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Transmission resonances and zeros in quantum waveguide systems with attached resonators
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Transmission phenomena in quantum waveguide structures are studied by examining the transmission
amplitude in the complex-energy plane. We find that, similar to double-barrier resonant tunneling, there
are transmission poles in the complex-energy plane for quantum waveguide structures which contain
quasibound states in attached t-stub resonators. In contrast to double-barrier resonant tunneling, how-
ever, we find that the quantum-wire networks also possess transmission zeros (antiresonances), which al-

ways occur on the real-energy axis. The existence of transmission zeros is a characteristic feature of a
quantum waveguide system with attached resonators, but is absent for double-barrier resonant tunnel-

ing, which contains the resonant cavity as part of the transmission channel. We demonstrate that each
quasibound state of the resonantly coupled quantum waveguide system leads to a zero-pole pair of the
transmission amplitude in the complex-energy plane. The previously noted resonance-antiresonance
behavior of the transmission probability, which leads to its sharp variation as a function of energy, can
be understood in terms of these zero-pole pairs.

I. INTRODUCTION

Electronic transport in ultrasmall semiconductor struc-
tures reveals the quantum-mechanical wave nature of the
charge carriers. As shown in papers by Landauer and
Biittiker, ' electronic conduction in this so-called meso-
scopic regime can be viewed as a transmission problem,
and the conductance is related to the transmission
coefficient by the quantum unit of conduction e /h.
Much work has been inspired by analogous wave phe-
nomena in optics and the possibility of utilizing resonant
transmission behavior for electronic device applications.
Fabry-Perot-1ike transmission resonances in semiconduc-
tor superlattice structures have been studied since the
seminal work of Esaki and Tsu. The phenomenon of
double-barrier resonant tunneling (DBRT} is well under-
stood, and practical devices based on this concept, even
operating at room temperature, have been developed.
Recent work has focused on transmission in electronic
waveguides and related quantum interference devices,
and it has been noted that resonance phenomena in these
structures give rise to rich features in the transmission
coefficients. '

In this paper we investigate resonance phenomena for
transmission in quantum waveguide structures by study-
ing the transmission amplitude in the complex-energy
plane. In analogy to double-barrier resonant tunneling,
we find that transmission resonances are related to the
existence of quasibound states. There is one major
difference, however, as pointed out by us in a recent pa-
per. DBRT gives rise to the well-known Lorentzian-
shaped Breit-Wigner transmission resonances, which cor-
respond to poles in the complex-energy plane. The
transmission probability for resonantly coupled
waveguides, on the other hand, exhibits resonance-
antiresonance features, which correspond to zero-pole
pairs in the complex transmission amplitude. We will
demonstrate that these antiresonances, in fact, are zeros

and that their existence is a consequence of unitarity.
Resonance-antiresonance features including sharp

transmission minima have been seen in recent numerical
work on conduction in quantum waveguide structures
and for transmission through an oscillating barrier. ' A
much studied system consists of a main transmission
channel with an attached t-stub resonator. " ' Sharp
drops to a minimum are observed in the transmission
coeScient (we will show that those, in fact, are zeros),
and forbidden bands are formed for multiple-stub sys-
tems. ' Using a scattering-matrix approach, ' Price
shed light on the relationship between the transmission
coefficient and the quasibound states in the resonant t
stubs. Another example of a resonantly coupled
waveguide consists of a channel which is connected to a
circular cavity. In this system, the quasibound states in
the cavity are excited at resonant energies by the electron
Aow in the channel, giving rise to sharp structure in the
transmission probability. Narrow current dips have been
investigated for resonant-tunneling structures with quan-
tum dots. Impurities in a transmission waveguide also
give rise to conduction in the presence of quasibound
states, and resonance effects have been observed in
several studies. ' Geometric effects in conduction
channels may also result in bound states, and the
transmission coefficient has been studied for bends,
corners, ' crosses, etc. The sharp drops of the
transmission probability are also found in loop struc-
tures. ' Similar resonant behavior has also been re-
ported for transmission in systems where several elec-
tronic subbands are available. Such studies include elec-
tronic I -X conduction-band minima and heavy-
hole —light-hole ' interference effects for resonant tun-
neling in double-barrier heterostructures. Common to all
of the above examples is that resonance features are ob-
served when more than one scattering channel is avail-
able. When continuum states interact with localized
states, two scattering channels are available, one belong-
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@L (x, k) =exp(ikx)+ r (k)exp( ikx), —

P„(x,k ) = t ( k }exp(ikx } .

(la)

(1b)

Here k =+2m E hrt is the complex wave-vector vari-
able (m'=0. 067mo), and r(k) and t(k) denote the
refiection and the transmission amplitudes, respectively.
Our analysis concentrates on the analytic behavior of
these functions, in particular on the zeros and/or poles
which represent the quasibound states in the resonators.

ing to a continuum and the other to a bound state. These
so-called Fano resonances ' have first been studied for the
interaction between light and electrons from atoms and
molecules.

