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Subpicosecond Plasmon resPonse: BuilduP of screening
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The screened Coulomb Keldysh propagator is evaluated in the time-domain for ultra-short-pulse
laser excitation of a semiconductor using the nonequilibrium Green-function technique. The buildup
of screening in the time interval during and shortly after the pulse excitation is treated. A time-
dependent plasmon-pole approximation is derived and shown to give an excellent description of the
dynamics of screening after a resonant femtosecond pulse.

I. INTRODUCTION

In the past few years four-wave-mixing and time-
resolved luminescence experiments have been performed
on bulk and quantum well semiconductors. The crystals
have been excited by laser pulses with durations of sev-
eral 10 fs. The polarization decay and. carrier relaxation
have been measured. In these experiments very short
polarization decay times have been found which were al-
ways close to the time resolution. In Refs. 6—8 the short
scattering times have been tentatively explained as a new
plasmon resonance effect which is only present if the car-
rier distribution is far from equilibrium. The correspond-
ing analysis is based on the Lindhard formula for the dy-
namically screened Coulomb potential. This approach
is, strictly speaking, only justified if the carrier distribu-
tions are slowly changing in time. In this paper we will
relax this condition by using the Keldysh nonequilibrium
Green function technique. We analyze the evolution of
the screened Coulomb potential, i.e., the density-density
correlation function, in the time domain. The under-
standing of this correlation function is essential for the
description of the buildup of screening in an electron-hole
plasma on ultra-short-time scales and for the Coulomb
quantum kinetics. M ~4 Quantum kinetics generalizes the
Markovian Boltzmann transport and scattering theory in
the initial time interval, in which the energy uncertainty
is comparable to the kinetic energy of the carriers. In this
regime non-Markovian memory effects have to be taken
into account.

The paper is organized as follows: In Sec. II a closed
set of equations for the Keldysh Green functions of the
carriers and of the screened Coulomb potential is given in
the random phase approximation (RPA). In Sec. III the
free generalized Kadanoff-Baym approximation (FGKB)
is introduced. This approximation allows us to express
the RPA equations in terms of the one-particle reduced
density matrix, i.e., the carrier distributions and the
optical polarization. In Sec. IV a two-time-dependent
plasmon pole approximation for the spectral screened
Coulomb potential Green function, i.e., the retarded and
the advanced Green function, is developed. During and
shortly after an excitation with an ultrashort laser pulse
it is possible to solve the coupled equation of the reduced
density matrix and the screened Coulomb potential iter-
atively. The first-order equations of the reduced density
matrix are the Hartree-Fock semiconductor Bloch equa-
tions which are given in Sec. V. In Sec. VI the numerical
solution of the semiconductor Bloch equations are used
to calculate the density-density correlation function. A
partial Fourier transform &om the two-time-dependent
potential is introduced. This quantity which describes
the buildup of screening on the femtosecond time scale
is compared with the plasmon pole approximation of
Sec. IV. An excellent agreement is found.

In the forthcoming second section we will investigate
the kinetic Green functions V+ and V +. These par-
ticlelike elements describe the plasmon distribution. We
will follow the evolution of the plasmon distribution &om
the initial creation of nonequilibrium plasmons to the 6-
nal equilibrium Bose distribution.

II. CLOSED SET OF DVSON EQUATIONS

The Keldysh nonequilibrium Green function matrix is defined as

s1.2 ( &4s( ~)'4 a( 2)) ('4 k( 2)@hh( ~)) ~
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Here z = +1 is the Keldysh contour index, T (T) is the time-ordering (anti-time-ordering) operator, b = (c, v) is the
band index for the conduction and valence band of a two-band model, k the carrier momentum. The electron field
operators g are in the Heisenberg picture. The vector notation is suppressed; 5 = 1 is used.

In the framework of the nonequilibrium Keldysh technique the Dyson equation for the particle propagator

Gt t t('tz'tg) ,= 6 , tGt*„t"'[t)t2)+, ) f dt~dt4Gt „*('t*z'tz)K,t t t'(t's, t4)Gt t t'(t'4tz),
z3z4b3

(2 2)

We use the notation of Ref. 9. Within the random phase approximation (RPA) the self-energy is given by

~b b k(» 2) ="2) ' '(» 2)Gb'b k (»-2) (2.3)

The last term of Eq. (2.3) describes the interaction with an external classical laser field E(t). In the following the
interband optical matrix element dI, is assumed to be constant. V is the two-time Keldysh potential propagator of
the screened Coulomb potential. To be precise, in equilibrium the Fourier transform with respect to the relative time
t = tq —t2 of the retarded potential propagator gives the well-known dynamically screened Coulomb potential. The
Dyson equation for the Keldysh potential matrix is (see also Ref. 17)

V"*'(tl 2) t= Vqb(t, —tz)li„., +) f dt3VqL (tg 3t)V ( 3ttt)
z3

(2.4)

with

a3pEp 8m.

