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We present the microscopic derivation of a quasiparticle pseudo-Hamiltonian for an infinitesimally

polarized electron liquid. The Hamiltonian is expressed in terms of suitably defined quasiparticle opera-
tors. Our approach is based on a canonical transformation which allows one to replace the bare
Coulombic coupling between the interacting electrons with an effective interaction between quasiparti-
cles in which collective charge and spin fluctuations are explicitly accounted for. The relevant matrix
elements of the charge and spin-density operators enter our theory via linear-response functions: the
charge response, the longitudinal and transverse spin responses, and the mixed charge-spin response.
These susceptibilities are in turn expressed in terms of the appropriate many-body local fields. As a
consequence our method can be seen as an attempt to satisfactorily include in a self-consistent manner
the effects of the vertex corrections associated with charge and spin-fluctuations of the electron liquid.
As a result useful expressions for the quasiparticle energy and the effective interaction between two
quasiparticles are determined. These can, in turn, be employed in a microscopic determination of the
parameters of the Landau theory of the Fermi liquid. The generalization of our results to a multicom-

ponent system is also discussed.

I. IN1RODUCTION

Understanding the many-body aspects of an electron
gas (EG) has been a subject of steady interest for the past
few decades. ' The EG, unlike a system of classical
particles, behaves like a gas at high densities and like a
solid at low densities. In both these extreme limits, the
ground-state energy of the EG has been evaluated exact-
ly. In the high density limit, the ground-state energy was
obtained as a series in terms of r„ the average electronic
separation in units of the Bohr radius, in three dimen-
sions (3D) by Gell-Mann and Brueckners and in two di-
mensions (2D) by Rajagopal and Kimball6 and by Isihara
and Toyoda. Wigner showed that at sufficiently small
densities the electrons localize to form a crystal lattice
and hypothesized that in 3D a bcc structure is the most
stable one. Later on it was verified that, among the sim-
ple lattices, the bcc structure has the lowest energy and
the ground-state energy for the bcc lattice was obtained
as a power series in terms of r, ' . In 2D, Bonsall and
Maradudin calculated the ground state energy for arbi-
trary electron lattices, and showed that the triangular
one, as expected, has the lowest energy.

In the intermediate density regime, which is relevant in
three dimensions for simple metals, and in two dimen-
sions for systems like the electrons in an inversion layer
in most density regimes, the usual perturbative tech-
niques are not effective owing to the lack of an expansion
parameter. Hence, one has to take recourse to approxi-
mate methods which are not completely rigorous but are
physically justi5able. A review of a number of these tech-
niques can be found in Ref. 1. Quite useful in this respect
are the numerical techniques based on the quantum
Monte Carlo methods. '

Among the various approximate methods designed to
deal with the intermediate density regime of particular

interest for its physical appeal and elegance is Landau's'
original phenomenological theory of the Fermi liquids
which treats accurately low-lying excitations. Landau
called these excitations quasiparticles and postulated a
one-to-one correspondence between them and the excited
states of a noninteracting Fermi liquid. He wrote down
the excitation energy of the system in terms of the energy
of the quasiparticles and their effective interaction. The
quasiparticle interaction function can be used in turn to
obtain various physical properties of the system and can
also be parametrized in terms of experimentally obtain-
able data. Within the framework of perturbative Green's
function techniques it was shown by Luttinger and
Nozieres' that the Landau theory is valid in the limit of
zero temperature, long wavelength, and zero frequency.

For an EG long-range screening of the Coulombic in-
teraction is an important factor. The simplest approxi-
mation that takes this into account is the random phase
approximation (RPA). In this approximation the
screened charge response of the EG is assumed to be that
of the noninteracting system. ' Using a many-body local
field, commonly named after him, Hubbard' improved
upon this approximation of the screened charge suscepti-
bility by including, in an approximate fashion, some ex-
change corrections.

More recently, Hubbard approach was generalized in
such a way as to include the effects of vertex corrections
due to both charge and spin Quctuations in an unpolar-
ized EG.' ' In these papers, using formally different
approaches, expressions for the quasiparticle self-energy
and effective interaction were obtained. As it was point-
ed out in Ref. 20, these results are basically equivalent.

This body of work showed that the quasiparticle self-
energy and effective interaction can be expressed in terms
of suitable generalized Hubbard many-body local fields
and the charge and spin susceptibilities of the system,
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which, in turn, can be also expressed in terms of the same
quantities. As for the case of an infinitesimally polarized
EG, work on the subject was carried out by Ng and
Singwi by means of a diagrammatic approach. ' This ap-
proach to the many-body theory of the EG has already
found it applications.