Experimental evidence is available in support of
coherent transport, required for the large body of
theoretical work cited above. In two-dimensional elec-
tronic systems, elastic mean free paths of virtually macro-
scopic dimensions have been reported and applied to
ballistic-electron optics. In a related study, ballistic-
electron propagation was observed over a distance of 210
pm in a four-terminal square device. In confined
geometries, interference phenomena have been reported
in a periodically corrugated ballistic channel of 3 pm
length, leading to the formation of bands and gaps.
Modulation of the conductance in T-shaped electron
waveguide structures has been observed; however, it
was not unambiguously established in that paper that
these oscillations were due to quantum interference
effects. In a more recent paper, evidence was presented
for quantum interference giving rise to conductance oscil-
lations in a 1.2-pm-long quantum wire with a stub struc-
ture. Very recently, a combined experimental and
theoretical analysis supported the existence of waveguide
effects in quantum wires with double-bend discontinui-
ties. 57 s9 Coherent transport over distances of 2 —4 pm
has been observed in single and multiple wires and
r1ngs 60,61

The prototypical system studied in this paper consists
of a resonator which is coupled to an incoming and an
outgoing lead. An incident wave impinges upon the reso-
nator structure under study, and transmitted and
rejected waves emerge. The classes of systems investi-
gated here are comprised of double-barrier resonant-
tunneling and quantum-wire networks with attached t
stubs. The quasi-one-dimensional problem of DBRT can
be thought of as transmission in a quantum wire which
contains two barriers, as schematically shown in the inset
of Fig. 1(a}; the potential barriers on the channel are
represented by the shaded boxes. The insets of figures
throughout the paper show a variety of strongly and
weakly coupled t stubs which will be investigated. Utiliz-
ing both wave-function matching and finite-element
methods, the time-independent Schrodinger equation is
solved to obtain the transmission amplitude in the
complex-energy plane for both double-barrier resonant
tunneling and the quantum waveguide structures. We as-
sume that an incoming wave with energy E, incident
upon the system from the left, results in a reflected and
transmitted wave. The wave functions in the asymptotic
regions on the left and right are given by,
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FIG. 1. Transmission coefBcient for a double-barrier
resonant-tunneling structure which is schematically depicted in
the inset ( Vp =0.2 eV, V~ = —0. 1 eV, L =30 nm, and b =5 nm;
energy of the first transmission peak E& =28.2 meV); (a) shows
the transmission probability on the real-energy axis and (b)
shows a contour plot of the absolute value of the transmission
amplitude in the complex-energy plane.

The transmission amplitude t (k), or t (E},for an incom-
ing wave with wave number k, or energy E, is then ob-
tained from the outgoing wave function gs by

l kX pt(k) =its(xo, k)e (2)

t (k) =2ikG+(O, xo, k)e (3)

We assume coherent, dissipationless transport and we
neglect the eff'ects of charge accumulation. Quasi-one-
dimensional dynamics is assumed, which may be realized
in the lowest subband of a very narrow quantum wire.

The body of this paper is organized as follows:
Double-barrier resonant tunneling is reviewed and dis-
cussed in Sec. II. A general treatment of quantum
waveguides with attached resonators is presented in Sec.
III, which includes the proof for the existence of
transmission zeros as a consequence of unitarity. We
study thin-wire networks in Sec. IV and show results for
various t-stub structures. Section V contains concluding
remarks.

II. DOUBLE-BARRIER RESONANT TUNNELING

It is well known that transmission resonances occur in
double-barrier resonant-tunneling structures, ' and

with x0 fixed. The transmission amplitude may also be
obtained from the Green function. If we denote the out-
going Green propagator by 6+(x,x';k), then
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that these resonances are related to the existence of quasi-
bound states in the quantum-well region. This relation-
ship can be made explicit when viewing the transmission
amplitude in the complex-energy plane. * It has been
shown that the poles of the propagator are the same as
the poles of the transmission amplitude. Consequently,
a quasibound state at energy Eo and decay time ~=Pi/I
gives rise to a simple pole in the transmission amplitude
t (z) at the complex energy z =ED i I—j2 If.this pole is
sufBciently close to the real-energy axis, the transmission
probability T(E)= ~t(E)~ for a physical energy on the
real-energy axis E is given by

—,
'r'

T(E)=
(E E) —+—'I (4)

R W —ikL ikL WL
e PRe PL

(5b)

Here, twL and tRw denote the transmission amplitudes
from the left to the well region and from the well region
to the right, respectively. The reilection amplitudes at
the right and the left barriers are denoted by rR and rL,
respect1vely. An electron with energy E and wave num-
ber k =')j(2m'E) jfi accumulates a phase factor of
exp(ikL) in traversing the width of the well, which is
denoted by L. Poles in the transmission amplitude are
thus possible at those energies and wave numbers for
which the resonance denominator in Eq. (Sb) vanishes. It
is an easy matter to see that, for real-valued reAection
amplitudes, this occurs for wave numbers k with a real
part which is an integer multiple of ~/L. But this also is
precisely the condition which determines the energies of
the quasibound states. Therefore, transmission reso-
nances and resonant states coincide in energy. We also
emphasize that the geometric series in Eq. (5a) does not
possess zeros (except for the trivial case of zero transmis-
sion, i.e., r~~ =0 or r~g =0).

We illustrate the above arguments with a numerical ex-
ample. Figure 1 shows the transmission coeScient in the
complex-energy plane for a double-barrier resonant-
tunneling system which is schematically depicted in the
inset (barrier height Vo =0.2 eV, barrier depth

which is a Lorentzian line centered at energy Eo with a
full width at half maximum of I'. This Breit-Wigner for-
mula ' describes the transmission resonance which is
caused by the quasibound state at energy Eo and decay
time r =h jI .

It is instructive to demonstrate how a quasibound
state, which is the constructive superposition of multiply
reflected waves, gives rise to a pole in the complex-energy
plane. In analogy to an optical Fabry-Perot resonator,
the total transmission amplitude T can be expressed in
terms of the partial transmission and reflection ampli-
tudes, t's and r's, at each barrier. For transmission from
left to right,

'7 r ( e ikL+ e ikLr eikLr eikL
RL RW R L

+eikL eikL ikL ikLr eikL+. . . )tR L R L WL ~
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FIG. 2. Charge accumulated in the (a) well region for
double-barrier resonant tunneling (same parameters as in Fig.
1), (b) strongly coupled t stub (same parameters as in Fig. 4), and
(c) weakly coupled t stub (same parameters as in Fig. 5). In each
case, the arrows indicate the positions of the poles.

