Writing pL, in terms of the L's we obtain

= ) l = l l = l U (U ) l = L KU (U ) KL

L U (U ) KU (U ) KU UL=L U KUL=L (U U)L, (2S)

('l &0L=kj —1 i, L=k —1(0) (29)

which correspond to TI, operators that transfer charges
between the center branch (L) to the two side branches

(R). In terms of the l's, we have

l =(U ) KL=KUL=k
&-~)

where we used K = K = I. It is easy to show that the
minima pL„with P,. L; = 0, are given by

I

We can identify Ily =
2

+ as the conjugate momenta

to Py. We can rewrite the Hamiltonian for P2 and Ps in

terms of P~.

'R2, s = —(8 p+) + (8 p )'

+(+(z)e'&+ + ( (z)e'~- + H.c.,

where we ass»me that v2 63 8. This is a more
complicated version of a sine-Gordon (SG) Hamiltonian
density with position dependent coupling, as it involves
self-interactions in both a Geld and its conjugate momen-
tum.

If we had only one of (+ or (,we would have a Hamil-
tonian for a simple SG with position dependent coupling,
which we could write as

The Hamiltonian density with these most relevant TI,
terms added is

'R = 'Ro + 'RT,

(2vrll) + (8,$) +f(z)e'~+ H.c.
4x

(36)

where

&o = —(8-&~)'+ —' (8-42)'+ —' (8*Ps)'4~ 4~ 4~

and

(32)
'R = — II" + (8.P')' +(( z)

"e~ + H.c. , (37)

Working in units of v = 1, and rescaling the fields as II' =
~2mll and P' = P/~2m (which keep the commutation
relations unchanged), we have

.~2+&s ~ 4-4s
'RT =(+(z)e' ~~ +( (z)e' w~ +H.c.

The (~ describe the random tunneling coupling due to
impurities, with correlations ((+(z)f+(y)) = &~J(z —y).

Notice that Pq remains free, as the added tunneling
terms do not depend on it. This one component (total
charge, as pq

——pq + p2 + ps) behaves just like the one
branch before the transition. The other two, we will ar-
gue below, should be localized because of the impurities.

Let P~ = (P2 6 Ps)/~2, which obey the commutation
relations

g~(t, z), P~(t, y) = 0,
(34)

P+(t, z), P~(t, y) = iver sgn(z —y). —

with g = ~2m. This problem, equivalent to a Coulomb
gas with position dependent chemical potential, was
studied in Refs. 15 and 16. The impurity coupling A~
is relevant for g ( /6' (in the constant coupling con-
stant or chemical potential Coulomb gas, the condition
is g ( V 8m). This is indeed our case, and therefore the
presence of impurities localizes the other two branches of
excitations represented by P2 and Ps.

Notice that what we have done above is equivalent to
understanding the RG Bows in the planes 4+ ——0 and

= 0, and this implies A~ are relevant in all directions
around A~ = 0 if g ( ~6m. The RG fiows to a strong
fixed point when both b~ g 0. It is possible that this
strong fixed point is a localized state, motivated by the
Bow when A = 0. The properties of this strong fixed
point will be the subject of further studies.
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VI. TUNNELING INTO RECONSTRUCTED
EDGES

The formalism in the preceding section can be used to
study the electron tunneling into the reconstructed edges.
The electron propagator in time in general has a form

we expect I oc V2 and (dI/dV)y o oc T2 at low

voltages and low temperatures. This is consistent with a
recent experiment on tunneling between (smooth) edges
of 1/3 FQH states.

VII. CONCLUSION

("(t) (0))
1

with pL, given in Eq. (28). But now the L s satisfy

P, L; = 1. In the limit A/v )) 1, U is given by Eq.
(26). The minimum exponent is pL, = 1 (the Fermi-
liquid value) for electrons described by L = (1,—1, 1).
This configuration corresponds to adding two electrons
on the two side branches and removing one electron from
the center branch. Adding a single electron to the side
branch leads to a exponent pL, ——2 and to the center
branch pL,

——3.
Let us consider tunneling between two reconstructed

edges. At very low temperatures and low voltages, the
electron with the configuration L = (1,—1, 1) will dom-
inate the tunneling and leads to a linear I —V curve, ~~

since I oc V ~L and pL, ——1. At higher voltages, de-
pending on the sample geometry, it may be easier for
an electron to just tunnel into the side branch [with
configuration L = (1,0, 0)]. In this case I oc Vs and
(dI/dV)v=o oc T2

~

The above discussion also applies to the reconstructed
edges of Laughlin states of filling fraction 1/m. But now
for the L = (1, —1, 1) electron the exponent pL, = m.
pL, = 2m for L = (1,0, 0) and pL, = 3m for L = (0, 1,0).
We see that in the limit A/v )) 1 the minimum exponent
in the electron propagator is not affected by the edge re-
construction. This result is valid even when more than
one pair of edge branches is generated. This is because
adding electrons of configuration L = (1,—1, 1, —1, ..., 1)
just displaces all the edge branches by the same amount.
Thus the electron of L = (1,—1, 1, —1, ..., 1) just cou-
ples to the total density P p; and does not couple to
other neutral modes. In the limit A/v )) 1, the total
density mode decouples from other neutral modes. This
is the reason why the L = (1,—1, 1, —1, ..., 1) electron
always has the exponent pL,

——m. We would like to
stress that the above result is valid only at low energies
(energies below the smallest Fermi energy of generated
edge branches). The high energy behavior of the elec-
tron propagator is not clear. In that case it is probably
better to view the edge region as a compressible gas.

For tunneling between two reconstructed FQH edges,

In this paper we studied the electronic density of quan-
tum Hall liquids, focusing on short length scales that are
comparable with the magnetic length. We found that
sharp electronic occupation densities, corresponding to a
Z~ ——1 Fermi liquid, are possible because of the chiral
nature of the system. This sharp distribution is stable
against variations in the confining potential up to a cer-
tain point, beyond which it undergoes a transition and
electrons start to separate from the bulk and deposit a
distance 2l~ away. The transition is shown to be qual-
itatively described within the Hartree-Fock approxima-
tion. The separation generates a pair of branches of edge
states that move in opposite directions.

For even smoother confining potentials more pairs of
edge branches may be generated which eventually leads
to the compressible liquid picture. However, at low en-
ergies we see that the edge theory for sharp edges can
also be used to describe the smooth edges (i.e., the recon-
structed edges) once the additional pairs of edge branches
are included. This result agrees with the picture obtained
from a general consideration. In particular the alge-
braic exponent in the tunneling I-V curve is not affected
by edge reconstruction in the presence of long-range in-
teractions.

We would like to remark that the separated electrons
do not form any fractional quantum Hall state. This is
because the separation between the Fermi edges is always
of order magnetic length for realistic potentials. In this
case 1/3, 1/5, ... states are all described by Luttinger
liquid and are indistinguishable.

We also presented results for quantum dots, where we
predict that this eHect of edge separation can be related
to an expansion of the dot, which could be experimentally
observed.
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