In this paper, we extend the results obtained previously
for the unpolarized system by the present authors and
derive a quasiparticle pseudo-Hamiltonian for an
infinitesimally polarized liquid in terms of the response
functions and many-body local fields of the system. One
of the motivating factors for the present work is to arrive
at useful expressions that can then be employed within a
Landau theory of the Fermi liquid to evaluate various
physical quantities of interest.

The basic idea leading to the definition of a pseudo-
quasiparticle-Hamiltonian was previously devel-

oped by Hamann and Overhauser for the case of an un-

polarized system. These authors limited their analysis
to the simple case of the RPA. Our treatment, on the
other hand, is much more genera1, and is designed to in-

corporate the effects of vertex corrections associated with
charge and spin-density fluctuations to account for ex-
change and correlation effects in the infinitesimally polar-
ized electron liquid.

We begin by viewing the electron liquid as a system
comprised of a few interacting "test" electrons and a
screening dielectric medium characterized only by its col-
lective charge and spin density excitations. The test elec-
trons and the medium interact via effective potentials
which we express in terms of (a priori unknown) ap-
propriate local field factors 6 so as to account for their
deviations (due to exchange and correlation effects
beyond RPA) from the bare Coulomb potential. By using
a canonical transformation this interaction terms are
then eliminated to first order, thereby generating an
effective coupling between the test electrons. Upon
averaging over the coordinates of the screening medium
we then obtain the sought renormalization of the test
electrons states. An important step in this procedure is
represented by the identification of the various a priori
unknown matrix elements in terms of appropriate
response functions of the medium: the charge, the longi-
tudinal and the transverse spin, and the mixed charge-
spin response susceptibilities. These response functions
are in turn expressed via the corresponding generalized
Hubbard many-body local fields. Finally we show that in
order to achieve a physically self-consistent description of
the situation the factors 6 do in fact coincide with the
Hubbard many-body local fields appearing in the
response functions of the medium.

With this purpose in mind it is important to be able to
generalize our treatment of the many-body efFects in the
electron liquid to the case of a multicomponent system.
This is in fact necessary for the case of the electronic sys-
tem occurring in a silicon inversion layer. There the mul-
ticomponent nature of the electronic band structure leads
to further interesting and important modifications.

Our paper is structured as follows. In Sec. II, we intro-
duce the total Hamiltonian which we use to model the
EG. In Sec. III the bulk of the renormalization pro-

cedure is presented and a quasiparticle pseudo-
Hamiltonian is arrived at. Next, in Sec. IV we express
our results in terms of the quasiparticle energy and the
quasiparticle efFective interaction. Section V contains a
discussion of our results and their implications. The con-
nection of our theory to previous work is also provided
there. The paper contains two Appendices. In Appendix
A we derive useful expressions for the various response
functions that enter our quasiparticle pseudo-
Hamiltonian for the case of a multi-component system.
Finally, in Appendix B an exact expression for the mixed
charge-spin response function is obtained.

II. TOTAL HAMILTONIAN

To describe the excitations of an electron liquid we em-

ploy the picture based on the concept of quasiparticle and
similar to Landau's phenomenological theory of the nor-
mal Fermi liquid. We start by selecting a few electrons
from the EG and call them test electrons. The remaining
EG is treated as a screening dielectric medium. As the
test electrons move through the dielectric medium they
produce fluctuations in the density of spin up and spin
down electrons. These fluctuations provide virtual cloth-
ing to the test electrons and also screen the interaction
between them. Thus, the dielectric mimics the true pro-
cesses in an average way. It is important to realize that
in reality the test electrons and the electrons comprising
the dielectric are physically the same. This must be taken
into account when exchange effects are considered.

The goal is to derive a Hamiltonian containing only the
degrees of freedom of the clothed test electrons or quasi-
particles. To this end we proceed as follows. We write
the total Hamiltonian of the system as

H =HI'+H' '+H, ,

where HI'' is the Hamiltonian of the test electrons and is
given by

HI =g

Epact

~au ~
p, a

+ ,' y u(q}au--q ap. +q .au. .ap (2)
p&p~

q, o, cr'

where qAO, a+ (a ) creates (destroys) a quasiparticle
with momentum p and spin index o, (o =

El�

), u (q} is the
Fourier transform of the bare Coulomb potential, with 6p
being the bare (band} energy of the test electron. In Eq.
(1) Ho ' is the Hamiltonian of the dielectric medium and
is described by specifying its eigenstates ~n ) and its ei-
genvalues co„. Furthermore, H, is the part of the total
Hamiltonian that takes into account the test electron-
medium coupling and is given as follows:

p~q~~
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pu(q, ta) =v(q) {[bn t (q, to)+ b n
& (q, to) ]

X [1—G+ (q, eu+q
—

eu }]

o[h—n t(q, t0) dna—(q, co)]

XG' (q, eu+q
—eu)I, (4)

where z is the quantizati. on axis for the spin o and hn
represents the density fiuctuations of electrons with spin
projection cr.