V@ = —0. 1 eV, well width L =30 nm, and barrier thick-
ness b =5 nm). This structure supports true bound states
for Vw &E &0, quasibound states for 0&E & Vo, and
continuum resonances for E& Vo. Part (a) of Fig. 1

shows the transmission probability on the real-energy
axis (E &0), while part (b) depicts a contour plot of the
absolute value of the transmission amplitude in the
complex-energy plane. Energies are given in units of the
first transmission peak E

&

=28.2 meV. Note that
transmission resonances and poles occur at essentially the
same real energies and that no transmission zeros exist.
The lowest three resonances possess energies below the
barrier height; they correspond to long-lived states with
poles close to the real-energy axis. The continuum reso-
nances at higher energies have shorter lifetimes and the
corresponding poles move farther into the complex-
energy plane. Alternately, increasing the strength of the
barrier (height or thickness) moves the poles closer up to
the real-energy axis, which implies a longer lifetime of
the resonant state. In the limit of an infinite barrier, only
bound states exist and the poles move onto the real axis
at these bound-state energies.

Figure 2(a) shows the charge accumulated in the quan-
tum well, which is obtained as the integral of the charge
density between the barriers; the location of each pole is
indicated by an arrow. Consistent with our interpreta-
tion, maximum accumulation is found at those energies
which correspond to the quasibound states. The resonant
charge buildup is due to the constructive superposition of
reflected and transmitted waves.
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III. QUANTUM WAVEGUIDES
WITH ATTACHED RESONATORS

It is well known that the transmission coeScient in a
quantum waveguide possesses structure due to changes in
the waveguide geometry, such as bends, constrictions,
crosses, etc. The related problem of conduction in
waveguides in the presence of quasibound states has re-
ceived less attention, although a few studies have been re-
ported. ' Here, we specifically focus on transmission in
quantum waveguide structures which are connected to
resonant cavities. The isolated resonator possesses bound
states; attaching it to the conduction channel allows the
wave function to leak out. We will show that this cou-
pling introduces both finite lifetimes of the quasibound
states and resonance effects in the transmission probabili-
ty. These features are similar to the double-barrier
resonant-tunneling problem considered in the previous
section; however, the structure of the transmission ampli-
tude in the complex-energy plane is different in the
present case. In particular, we will demonstrate that
transmission zeros exist for the resonant waveguides, and
that the complex transmission amplitude possesses zero-
pole pairs which are related to the quasibound states.

Coupling between the quantum waveguide and the
resonator is accomplished in two steps, as schematically
shown in Fig. 3. First, the junction region is viewed as
the branch point in a three-way splitter, as indicated by
the dashed line in Fig. 3(a). The properties of this wire
branch are described by a scattering matrix, which is fur-
ther explained in Sec. III A. Second, the resonator is ob-
tained by closing off the sidearm, as schematically shown
in Fig. 3(b). The standing wave in the resonant cavity is

Is os

Wire Branch

characterized by a phase factor, which is detailed in Sec.
III B. Based on the unitarity of the scattering matrix, we
are able to prove that the transmission probability for
these structures exhibits zeros.

A. Wire branch

For the three-way splitter, as shown in Fig. 3(a), the
amplitudes of outgoing and incoming waves are related
by the 3 X 3 scattering matrix

OL rL tLz tr.s Ir

O~ — tRL ~g tRS IR

OS tSL tSR rS IS

(6)

The elements of the scattering matrix represent the
reflection amplitudes in each branch, the r's, and the
transmission amplitudes between the various arms, the
t's; the branches are denoted by L, R, and S, for left,
right, and side (or stub), respectively. We have implicitly
assumed single-mode behavior, i.e., there is only one
relevant transverse mode in each branch to scatter to.
Time-reversal invariance, which applies here in the ab-
sence of magnetic fields, constrains the scattering matrix
to be symmetric. ' ' Current conservation requires this
scattering matrix also to be unitary, which implies rela-
tionships between the various reflection and transmission
amplitudes given in Appendix A.

The values of the elements in the scattering matrix de-
pend upon both the carrier energy and the junction
geometry. This, of course, offers us the possibility of con-
trollable device operation. For the special case of a com-
pletely symmetrical three-way splitter with three identi-
cal arms, the scattering matrix is constant, which will be
shown below. Generally, the transmission and reflection
amplitudes for a branch are slowly varying functions of
energy.

B. Resonator

QL

(a)

QR
IR

Terminating the sidearm completely results in the for-
mation of a standing wave in the stub. The amplitudes of
the outgoing and incoming waves then no longer are
linearly independent, but are constrained by an additional
relationship,

Os=A, (E)Is . (7)

OL

Resonator
Q /I e l @(E)

OR
~IR

Here, A, =exp[i@(E)] is a phase factor which describes
the standing wave. The energy-dependent phase 4(E)
depends upon the details of the resonator geometry.

Transmission in the presence of the resonator is de-
scribed by a 2X2 scattering matrix. The condition (7)
reduces the dimensionality of the original S matrix by 1.
Combining Eqs. (6) and (7), it is an easy matter to show
that,

(b)

FIG. 3. Schematic drawing of a waveguide with a resonantly
coupled cavity; (a) shows a wire branch with incoming and out-
going waves outside the junction region, which is indicated by
the dashed box; (b) shows a resonant t stub which is obtained by
closing off the sidearm.