0 (qao)2'

V is the bare Coulomb potential, here given in units of the exciton Bohr radius ap and the exciton Ryberg Ep. 0 is
the normalization volume. The polarization bubble I in the RPA is given by

L""(tg &t)2——
czar ) Gb'b'k+ (&gt t2)Gb'b'k(&2t &)).

b1bg k

(2.5)

Equations (2.2)—(2.5) form a closed set of equations. Unfortunately, this set is too complex to be solved without
further approximations.

III. SIMPLIFYING APPROXIMATIONS

(n.k(t) Pk(t) & . +
~b, b, k(t) =1 p„(,) „„(,) l

—«b, b, k(t t) (3 1)

In most circumstances the knowledge of the full two-
time Keldysh matrix is not required; often it is sufficient
to know only the one-particle reduced density matrix

b, b, k( & 2) = ) b b I( & 2) b, b k( 2 2)
b3

Gbt beak (tl t t1)Gbttbgk (t1t t2)

The ansatz for G + looks alike. The GKB ansatz closes
the set of equations for the reduced density matrices. The
two-time retarded and advanced Green functions are lin-

ear combinations of the elements of the Keldysh matrix,
e.g. ,

i.e., the equal-time limit of the Keldysh matrix G
nba is the carrier distribution and Pg is the polariza-
tion. Unfortunately, the time-diagonal elements of the
Keldysh matrix have no closed description on the ba-
sis of Eqs. (2.2)—(2.5). Kadanoff and Baym (KB) (Ref.
18) used the equilibrium relation between the two-time
Green function and the density matrix. Lipavsky and
co-workers improved the KB ansatz by including the
causality properly. Their generalization of the KB for
two bands reads (GKB)

G" =G+++G+ =G +G +,

Gb, b, k(»t2) = [Gb b, k(» &)] (3.3)

The potential propagator obeys a similar equation. The
spectral propagators G" and G will at this point be ap-
proximated by the &ee-particle propagators with renor-
malized quasi-particle energies in the form of a constant
shift and a damping p. Because in the final results only
energy differences will appear, we drop the constant en-
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ergy shift and get

Go~(h t )
— e(h t )

—~(» —*~l("- ~l1
(3.4)

t1 t2

V,+-(t„t,) = Ch, Ch, V,"(t„t,)
x L+ (ts, t4) V (t4, t2). (3.8)

Gs ~s(t»t&) = ~ Gb~gl (h»t2)Gs, s,a(t»h2)

—Gs s „(ti,ti)Gs, ~(ti, t2) . (3.5)

It is consistent with, e.g. , the Boltzmann equation or
the Lindhard formula, . Within the FGKB ansatz the
equations of the density matrix are already closed. It
is convenient to formulate these equations as difFeren-
tial equations, which are derived by standard techniques
(i.e. , multiplying both sides of the Dyson equation with
the differential operator of the inverse &ee-particle Green
function G once &om the left and once from the right,
and take the difFerence of both equations). is is

The Dyson equation for the retarded potential propa-
gators V" reads

V"(ti, t2) = b(ti —t2)Vq

Ch, V,I.",(t„t,)V,"(t„t,).
t2

(3 6)

Using Eq. (3.5), the retarded polarization bubble be-
comes

This approximation neglects the oH-'diagonal elements of
the spectral propagators. These ofF-diagonal propaga-
tors contribute already in first order of the exciting laser
field. 9 In Ref. 20 it has been shown for an interaction
with longitudinal-optical (LO) phonons that these ele-
ments are needed in steady state for a consistent descrip-
tion of the phonon-assisted absorption sidebands. How-
ever, for short pulse excitation these band-mixing eH'ects

are mainly important during the laser pulse. The rele-
vant time scale for the buildup of screening will be shown
to be a characteristic inverse plasma &equency. There-
fore, the approximation (3.4) is justified if this inverse
plasma &equency exceeds the pulse duration. A consis-
tent description of the spectral and kinetic equations is
delicate and will certainly need further consideration.

This modified GKB ansatz, which may be. called free
GKB (FGKB) ansatz, reads

A similar equation for V + holds.