where q+0, a,P=+1; p=x, y, z; and o "& is a Pauli ma-
trix. Furthermore, pq and S"are the operators associated
with charge- and spin-density fluctuations, respectively.
Since at this stage the nature and strength of the poten-
tials appearing in 0& is unknown we have introduced the
quantities 6+ and 6" in order to account for exchange
and correlation effects. The 6's are taken to be functions
of the change in momentum and the change in energy of
the test electron. In the above equation it has been as-
sumed that 6+ and 6" have reflection symmetry with
respect to the plane perpendicular to the axis of polariza-
tion, namely the z axis. In general, for a polarized EG in
its ground state one expects that 6" =6" =6
AG' =G . Later on we will identify these G+ and G
factors in terms of the true many-body loca1 fields of the
EG as a whole (see Sec. III}. It is of interest to note that
in real space the effective potential felt by a test electron
of momentum p and spin o as obtained from Eq. (3), can
be expressed as (see Appendix A and Ref. 18 for a similar
result)

the RPA result for the pseudo-Hamiltonian when the ex-
change and correlation vertex corrections are neglected.

Hgr = (OlH'l0) =HI''+ —,
' (Ol [H), T]l0), (6)

which now contains only the test electron operators. In
the pseudo-Hamiltonian given above, constants and
higher order terms in u(q) have been omitted. Later on,
in Sec. IV we present arguments to show that the neglect
of higher-order terms is consistent with the requirement
that the correct pseudo-Hamiltonian must contain all the
correlation effects. The expectation value with respect to
the polarized state l0) on the right-hand side of Eq. (6) is
precisely the term that leads to a renormalization of the
bare interaction potential and also to the clothing of a
bare electron. This term can be evaluated from the ma-
trix elements (OlH, ln) and (OlTln). Then, from Eqs.
(3) and (5) we obtain

(nlTIO&= y {{I —G+ [q, hf(q)]](nlp&l0)
p, q, cr

A. Averaging out the medium

The second step involves explicitly removing the de-
grees of freedom of the dielectric medium. This is done
by averaging the transformed Hamiltonian H' over the
uniformly infinitesimally polarized state l0) of the medi-
um. We thus obtain the following quasiparticle pseudo-
Hamiltonian

H&z ..

III. RENORMALIZATION PROCEDURE

To obtain the quasip article Hamiltonian of an
infinitesimally polarized system we adopt the following
renormalization procedure. We first perform a canonical
transformation on the total Hamiltonian so as to elimi-
nate the term H& up to first order. This, in turn, pro-
duces an effective coupling between the test electrons
through their interaction with the charge and spin-
density fluctuations. This is similar to the procedure em-
ployed in deriving the Frohlich phonon mediated
electron-electron effective interaction. The transformed
Hamiltonian is given by H'=e He, where the opera-
tor T is determined from the requirement

v(q)au q a—oG' [q, a;(q)](nlS;lo&]

u(q)au z a—G *[q,hu (q)](nlS l0)

where for the sake of brevity we have defined

COnO Nn NO &

and

(7)

(8)

H, + ge a+ a +Ho ', T =0.
PG'

The above form involving only the Hamiltonians of the
noninteracting test electrons and the dielectric medium in
the commutator is chosen for the definition of T for the
following reasons. First, this form enables us to deter-
mine the matrix elements of T with respect to the eigen-
states of the dielectric medium. Second, as will be shown
below, this definition yields the renormalization term as a
combination of identifiable dynamic response functions of
the dielectric medium. Last, this form correct1y yields

&, (q)—= (10)

In obtaining Eq. (7), we used the relationship
G~'(q, to)=GP'( —q, —to) for which the justification
will become clear in Sec. III when the 6's are shown
to coincide with the many-body 1oca1 fields. We now
define S*=S+iS and use the fact that the
quantities (OlS+ln) (nlS+l0), (OlS ln) (nlS l0),
(OlS'ln ) (n lS*l0), and (Olpln ) (n lS l0) vanish.
Furthermore, for q+0, we also utilize the fact
that (Olp l0) and (OlS~& l0) vanish whereas
(Olp&l n ) (nIS'

&
l0) has in general a nonzero value for a

polarized system. Then from Eqs. (3) and (7) we obtain
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«IH, Tlo& = g [I 1 —6+ [q, —~p'( —q)]] [I—6+ [q ~p(q)]] I&nip, lo&l'

+crcr'6 [q, —a;,'( —q)]6' [q, a;(q)]l&nIS;IO&I'
—(cT [1—6+ [q, —

hp (
—q)])6 [q, hp(q)](olp qln &(n ISp Io&

+a'[1—6+ [q, ~p(q)1]6- [q —~p:( —q)]&ols' q ln & & n Ip, lo& }]

p+e~ p ~ p q~ p~ + ~(1 )Gr [ gTa'(
b, (q) —co„o

xG" [q,g (q)]l&nls;lo&l'
2 + +(I}ap'+q, —a' p', e'ap —q, —oap, o.