Or %r. YLw I
O~ Ym. %~ I

where YzL denotes the transmission amplitude from left
to right, and Al the reflection amplitude for the left-

hand side, which are given by
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&~stsL,
+RL tRL +

s
(9)

tzs&sL,
A.= rs (when T„t =0) . (12)

Note that the total amplitudes depend upon the charac-
teristics of the t-stub resonator, i.e., ll,(E), and the details
of the three-way splitter, i.e., the partial amplitudes t (E)
and r (E). In a fashion similar to double-barrier resonant
tunneling, the second term of Eq. (9) can be expanded as

1 1 1 1 1 1
TgL —tgt +tgs +—rs + rs rs + ' ' ' tsL

The above condition relates a property of the resonator,
the phase factor A,, to a property of the junction between
the waveguide and the resonant cavity, the t's and r's
which are the elements of the scattering matrix for the
three-way splitter. Because A, is a phasor on the unit cir-
cle, Eq. (12) can only be true if the right-hand side also
lies on the unit circle for those energies at which
transmission zeros occur. It is a perhaps surprising
consequence of unitarity that for all energies the right-
hand side of Eq. (12) is constrained to be on the unit cir-
cle, i.e., always

tzs&sr.rs- =1. (13)
The resulting geometric series, contained in the brackets,
describes multiple reflections in the sidearm. Each
round-trip in the stub (up and down} contributes a phase
factor 1/A, , and each reffection back into the stub a factor
rs. The amplitudes for being scattered into (from the left)
and out (to the right) of the resonator are denoted by tst
and tzs, respectively, and t„L denotes the straight-
through transmission path without a detour into the reso-
nant stub.

The general form of T„L is that it consists of two in-

dependent terms, as seen in Eqs. (9) and (11). One term
describes the straight-through transmission in the ab-
sence of the stub, and the second term is a geometric
series which is due to multiple reflections in the resona-
tor. This has as a consequence the following structure of
the transmission amplitude in the complex-energy plane:
(i) poles are possible because of the resonance denornina-
tor, in analogy to double-barrier resonant tunneling; and
(ii} zeros are possible because the two terms may cancel
each other. The existence of both terms is the major
difference from double-barrier resonant tunneling. In the
latter case, as discussed in the previous section, the
transmission amplitude is given by a single term, which
represents the geometric series.

The form Irs for, —the denominator of 7'ttL also pre-
dicts that the sharpness of the resonance features will de-
pend upon the strength of the coupling between the
sidearm and the channel. For a weakly coupled t stub,
there is a large probability for reflection back into the
sidearm, i.e., ~rs~ ~ 1. This implies that in this case rs
may approach k on the unit circle, thus giving rise to
sharp resonance features. On the other hand, a strongly
coupled t stub has ~rs~ =

—,
' and therefore the amplitude rs

never gets close to A, on the unit circle, resulting in weak
features in the transmission coefficient.

C. Proof of the existence of transmission zeros

In the previous section we demonstrated that transmis-
sion zeros are possible, in principle. In this section we
prove that, in fact, transmission zeros must occur and
that their existence is a consequence of unitarity.

A zero of the transmission amplitude at a certain ener-
gy means that Y&L =0 for that energy. As can be seen
from Eq. (9},this implies that

The detailed proof of the above equation is given in Ap-
pendix A. Unitarity, therefore, ensures that both the left-
and the right-hand side of Eq. (12) are constrained to the
unit circle, which implies that a transmission zero occurs
when both phase angles are the same. Usually, the right-
hand side is a slowly varying function of energy, and the
left-hand side is a phasor which moves around the unit
circle with an angular dependence proportional to the
wave number, as shown in the examples below.

Using similar arguments, one may also investigate the
conditions for unity transmission, VzL =1. The unitarity
of the scattering matrix by itself is not sufficient to ensure
the existence of 1s in the transmission amplitude. As
shown in Appendix A, Tzt =1 holds true for certain en-

ergies if the structure is symmetric with respect to "left"
and "right, " i.e., if the scattering matrix possesses the
symmetry property that tzs=tLs, etc. This behavior is
similar to double-barrier resonant tunneling, where it is
known that perfect transmission only occurs for sym-
metric barrier structures.

IV. THIN-WIRE NETWORKS

We illustrate the above general arguments by demon-
strating several speciflc examples. As a model system, we
choose networks of thin wires which are sufficiently nar-
row that only motion in the direction of the wires is of in-
terest. The motion perpendicular to the wire is frozen in
the lowest transverse subband, resulting in quasi-one-
dimensional dynamics. These thin-mire networks exhibit
the essential behavior of the transmission amplitude in
the complex-energy plane under study here, without ad-
ditional geometric complications inherent in a true two-
dimensional system. For certain structures our model is
sufficiently simple to yield analytical answers. Other
cases require numerical investigation. We show results
for a variety of so-called strongly and weakly coupled
stubs.

A. Three-way splitter

The basic building block of the stub structures is the
simple wire branch, or three-way splitter. The wave
functions in the left, right, and stub branches are denoted
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by %L, %'z, and %z, respectively. For a perfect wire,
they are superpositions of incoming and outgoing plane
waves,

(14a)

(14b)

The transmission amplitude for this so-called strongly
coupled stub, which is schematically shown in the inset of
Fig. 4, can now be found by using in Eq. (9) the above
form for A, and the elements of the scattering matrix for
the wire branch, Eq. (16). It is an easy matter to show
that the transmission amplitude is given analytically by

—1

(14c) 1+—cot(kL)
l

2
(17)

Here, xL, xz, and xz denote the spatial coordinates in
each branch, i.e., left, right, and stub, respectively. The
matching conditions at the branch point,
xL =xz =xz =0, for the wave functions and the deriva-
tive are

Il. +OL. —Og +I~,
IL +OL O~ +I~

IL, Ol. —O~ I~+0~ I~ .