IV. TIME-DEPENDENT
PLASMON-POLE APPROXIMATION

The long-wavelength limit of the polarization function
leads to a generalization of the plasma &equency.

lim VqL (ti, t2)
q~O

(t —t—)O(t —t )e ~f" "l(u i(t ), (4 1)

with

(u, (t) = E0167rao ) ns(t),
mg

ns(t) = 2) nsi, (t), (4.2)

Vq" (ti, t2) = Vq b(ti —t2) + Sq(ti, t2)e ' " . (4.3)

The trivial damping constants p &om the damped &ee-
particle Green functions are taken explicitly into account.
For the screening described by the density-density corre-
lation function only the Landau damping contributes. A
comparison of Eqs. (3.6) and (4.3) yields

S (ti, t2) = V L"(ti, t2)

Ct3VqLq(ti) t3)S (t3q) t2).
t2

(4 4)

where mt, are the band masses and p the reduced
electron-hole mass. This result defines the plasma &e-
quency uzi(t) in terms of the total density ns(t) of any
nonequilibrium distribution. The factor of 2 in the defini-
tion of the total density accounts for the spin degeneracy.

Next we rewrite the Dyson equation (3.6) for the re-
tarded screened Coulomb potential by introducing the
density-density correlation function Sq(ti, t2) in the form

L,,"(t„h,) =e(h, -t, ) L,,+ (h„t,)+L,,+(t„t,)
Of g g ~ + c(~gg —Egg+q+C2&)(t1 —t2)

hie

x [ngI, (t2) —nsi, +q(t2)]. (3.7)
d2

,Sq=o(ti h2) = —~,'1(ti)Sq=o(ti h2).
1

(4 5)

The polarization L"(ti, ts) has to be evaluated with p =
0. For the long-wavelength limit of (4.4) we find with
(4.1) the differential equation of a parametric oscillator

In FGKB the interbaad polarization Py does not con-
tribute to L", because we have neglected band-mixing
efFects [see Eq. (3.4)]. If the distribution function is
isotropic in momentum space, L" is real. These prop-
erties are passed &om L" to V". Corresponding to
Eq. (3.3), it is sufficient to know the retarded potential
propagator V". The component V+ can be evaluated
using

This equation shows that the long-wavelength limit
density-density correlation function oscillates with the
actual plasma frequency which may change pararnetri-
cally with time ti as the plasma density n(ti) changes.
Furthermore, one finds the following initial conditions:

S, ,(t„t,) =0
and
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d
S, p(ti t2)lt, t, =-~,'I(t2)

dt's
(4.6)

dldldIII1 E ((d ) = ——ld
—1 2

p (4.7)

We solve Eq. (4.5) with the ansatz

where we used limp~p O(ti —t2) = 1.
Equations (4.6) are the nonequilibrium generalization

of the well-known sum rule

Before we can insert Sp(ti, t2) into Eq. (4.3) we have
to extend it to finite q values. This can be done
by comparing the Fourier transform of the equilibrium
density-density correlation S (u) in the plasmon pole
approximation with respect to the relative time co-
ordinate ti —t2 with (4.13). In equilibrium the time-
dependent plasmon-pole approximation is

Sp(t t )
—am{ty tt) — pi4)

q 1 2 22' ((u + ib)

( 'ty

Sq=p(&I &2) = S(&I,&2) exp
I

—i dr+pi(7)
I
. (4.8) (4.14)

S(&I,&2) = s(&I) obeys the following equation of motion
in ty.'

with the dispersion of the effective plasmon pole

8 M0p] 8 2zap] s = 0. (4 9)
=~ il 1+ —I+CqP P ( tt2)

(4.15)

We assume that the parametric changes of uPI(ti) are suf-
ficiently small in an oscillation period, so that the second-
order derivative of 8 can be neglected. The remaining
equation can be solved by separation of variables. We
find

with the solution

ds 1 d~p~

8 2 Gdp]
(4.10)

3(ti) = S(ti, t2) = Sp~ I (ti)~P, (t2). (4.11)

The first initial condition (4.6) yields

Sp p(ti, t2) = —iSp(u, (ti)~, (t2)

x sin
I dt3(4/PI(t3)

)
(4.12)

Sp=p( I t2) = e(&I 2) I (t2) I ( I)
tq

x sin
I

dt3(uPI(t3)
)

(4.13)

The second initial condition (4.6) at ti = t2 determines
Sp ——i~PI(t2).