hpr (q}—co„o

Now, on recognizing that the operator T is anti-Hermitian we obtain from Eq. (11) the renormalization term
—,(ol [H&, T]lo& of the quasiparticle pseudo-Hamiltonian Hc}p. Then, in the renormalization term, upon identifying the
various matrix elements of the charge and spin fluctuations in terms of the various dynamic response functions, to be
dined below, we obtain the following compact expression:

(ol[H„T]IO&=2+ ECH(p)a+ a + g I V .[q, —b, ( —q), b, (q), b, (q)]a+ a++ a ~ ap
P, cl

+ V [q, —6 (
—q), b, (q), b, (q)]a + a ++q ap .ap

(12)

where the terms V ~ and V ~ are the longitudinal and transverse components of the renormalization part of the
effective interaction between two quasiparticles and are given by

V, (q, e, co, 5) =—v(q)2([1 —6+(q, e)][1—G+ (q, co)]Rerc(q, 5)

+ocr'G (q, e)G' (q, co)Rers(q, 5)/( —ps) —Icr[1 —6+(q, e)]G' (q, co)

+cT [1 6+(q co)]G—(q e)]ReXcs(q 5))

and

V .(q, e, co,5)—:2(1 crcr')v(1) —6 (q, e)G '(q, co)ReX (q, 5)/( —p~ ),

(13)

(14)

with pz being the Bohr magneton. In Eq. (12) E~zH is the Coulomb hole part of the renormalization term and is ob-
tained upon rearranging the creation and destruction operators in the usual order of a Hamiltonian expressed in the
second quantized form

-dco I
1 —6+ I'xc+ IG- I'xs/( —va) 2«e[(1—6+ )6- ]xcs 416' I'x"/( —

wa }
Ec„(p)= —g v(q)'P Im +

0 hp(q) —co 6 (q) —co &p (q) —co

(15)

In the above equation it is understood that the factors
G+ are functions of q and b, (q}, while 6 is a function
of q and b,„(q). Moreover, the response functions de-
pend on q and co.

The various response functions appearing in the
effective interaction terms and the Coulomb hole term
[see Eqs. (13)—(15}]are XC the charge response, Xs the
spin response, g the transverse spin response, and pcs
the mixed charge-spin response. Exact expressions for
these response functions are as follows:

I & n Ipql0& I

xc(q v}=g
V COnp+ l 'g

I&nip, lo& I'

V+ CO p+ I '77

l(nls', lo&l'

V+ COno+ l 'g

I& ls;Io&l'
X~(q, v) = —

Vn g V CO p+l g

(16)
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l&nls; Io&l'
XTe(

n
" ~no+'q

and

I&nls:; 10&l'

n+~„p+ig

(18}

2
Xot+Xol —4u(q)XotXO((1 —6+ }

Xs Ija

x'-x'
+CS

where

(23)

(24)

&olp qln &&nls;lo&

n np l'g

&ols; ln & & nip, lo&

+~np+ &'9

n

&ols', In &&nip Io&

V COnp+ l 'g

& n IS'
q 10& &Olpqln &

v+a)„p+i g
(19)

Details of the derivation of Xcs are presented in Appen-
dix B.

&—:1 —u (q)(Xo+X,')(1—6+ —6 )

—4u(q) XoXog (1—g+ ) . {25)

cr o
Ply q 71'

xo(q ~) =——&
n

p N ~p(q}+in
' (26)

with 0 being the volume of the system. For the trans-
verse spin response y, we only present its defining
equation in terms of the local Geld 6 as follows:

The yp appearing in the above equations is the response
of a free EG defined in terms of the exact occupation
numbers n p as follows:

B. Self-consistent identification of the 6's Tcr

~r~ — 2

1 +2u(q}6
(27}

and

+p

1 —u(q}(1—G+)Xo
' (20)

Xp

1+u (q)6
(21}

The yp appearing in the above equations differs from the
Lindhard polarizability for a noninteracting EG in that
here it is defined in terms of exact occupation numbers if
the local fields 6+ are taken to be consistent with
Niklasson's definition (see below).

In Appendix A, for an infinitesimally polarized mul-
ticomponent system, we have derived expressions for the
various response functions in terms of the many-body lo-
cal fields of a single component. Here, we merely present
the results for a single-component system

Xo+Xo+4u(q}XoXo6-
(22)

The last step in the renormalization procedure involves
identification of the vertex correction factors 6. With
this goal in mind, we will first express the response func-
tions appearing in the renormalization term [see Eqs.
(12)—(15}]as functionals of the many-body local fields 6+
and 6 . Then, based on the formal similarity of the po-
tentials given by Eqs. (4) and (A6) we make the physically
reasonable ansatz that the vertex correction factors 6
coincide identically with the corresponding many-body
local fields 6 that enter the expression for the response
functions.