(isa)

(15b)

(15c)

2
3OL

2 1 2Oz (16)

The last of these relations is the matching condition for
the derivatives. We require the sum of the derivatives in
all directions at a branch point to be equal to zero, which
is a generalization of the current-conservation condition.
However, the above derivative condition is stronger than
current conservation; it implies the conservation of
current, but not vice versa.

The above system of equations represents three condi-
tions which constrain the six amplitudes for the incoming
and outgoing waves in each of the three branches. These
six amplitudes are also related by a scattering matrix
when viewing the three amplitudes of the incoming waves
as independent parameters, and the three amplitudes of
the outgoing waves as the dependent variables. The three
equations (15}thus are sufficient to completely specify the
scattering matrix. It is an easy matter to show that,

IL

Figure 4 shows the transmission amplitude in the
complex-energy plane for a strongly coupled t stub with
stub length L =10 nrn; part (a} shows the transmission
probability on the real-energy axis, and part (b) shows a
contour plot of the absolute value of the transmission am-
plitude in the complex-energy plane. Note the appear-
ance of transmission zeros on the real-energy axis, and
the existence of transmission poles in the complex-energy
plane. The zeros occur at energies for which standing
waves form in the stub, i.e., when k = n n. /L with
n =1,2, . . . . [The energy for n =1, E, =Pi n'/
(2m'L )=56.2 meV, is used as the unit of energy; note
that these relative units may be used to scale the problem
to difFerent stub lengths. ] The wave function at a
transmission zero has to be zero at the branch point,
which forces the wave function in the resonator to be
zero at both ends of the stub. Note also that the maxima
of the transmission coeQcient do not align with the loca
tion of the poles, as in the case of double barrier r-esonant
tunneling The m. ost striking feature of Fig. 4 is the
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Comparing with Eq. (6), we see that rl =rx =rs= —
—,
'

and tzL =tzz=tzi =—', for this simple three-way splitter,
and that the elements of the scattering matrix are in-
dependent of energy. In Appendix B, we show that the
above result for the scattering matrix is a special case of
previous work' ' ' in which the coupling of a ring to a
lead was studied.

B. t stubs

We now create a t-stub resonator in the form of a dan-
gling wire of length L by truncating the sidearm of the
three-way splitter with an infinite potential barrier at
x~=L. The wave function has to be zero at the end of
the sidearm, O~e' +I&e ' =0, which implies that the
amplitudes of the incoming and outgoing waves are relat-
ed by a phase factor A, =O+/Iz, as previously discussed.
For this geometry, the standing waves in the resonator
are characterized by the phasor A,(E)=—exp( 2ikL), —
with a phase that changes linearly with wave number k.
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FIG. 4. Transmission coeScient for the strongly coupled t-
stub structure which is schematically depicted in the inset; (a)
shows the transmission probability on the real-energy axis and
(b) shows a contour plot of the absolute value of the transmis-
sion amplitude in the complex-energy plane.
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demonstration of zero-pole pairs in the complex-energy
plane.

Because of the symmetry of the structure, transmission
maxima in this case are transmission ls. For T= 1, the
wave function at the branch point must be 1, which im-
plies a standing wave in the stub with a maximum at the
branch point and a zero at the end point; i.e., when
k =(2n +1)m/(2L) with n =0, 1,2, . . . . In general,
maxima for waveguide structures occur between two
zeros at some intermediate energy which is determined

by the proximity to the real-energy axis of neighboring
poles. For this simple case, the elements of the scattering
matrix are constants, i.e., independent of energy. The en-

ergy dependence of the transmission amplitude is provid-
ed by the resonance phasor A,(E).

An energy dependence in the elements of the scattering
matrix may be introduced by weakly coupling the stub to
the channel via a tunneling barrier of length l and height
Vp as schematically depicted in the inset of Fig. 5. The
transmission amplitude may be given in closed form,

i K [k cos(kh)cos(Kl) —K sin(kh)sin(K/)]
2 k [k cos(kb, )sin(Kl)+K sin(kh)cos(Kl)]

where k =+2m'E /R, K =+2m*(E —Vo)/fi, and
5=L —I. For the example shown in Fig. 5, we choose a
tunneling barrier at the branch point with a height of 0.5
eV and a thickness of 1 nm (the same dimensions will also
be used for the barriers in subsequent examples}. Figure
5 depicts the transmission amplitude in the complex-
energy plane for this so-called weakly coupled stub. As
before, the energy is expressed in units of
E& =A m /(2m'L )=56.2 meV. Note again the ex-
istence of transmission zeros on the real-energy axis, as
predicted by our general arguments in Sec. III. Note also
that, with respect to the previous example of a strongly
coupled stub, the poles in the complex plane now are
closer to the real axis, which corresponds to the longer
lifetime of the resonant states due to the confining bar-
rier. As a consequence of the zeros and poles approach-
ing each other in the complex plane, the maxima on the
real axis move close to the zeros, which results in the
stronger energy dependence observed in Fig. 5(a) when
compared to Fig. 4(a}. Each resonant state produces a
zero-pole pair in the complex-energy plane, which gives
rise to the observed energy dependence of the transmis-
sion coefficient on the real-energy axis. With increasing
barrier height, the pole approaches the zero, which leads
to a sharper and sharper transition between a transmis-
sion 0 and 1 on the real-energy axis. In the limit of an
infinitely high barrier, the poles and zeros merge, which
corresponds to unity transmission probability, and in-
dependent of energy, for a channel with a completely
decoupled stub.

The proximity of transmission 0's and 1's on the real-
energy axis, which results in the more or less sharp varia-
tions of the transmission coefficient with energy, can be
understood from a wave-function argument. The elec-
tronic states in the resonator are standing waves, which
have to match to the wave functions in the channel at the
branch point. This implies that for a transmission 0 or 1,
the wave function at the branch point has to be 0 or 1, re-
spectively. This circumstance is illustrated in Fig. 6,
where the branch point is labeled by 0 on the spatial
coordinate. Shown are the absolute values of the wave
functions in the stub at both transmission 0's and 1's for
the cases of strongly and weakly coupled t stubs, respec-
tively. As discussed above, and illustrated in Fig. 6(a),

for the strongly coupled stub the standing waves in the
resonator differ by a quarter wavelength for V'=0 and
V=1. This implies that in this case the Os and ls are
well separated in energy, as seen in Fig. 4(a). For the
weakly coupled stub, the standing wave is connected to
the wire branch via a tunneling barrier, as illustrated in
Fig. 6(b}. Now only a small change in the wavelength of
the standing wave is needed as the transmission
coefficient varies from a maximum to a minimum. Also
note that the amplitudes of the standing waves at a 0 are
larger than those at a 1. Figures 2(b) and 2(c) illustrate,
as a function of energy, the charge buildup in the t-stub
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FIG. 5. Transmission coefBcient for the weakly coupled t-
stub structure which is schematically depicted in the inset; (a)
shows the transmission probability on the real-energy axis and
(b) shows a contour plot of the absolute value of the transmis-
sion amplitude in the complex-energy plane.
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FIG. 6. Wave functions in the stubs corresponding to the
lowest transmission 0 (solid line) and transmission 1 (dotted
line) for the t-stub structures shown

'
th '; (n in e insets; &a) strongly

coupled t stub (same parameters as in Fig. 4) and (b) weakly
coupled t stub (same parameters as in Fig. 5).

FIG. 7. Transmission coefficient for DBRT in addition to the
strongly coupled t-stub structure which is schematically depict-
ed in the inset; (a) shows the transmission probability on the
real-energy axis and (b) shows a contour plot of the absolute
value of the transmission amplitude in the complex-energy
plane.

structures, which is measured by the integral of ~4~ over

the locati
t e length of the stub. The arrows at th t

'
d

t e ocations of the poles of the transmission amplitude in
t e complex-energy plane for the cases of strongly and
weakly coupled stubs, which are identified in the insets;
compare also Figs. 4(b) and 5(b). The resonant states for
the weakly coupled stub are sharper in energy and they
contain more charge than those of the strongly coupled
stub, which is due to the confinement provided by the
tunneling barrier. Note that, as for the case of double-
barrier resonant tunneling, the location of the charging
peaks is determined by the poles.

It is interesting to study double-barrier resonant tun-
neling in addition to t-stub resonances. The results of
a ing two tunneling barriers on the transmission chan-
nel for strongly and weakly coupled stubs are shown in
Figs. 7 and 8, respectively. The separation between these
two barriers with height V0=0.5 eV is ass d t b

nm, and the length of the stub is again L =10 nm.
As in the rn e previous example, the energy is expressed in
units of E, =Pi n. l(2m'L )=56.2 meV We notic. e in
both cases that there is, in addition to the now familiar
zero-pole pairs, another set of poles in the complex-
energy plane, and a corresponding set of transmission 1s
on the real-energy axis. The additional ls are caused by
resonant tunneling through the two tunneling barriers on
the transmission channel, in complete analogy to the pre-
viously discussed case of double-barrier resonant tunnel-
ing. Comparing Figs. 4 and 7 for the strongly coupled
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FIG. 8. Transmission coefBcient for DBRT in addition to the
weakly coupled t-stub structure which is schematically depicted
in the inset; (a) shows the transmission probability on the real-

energy axis and (b) shows a contour plot of the absolute value of
t e transmission amplitude in the complex-energy plane.
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stub, we note that the transmission zeros occur at exactly
the same energies. Because of the confinement provided

by the barriers, the zero-pole pairs are closer together in

Fig. 7 than in Fig. 4, which is also reflected in the sharper
energy dependence on the real-energy axis. The addition-
al pole at E=0.14 eV, which is associated with the
transmission 1, is due to the energy of the first resonant
state of two tunneling barriers on the transmission chan-
nel. Because of our choice for the separation between the
barriers and the length of the stub, this energy is close to
the energy of the second-lowest t-stub resonant state.
This leads to the apparent coupling of the two poles, and
the resulting "stretching" of the second-lowest zero-pole
pair. The case of the weakly coupled stub with double
barriers on the transmission channel is illustrated in Fig.
8; compare to Fig. 5 without the barriers in the channel.
Again, the additional double-barrier resonant tunneling
does not alter the location of the zeros which are a prop-
erty of the quasibound states in the stub, cf. Figs. 8 and 5.
Also, the additional barriers lead to the very close zero-
pole pairs and sharp transmission peaks shown in Fig. 8.
Because of the relative lengths chosen, the lowest
double-barrier resonant state is close in energy to the
second-lowest quasibound state in the t stub. As also ex-
plained above, this leads to an interaction between the
pole which is due to double-barrier resonant tunneling,
and the pole which belongs to the t-stub's zero-pole pair.