For a single-component system the many-body local
fields 6+ (Ref. 16) are commonly defined through the
various response functions of the unpolarized medium as
follows:

where, similarly to yp, the noninteracting transverse
response xo too is defined in terms of the exact occupa-
tion numbers, i.e.,

(28)

For an unpolarized system, the expressions for the
charge and spin responses, given by Eqs. (22) and {23),
reduce to the defining equations of 6+ as given by Eqs.
(20) and (21). The mixed charge-spin response Xcs, as ex-
pected, reduces to zero for the unpolarized case. As for
the transverse spin response, the isotropy of the unpolar-
ized system reduces it to —,'gz with the transverse gp and

6 coinciding with their unpolarized counterparts 2+p
and 6

Now, the 6's that enter the expressions for effective in-
teractions given in Eqs. (13) and (14) correspond to the
exchange and correlation corrections to the Hartree in-
teraction between a test electron and the charge and spin
density fluctuations in the dielectric medium. Similarly,
the local fields 6+ and 6 too represent the corrections
to the Hartree interaction between an electron and the
density fluctuations in the EG. These facts are made ex-
plicit in the expressions for the potentials given by Eqs.
(4) and (A6). Now, since the test electrons and the
screening dielectric medium are one and the same, we ex-
pect the 6's and the 6's to coincide. Hence, we postulate
that the 6's coincide identically with the corresponding
many-body local fields 6's for all values of q and co for an
infinitesimally polarized system. Then the quasiparticle
pseudo-Hamiltonian is given as fo11ows:
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Hop ——y [e,+E;„{p}]a,'.a, .
P, {T

+ —,
' g {[u(q)+V . [q, —b, , (

—q), hp(q), b, (q)]jap q ap. +q .ap, .ap

+V, [q, —b, (q), b, (q), b, (q)]a+ a++ .ap .ap ), (29)

where ECH, V, and V are formally given by Eqs. (13)—(15) with the 6's replaced by the corresponding local
fields G.

IV. QUASIPARTICLE PSEUDO-HAMILTONIAN

For the sake of clarity, we now express the quasiparticle Hamiltonian in terms of normal products so that the ex-
change contribution from the efFective interaction appears explicitly in the quasiparticle self-energy. We have

Hqp=+Ep. a+ a
P, (T

+ —,
' g {Iv(q)+V .[q, —b, ( —q), h (q), b (q)]j:a+ q

a++ a ~ ap
I

P~P
I

q, cT, O'

+ VT, [q, —QT, ( —q),g (q), b, (q)]:a a++ .ap. ,ap ~. ) . (30)

Here constant terms have been omitted. In the above equation, the longitudinal component V, corresponds to the
case in which the spins of the quasiparticles are unchanged after interaction while the transverse component V ~ cor-
responds to the case where opposite spin quasiparticles interact and fiip their spins. For the sake of completeness we
provide the expressions for these two as follows:

V .(q, e, co, 5)=v(q} ([1—6+(q, e)][1—6+(q, co)]Roc(q, 5)+ocr''6 (q, e)6' (q, co)Regs(q, 5)/( —ps}

—[a[1—6+(q, e)]G" (q, co)+o'[1—G~+{q,co)]6 (q, e)jRegcs(q, 5)), (31)

and

V .(q, e, co, 5)=—2(1 —acT')u(q) 6 (q, e)6 '(q, co)Rey (q, 5)/( —
JMs) . (32)

The (fully renormalized) quasiparticle energy E occurring in Eq. (30) contains both a dynamically screened exchange
part E&z and a Coulomb hole part EcH

Ep =&p+Esx{p}+EcH{p»

where

Es~(p)= —g(np q[v(q)+V [q, b. (q), 4p(q), hp(q)]j+np qV [q, &, (q), &, (q), &pr (q)]) .

(33)

(34)

In the above expression the first term corresponds to the familiar Hartree-Fock exchange energy while the remaining
terms represent exchange contribution from the dynamical screening produced by charge and spin-density Suctuations.
In Eq. (33) the Coulomb hole term EcH is given by Eq. (15) with the factors 6 replaced by their corresponding many-
body local fields G.