All wire structures discussed so far are symmetrical
about the t stub, which implies that the scattering matrix
possesses a left-right invariance. As shown in the previ-
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FIG. 10. Transmission coefficient for the asymmetrical t-stub
structure which is schematically depicted in the inset; (a) shows

the transmission probability on the real-energy axis and (b)
shows a contour plot of the absolute value of the transmission
amplitude in the complex-energy plane.
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ous figures and proven in the Appendix, this symmetry
property ensures that transmission maxima are transmis-
sion 1s. Nonsymmetrical wire structures are shown in
the insets of Figs. 9 and 10 for strongly and weakly cou-
pled t stubs, respectively. The left-right symmetry is bro-
ken by placing a single tunneling barrier on one side of
the transmission channel at a distance of d =2 nm from
the branch point. While transmission maxima no longer
correspond to perfect transmission, T(1, transmission
zeros still persist in accordance with our theory. Note,
furthermore, that the asymmetrical barrier in the channel
does not alter the location of the zeros, which is a proper-
ty of the t stub; compare Fig. 9 to Fig. 4 (strong cou-
pling), and Fig. 10 to Fig. 5 (weak coupling). For the
strongly coupled t stub, there are poles in the complex-
energy plane which correspond to standing waves be-
tween the tunneling barrier and the end of the stub. An
example is the additional pole between the lowest and
second-lowest zero-pole pair shown in Fig. 9. For the
weakly coupled t stub, these additional quasibound states
are not possible because of the barrier at the branch
point. Consequently, Fig. 10 does not show double-
barrier resonant-tunneling poles in addition to the famil-
iar zero-pole pairs.

FICx. 9. Transmission coefficient for the asymmetrical t-stub
structure which is schematically depicted in the inset; (a) shows
the transmission probability on the real-energy axis and (b)
shows a contour plot of the absolute value of the transmission
amplitude in the complex-energy plane.

V. CONCLUSION

We have studied transmission phenomena in quantum
waveguide systems in the presence of resonant cavities.
In particular, we have investigated the analytical
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behavior of the transmission amplitude in the complex-
energy plane. For the single-mode quantum wires under
study here, the dynamics is quasi-one-dimensional. This
also allows us to compare directly the much studied prob-
lem of double-barrier resonant tunneling to the less well
understood case of transmission in quantum-wire sys-
tems; DBRT can be viewed as transmission in a channel
which also contains both barriers. One of our main con-
clusions is that the analytic behavior of the transmission
amplitude is different depending upon whether or not the
resonant cavity is part of the transmission channel, as for
DBRT, or is attached to the channel, as for the t stubs.
If the main transmission path is directly through the
resonator, the transmission amplitude only exhibits poles
in the complex-energy plane. These poles give rise to the
well-known Lorentzian-shaped Breit-Wigner transmis-
sion resonances. If in addition to the direct transmission
path there is an additional path due to an attached reso-
nator, the transmission amplitude exhibits zero-pole pairs
in the complex-energy plane. The vicinity of these zeros
and poles produces resonance-antiresonance behavior of
the transmission coefficient.

It was noted by several workers in previous studies that
the transmission coefficient in quantum waveguide sys-
tems exhibited a qualitatively different behavior as com-
pared to the familiar case of DBRT. Our research shows
that these observed sharp variations of the transmission
coefficient as a function of energy can be understood in
terms of the zero-pole pairs in the complex-energy plane.
The proximity of the zero and the pole which is produced
by each quasibound state leads to the sharp energy
dependence. Furthermore, we showed that the existence
of transmission zeros for resonantly coupled waveguides
is a consequence of unitarity, regardless of the symmetry
of the system. In other words, reflection peaks with am-
plitude equal to 1 occur for symmetrical as well as for
nonsymmetrical structures. In contrast, transmission
peaks with an amplitude equal to 1 only occur for
symmetrical structures. This result is familiar from
DBRT, where it is known that perfect transmission is
possible only for symmetrical barriers. In related studies,
Price distinguishes between peaks in transmission,
which he terms resonances of the first kind, and dips in
the transmission coefficient, which he terms resonances of
the second kind. He also shows that the peak value of
the reflection probability, corresponding to the reso-
nances of the second kind, is always 1, regardless of the
symmetry of the system, in contrast to the transmission-
resonance case (resonances of the first kind}. This
behavior is shown to persist in the case of multichannel
ballistic transport. In a related paper, we point out
that Price's resonances of the second kind are a special
case of the zero and the pole coinciding in energy. In
general, the zero-pole pairs produce resonance-
antiresonance features and not either resonances or dips.

Another striking difference between DBRT and the
waveguides is the location of the transmission peaks rela-
tive to the poles in the complex-energy plane. From
DBRT, one is used to associate the location of a
transmission maximum with the energy of a quasibound
state, which are represented by the poles. For transmis-
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APPENDIX A: UNITARITY AND ZEROS

1. Proof of the existence of transmission zeros

In this section, we prove that, for all energies,

tests'.
rs =1

7 (A1)

which ensures the existence of transmission zeros.
Let a = re —tzztst Itzt . We will prove (Al) by demon-

strating that aa* = 1.

sion in waveguides with attached resonators, the quasi-
bound states still are given by the poles in the complex-
energy plane; however, their location does not match the
peaks in the transmission probability. Each quasibound
state now is represented by a zero-pole pair, where the
energy of the pole is close to the energy of the zero.
Transmission maxima occur somewhere between the
zeros, where the exact location of the peaks depends
upon the proximity of the poles to the zero and to the
real-energy axis. Therefore, it is no longer valid for the
quantum waveguide structures to associate the energy of
a transmission peak with the energy of a quasibound
state.

We can interpret our findings in the context of Fano
resonances, ' which are known to occur when two
scattering channels are available, one corresponding to a
continuum of states and the other to a discrete quasi-
bound state. Our work shows that the transmission am-
plitude exhibits zero-pole pairs in the complex-energy
plane when there is continuum transmission in addition
to a resonant path. Upon studying the line shape of a
resonance-antiresonance feature, we were able to
demonstrate that, in fact, Fano resonances correspond to
a zero-pole structure in the complex-energy plane.

In summary, our main conclusions are: (i} Transmis-
sion zeros exist in quantum waveguide structures with at-
tached resonators, and their existence is a consequence of
unitarity; this result is in contrast to DBRT where no
transmission zeros are possible. (ii) For the quantum
waveguide structures, each quasibound state of the at-
tached resonator leads to a zero-pole pair of the transmis-
sion amplitude in the complex-energy plane. (iii) In a
fashion similar to DBRT, symmetrical waveguide sys-
tems possess peaks with perfect transtnission. (iv) In con-
trast to DBRT, the location of the transmission maxima
in resonantly coupled quantum waveguides does not coin-
cide with the energy of the quasibound resonator states.
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RS Rs SL SLaa'= rsrS'+

rs tRS tSL tRL

tRLtRL

rS tRS tSL t

tRL tRL

(A2}

Rs Rs SL SL
~$~$ +tRStRS+tSLtSL+

tRL tRL

tsLtRS(rL tRL+r„tRL )+
tRLtRL

The unitarity of the scattering matrix requires

PLPL +tRLtRL +tsLtSL —1 (A3)

Rs Rs sL sL sL Rs( sLtRs)=1+ , +
tRLtRL tRLtRL

Q.E.D.
(A10}

tRL tRL +PR 1R + tRS tRS (A4} 2. Proof of the existence of transmission 1s
in symmetrical structures

tSL tSL, +tRStRS+~S~S =1
~ (A5) In this section, we prove that, for a symmetrical struc-

ture,

and

rL tRL + tRL rR + tSL tRS =0, (A6)

tsL tsL
TS =1

fL
(A 1 1)

~L tSL + tRL tRS + tSL ~S (A7)

which ensures the existence of transmission 1s.
Instead of proving V'RL = 1 directly, we prove AL =0,

which implies

L tsL +fR tRS + tRS Ps =0 . (A8) =PS
tsL tsL

I'L
(A12)

We now substitute (A7), rs'tsL = (rt, tsL +t—RLtRS), into
the third term of (A2) and the complex conjugate of (A8},
rstRs= (tR tsL, +r—R Rs) into the fourth term. We
define p as the sum of these two terms, which is given by

If the modulus of the right-hand side is 1, which is condi-
tion (All), zeros in refiection, and thus ls in transmis-
sion, must exist.

Let a=rs tsL tsL
—lrL Conditio. n (All) then requires

Ia1=1, which we will prove by demonstrating that
aa' = 1.

rS tSL tRL tRS rstRS tRL tSL

tRLtRL
t i r't r r—(t )'r—

I SLi S SL L S SL L
(A13)

Irt I

rL tSL tRL tRS + tRL tRS tRL tRS

tRLtRL

RL tSL tRL tSL +PR tRS tRL tSL+
tRLtRL

tsL tRS(rL tRL + R tRL }= tRS tRS+ tSL tSL+ (A9)
tRLtRL

We now substitute (A7), rs tsL = (rLts'L+tRL tRS),—into
the third term of (A13) and (A7), rt ts'L = (tRLtRS-
+ rs tsL },into the fourth term. We define P as the sum of
these two terms, which is given by

rs tsLrL rs(tsL } rL
2

I tsL I'I rL I'+
I tsL I'I rs I'+ tRLtRS «SL rL'+ rsts'L }

I rL I

Substituting it back into (A2) and using (A5) and (A6)
gives Substituting it back into (A13) and using (A7) gives

(A14)

I tsL I'+
I rs I'I tsL I'

I rL I'I tRs I'
I tRL I'I tRs I'— —«' =

I rs I'+
I tsL I'+

I tRs I'+
rL

=1+ I tsL I
+

I "s I I tsL I I "L I I tRS I I tRL I I tRS I

I rL I

(A15)
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Using (A5) in the first two terms of the above numerator,
and (A3) in the last two terms, yields

ltsl. I (1—lt~s I }—1tttsl (1—
ltsL, I )

aa =1+

(A16)

—(a +b) e' e'

E a 6
1/2 a

Unitarity imposes the following constraints,

(a +b) +2e= 1,
a +b +@=1.

(Bl)

(B2}

(B3)

For symmetrical systems, ~tsL ~

= ttts~, which proves
(Al 1). The symmetrical structures shown in Figs. 4, 5, 7,
and 8 possess transmission 1s.

For the nonsymmetrical structures shown in Figs. 9
and 10, ~tsL ~

A ~ttts ~, and no transmission ls exist. Con-
dition (A 1 1) is not satisfied in this case.

APPENDIX B: SCATTERING MATRIX

Here, we show that our result for the scattering matrix
in thin-wire networks, which we derived in Sec. IV A, is a
special case of previous work in which the coupling of a
ring to a lead was studied. ' ' ' It was shown in Ref. 41
that the scattering matrix is determined by three parame-
ters in the form,

The parameter e, which is in the range 0(e( —,', mea-
sures the strength of the coupling between the lead and
the ring. A completely detached ring corresponds to
a=0, and maximum coupling is assumed to occur for
~—12'

However, we noted in previous work' that the strong-
est coupling occurs for e= —', (and not for e= —,

' ). Accord-
ing to (B2) and (B3), e= —,'corresponds to the following
values for the other two parameters, a = —

—,
' and b = 3.

The resulting scattering matrix for these values of a and b
is exactly the one derived by us in Sec. IV A, i.e., Eq. (16).
%e conclude that our choice of the matching conditions
at the branch point leads to a scattering matrix which is a
special case of the general form (Bl} for the parameter
value e= —,'.
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