The above derivation of the quasiparticle Hamiltonian is readily extended to the case of an EG with v„degenerate
components. The problem is considerably simplified under the assumption that the density Suctuations are the same
for all the components. Also for the case of a multivalley system where the relevant valleys are separated by a large
momentum, an electron retains its valley after being scattered by other electrons. Then the electrons in different valleys
can be regarded as difFerent components with the component index U representing an additional quantum number. An
additional complication is however represented by the fact that in the derivation of the quasiparticle Hamiltonian, the
many-body local fields 6+, must be replaced by 6+, i.e., those appropriate for a multicomponent system (see Appendix
A for further details). The final expression for the quasiparticle Hamiltonian is given as follows:
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Hqp= g E:ap „ap „:+—,
' g {[v(q)+V (q, —5 .( —q), h (q), lL (q))]:a+ „a++ ~, a ~ „.a

P)0', V
I

p~p ~q~
I t0') 0' ) V) V

+V (q, —
hp ( —q), hp (q), bp (q)):a+ „a+.~q ~, a ~ ~,.a

(35)

The quasiparticle energy and the effective interaction
terms are still formally the same as those appearing in
Eq. (15}and Eqs. (31)—(34). As for the response functions
that enter these terms, expressions are derived in Appen-
dix A.

V. DISCUSSION AND CONCLUSIONS

%'e have derived a quasiparticle pseudo-Hamiltonian
for a multicomponent infinitesimally polarized Fermi
liquid. This quasiparticle Hamiltonian is constructed in
such a way as to properly account in an averaged way for
the usually unwieldy efFects of correlations beyond the
popular RPA. This was achieved through the approxi-

mate use of Hubbard generalized many-body local fields
associated with both charge and spin fluctuations. Our
results can at this point be used to perform explicit calcu-
lations of many-body efFects in the EG. To this purpose
suitable approximations to the Hubbard local fields must
be used. Such approximate expressions involve in turn
the knowledge of the exact limits acquired by such quan-
tities. The alternative is to use for these functions
the output of numerical work. ' Lately a elegant self-
consistent method for the evaluation of useful expressions
of the Hubbard local fields has been devised. The re-
sults of such an analysis will be presented elsewhere.

Our results of Eqs. (15), (33), and (34) for the self-
energy can be recast in the following transparent and use-
ful form (see Ref. 33):

~ (P ~}=—X f '. I[v(e)+v(q)'(I' —G+ l»c+IG-l»zc~( —@2~)
q

—2~ Re[(i —G+ )G ]res-) lg (p q~ —~)+4v(q)'IG' I'X"&{—pPg (p —q, ~—~)],
{36}

where in order to recover our results one must set co=op.
Here g (lt, ro) is the bare one electron Green's function
and is defined as follows:

g (p, ~)= n 1 —n
p +

N —
Ep

—1'g N —E'p+ l 'g
(37)

Furthermore, in Eq. (36) it is understood that the G+ are
functions of q and b~{q},that the Gr is a function of q
and b, (q), and that the response functions depend on q
and e The expressio. ns for the effective interaction terms
in Eqs. (31) and (32) and that for the self-energy in Eq.
(36) can be seen to be equivalent to the corresponding re-
sults of Ng and Singwi, ' who however did not attempt to
express their expressions in a transparent form (see also

Ref. 33). There are also some difFerences mostly associat-
ed with the frequency dependence of the various quanti-
ties. The results of Ref. 21 can in fact be recovered if in
our Eqs. (31), (32), and (36) in the many-body local fields
that are prefactors to the response functions the complex
conjugate forms are replaced by the corresponding com-
plex forms, and the frequencies of all the local fields are
replaced by the frequency appearing in the response func-
tions.

It is of interest to note that for the special case of an
unpolarized electron liquid, the charge and spin fluctua-
tions are not coupled and also, owing to the isotropy, the
efFective potential due to the transverse spin fluctuations
is just twice that due to the longitudinal spin fluctuations.
Accordingly the quasiparticle self-energy of Eq. {36}
simplifies to the following form for the unpolarized case:

& (p, ~)= —g f" . [v(q)+v(q)'[Il —G+ I» +3I G—I» ~( —JMa)l]g(p —
q ~

As for the quasiParticle Hamiltonian, it is still given by Eq. (30) with b,
p (q) =hp(q) and the following simPlifications
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for the screened exchange, Coulomb hole and the effective interaction terms:

Esx(p)= —g[n~ ~(u(q)+u(q) [~1—6+[q,b~(q)]~ Regc[q, bp(q)]+3~6 [q, b~(q)]~ Regs[q, b~(q)]/( —ps)])],
q

(39)

EcH(p)= —gu(q) Pf Im
0 7T

V, (q, e, m, 5)=u(q ) I [1—6+ (q, e)][1—6+ (q, co) ]Rebec(q, 5)+o'o'6 (q, e)6' (q, co)Regs(q, 5)/( —ps )],

(40)

(41)

and

VT, (q, e, co, 5}=(l oo—')u(q)'6 (q, e)G' (q, co)Regs(q, 5)/( —ps) . (42)

For this case the quasiparticle self-energy and effective in-
teraction terms of Ref. 21 are obtained form Eqs. (38),
(41},and (42) by making the same modifications as in the
polarized case. The above results for the effective in-
teraction terms of an unpolarized system agree with those
derived in Refs. 17, 19, and 20. In these papers however,
the question of the proper frequency dependence of the
various response functions and the corresponding local
Selds was not tackled.

It must be mentioned that our quasiparticle energy
yields what in a diagrammatic analysis would amount to
the on-shell value of the self-energy. Furthermore, and in
connection with the above, it should be made clear that
the quasiparticle Hamiltonian derived here should only
be used for calculations carried out to first order. This
prescription is the consequence of the fact that in our
derivation the renormalization term is explicitly con-
structed so as to ignore higher-order terms in H'. On the
other hand, we believe that such a procedure is appropri-
ate in view of the fact that, as readily verified, our
pseudo-Hamiltonian leads by construction to the expect-
ed RPA results when the many-body local-field correc-
tions are neglected.

For the case of a multi-component system our ap-
proach does not take into account the effects due to the
difference in the density fluctuations between com-
ponents. Future work that includes these efFects is in
progress.
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APPENDIX A

In this appendix, using arguments based on linear
response theory, we will derive the response functions for
an infinitesimally polarized EG with v„degenerate com-
ponents. %e will refer here to the various components as
valleys (as in band valleys). We will assume that the val-
leys are separated by large vectors in momentum space
and it is therefore reasonable to assume that electrons re-
tain their valley index after a scattering process.

When an external potential $„,(q, r0) is applied to the
electronic system it sets up density fluctuations b,n& of
spin-up and b,n

&
of spin-down electrons. Assuming that

these density fiuctuations are equal for all the vaHeys, the
total effective potential felt by a spin up electron can be
written by generalizing the procedure of Refs. 17 and 34
as follows:

Pt=P,„,+u(q) [bnt+bng] —[Gt~„„,+G~;.t„,+G~';t„,(v„—1}] —[Gt;„„,+Gt ~„,(v„—1}]
U V

(Al)

where for the sake of brevity the q and co dependence of the potentials, the density fluctuations, and the many-body lo-
cal fields has not been displayed. In the above equation the 6's are assumed to be the same for each valley, the sub-
scripts x and c denote exchange and correlation effects, and the labels intra and inter refer to intravalley and intervalley
processes. Furthermore, among the terms containing the Coulombic potentials u(q), the sum of the first two terms in-
volving the density fluctuations represents the Hartree term, the next one is the exchange term, and the remaining ones
are correlation terms. The total effective potential felt by a spin down electron can be similar1y written as

P =P,„,+u(q) [hn t+bn & ]—[6~';~„,+6 ~;.~„,+6);~„,(v„—1)]
2hn&—[G,~';t„,+G,~';t„,(v„—1)]

VU

(A2)
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Furthermore, for an unpolarized system, we note that for
symmetry reasons

vvX0

1 —u(q}(1—6+ )v„Xo
(A13)

and

x, intra x, intra ~

~ f 1'(l) —~ l l(f)
Gc, intra(inter) Gc, intra(inter)

(A3)

(A4)

We assume that the above relations remain approximate-
ly valid for an infinitesimally polarized system. Also,
when the electrons after interacting with each other
scatter back to their original valleys, we can write

P =@so H;„t +u(q)[hn &+En
& ](1—6+ )

cru—(q)[Snab
—

bni ]6"
(A14)

where Xo=Xot+Xoi.
To derive the spin response function, we consider the

case of an infinitesimal external magnetic field H,'„, set-

ting up density fluctuations b, n& and din& U. sing Eq.
(A6) we get the relevant effective potential to be

c, inter c,inter c,intra (A5} Then from the definition of spin response and from Eqs.
(A10) and (A14) it follows that

tf} =P,„, +u(q)[bn& +bn&](1 —6+ )

ou (—q)[b,at hn i ]—6"
where the quantities G+ are defined as follows:

(A6)

With these approximations the potential felt by an elec-
tron with spin o ( =21) can be cast in the following com-
pact form:

bn& h—n&

8,'„,

2 v,Xo+v„Xo—4u(q)ucXo~Xo(1 6+ )
pg

Xs =Pa

(A15)

For an unpolarized system this reduces to the familiar
form

Then on defining the single valley local fields 6+ as

ft
Gx, intra +Gc, intra +Gc,intra (A8)

Vv+0
Xs= Ps

1 —u(q)6" v„Xo
(A16)

The mixed charge-spin response function is obtained
by using Eqs. (A6), (A10), and (A14)

we obtain the following useful form for the multivalley
local fields 6+ defined in Eq. (A7):

lint hn) hn—t+hni
~Z

ext I gr* ext

cXo aXO

1
6+i i =Gy 6 &+i+ 6

Vp
(A9) (A17)

hn =v„Xop (Alo)

where Xo is the response for a free EG as defined in Eq.
(26) in the text. Then using Eqs. (A6) and (A10) we ob-
tain the expression for charge response from its definition

bnt+bng
+C

ext

We will now derive the expression for the charge
response of an infinitesimally polarized system. In the
presence of a spin independent infinitesimal external po-
tential Pa„„ the total effective potential P felt by an elec-
tron of spin tr is still given by Eq. (A6). The density fiuc-
tuation hn is related to tf} via the relation

It should be noted that for an unpolarized system, as can
be expected from symmetry considerations, y~=0.

The transverse spin response y can be defined for a
multivalley system as follows:

g
TO'

g
TO' — p2 (A18}

1+2u(q)G "v,Xo

where Xo (q, oi) is defined in Eq. (28) in the text. The
only unknown quantity in Eq. (A18) is the transverse
many-body local field G " for which we propose the fol-
lowing ansatz:

tf[Gx,intra +Gc, intra +Gx, intra

v.Xo+v.Xo+4u(q}~XoXo 6"-

where

2)„—:1 —u(q}(v„X&~&+v,Xot)(1—6+ —6" )

—4u(q) v„XotXoiG" (1—6+ ) .

(Al 1)

(A12)

+Gc, intra 26c, intra ] (A19)

APPENDIX B

Now, for an unpolarized system y simplifie to —,'yz
with yo and G "reducing to their unpolarized forms go
and 6", respectively. However, it should be noted that
within the present approximation of G„~(t);„t G ( )
and the transverse Geld 6 " coincides with the longitudi-
nal field 6" .

For an unpolarized system, for which go =go~, the expres-
sion for gc simplifies to the following

We will consider here a system with arbitrary polariza-
tion and derive the expression for the mixed charge-spin
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H, = Ipqg(q, co)e ' '+c.c.]e"' . (81)

response function pcs. Let the initial state of the system
be Io& and let the Hamiltonian H be characterized by
eigenstates In & having excitation energies co„o. Let the
ground state of the system be

I
G &. In order to obtain an

expression of pcs, we begin by considering the spin
response of the system due to an external spin symmetric
potential P(r, t). The Hamiltonian corresponding to the
perturbation is (with standard notation) given by

1 if n=0
a —oo 0 otherwise. (84)

Substituting Eq. (83) in Eq. (82) and retaining only the
terms that are first order in P(q, co), we obtain after in-
tegration

&n Ip lo&(t(q, co)e
a„(t)=

N N„O+ l'g

Then the Schrodinger equation can be written as

i—Iy(t) & =(H+H, )Iy(t) &, (82)

( I co+ I co 0+ 'l7) t

N+N„O l'g

where n@0 Th. en on defining

(85)

where lg(t)& is an eigenstate of the total Hamiltonian
and can be projected onto the states I n & as follows: &s', (t) &

=—
& y(t) ls, ly(t) &, (86)

It((t) & =y a„(t)e

The boundary conditions are given by

(83)
with S being the induced spin density fluctuation
operator and using Eqs. (83), (85), and (86), we obtain

&OIS' In & & n lpqlo&P(q, co)e'
&S' (t)&= +i

&ols' qln &&nip qlo&p(q, co)'e'"+""
N+ N&O 1'g

& n Is', Io& &Olp, ln &(t(q, c0}'e" +""
+

N NO i'g

&nls' qlo&&olp, ln &(t(q, c0)e' ' + "
N+N. O+ i

(87)

where use has been made of the fact that

&ols;lo&=o. (Bg)

& p q(co) & &olp, ln & & n Is' Io&

psh;„, (q, co) „co co„o—+i rl

In Eq. (87) the second and third terms on the right
hand side vanish since In & cannot be coupled to IO& by
both Sq and p q since the former has momentum q
whereas the latter has momentum —q. Then we obtain
the following expression for the spin response:

&ols;ln &&nip, lo&

N+N„O+ l'g
(810)

Then on using the definition of pcs given in Eq. (A17) we

obtain the following relationship for the mixed charge-
spin response function:

&S' q(co) &

P(q, co)

, &s', (t) &

P(q, co)

&ols', In &&nip, lo&

c0 cdzo+ l 7/

&nls', lo&&olp, ln &

CO+N„O+l'g
(89)

&oIp-, ln & & n ls; Io&
Xcs(q v)=g .

V N~0+l'g

&ols;ln &&nip qlo&

V+N„+ l'g

&OIS' qln &&nip Io&

V—N„O+i g

Similarly, upon applying an external magnetic Seld
h;„,(r, t), the charge response is given by

&nis', lo&&olp, ln &

+N O+ig
(811)
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