The final long-wavelength limit of the time-dependent
density-density correlation is in the plasmon-pole approx-
imation,

The inverse screening length ~ can be expressed in a form
which can be used also for nonequilibrium distributions:

8 .mg). dense,
mao ' P

(4.16)

;,(t2)
S,(t„t2) = -e(t, —t2)

(ti)ur (t2)

x »n
I

dtsurq(ts)
I

.
)

(4.17)

Naturally the time-dependent frequencies apt(t) and
urp(t) have to be calculated &om time-dependent nss(t)
With this result the nonequilibrium damped plasmon
pole approximation for the retarded screened Coulomb
potential is obtained with (4.3) as

assuming that the (nonequilibrium) distribution is iso-
tropic, i.e., depends only ]It]. C is a numerical con-
stant. A detailed discussion of the plasmon dispersion
in nonequilibrium is given in Ref. 7. The comparison be-
tween (4.13) and (4.14) shows that at finite q values one
has to use the following nonequilibrium density-density
correlation:

V~" (ti, t2) = V~ b(ti —t2) —O(ti —t2) I&2 I&2
s'n

I dt3(up(t3)
I

(u,
' '(ti)~,' '(t2)

(4.18)

Equation (4.17) shows that the initial amplitude of the
density correlation function depends on the upi(t2), es-
pecially if upi(t2) = 0, i.e. , vacuum state at t2 , Sp will.
stay zero for all later times tz. We conclude further that
any change in the kequency uq will cause a change in
the amplitude, which is well known for parametric oscil-

ty

exp
I

— dtsp~(t3)
I

. (4.19)

lators. In Eq. (4.17) the Landau damping is not included.
It can be described by an extra factor
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for the polarization and the carrier distributions are

,
l n(I0)',

q,

. d
i—Pj, (t) = [e,s(t) —e s(t) —i2p] PJ, (t)

dt
—[ (t) -".(t)]O (t)

—n.&(t) = —2Im O„(t)P„'(t),d R
dt

n.,(t) = 1 —n.,(t).

(5.1)

FIG. 1. (a) Two snapshots of a time-dependent carrier dis-
tribution nI, versus momentum k. (b) The corresponding
plasmon dispersions uq versus momentum qao. The solid line
shows the boundary of the pair continuum, beyond which the
plasmon is strongly damped.

The laser field causes direct transitions &om the valence
to the conduction band. This correlation of the elec-
tron and hole distribution will be destroyed by incoher-
ent scattering, which leads to an intraband relaxation.
In the first step of the iterative scheme scattering is not
considered at all. egI, are the Hartree-Fock renormalized
single-particle energies and 0& the renormalized Rabi
&equency.

Numerical studies with test distributions have shown
that this damping can have a rather complex time de-
pendence, which can be illustrated by a simple Gedanken
experiment (see Fig. 1): Assume that the distribution is
initially at te narrow in momentum space, e.g. , a narrow
Gaussian distribution. Between te and tI its amplitude
is increasing. The boundary of the pair continuum is
approximately given by

e,s(t) = e,s —) V~n, s s(t),
e

e„s(t) = e„s —) V, [1 —n, s (t)],

Of = dE(t)+) V,P&,(t).

(5.2)

Bq ——
2I hlghq + q2

(4.20)

where k"'" is a characteristic momentum of the high-
energy tail of the carrier distribution. Obviously this
boundary will not change in the interval [te, tq], while
the plasma &equency is increasing with the square root
of the carrier density. For a momentum qo the dispersion
~~ may be initially inside the continuum and strongly
damped. While the mode shifts to higher energies it
may leave the continuum and will oscillate without Lan-
dau damping until the distribution gets broadened due
to scattering. Then the boundaries of the continuum are
smeared out. In general, the Landau damping p~(t) can-
not be calculated easily and will change with time. But
we expect that for many situations also a simple model-
ing of the Landau damping will give reasonable results,
as is the case in equilibrium.

k~
&ca =

2m
k2

&ale =
2m

+ E —@PE

(5.3)

In the next step, the reduced density matrix, which
has been calculated from the Bloch equations, is used to
evaluate the potential propagator.

VI. NUMERICAL RESULTS

Again we introduced a phenomenological polarization
damping in agreement with Eq. (3.4). Within the ro-
tating wave approximation E(t) denotes only the pulse
envelope function, while the band gap E~ is shifted by
the central frequency of the pulse Ide. The unrenormal-
ized single-particle energies are

V. SHORT TIME DYNAMICS

V"(tq, t2) is an oscillating function of tq for fixed tz
The &equency of the oscillation is given by the plas-
mon dispersion cuq at time t&. For moderate densities
in GaAs, e.g., the plasma frequency is of the order of
100 fs (for n = 3.6 x 10 cm s, sr~I 30 meV, corre-
sponding to a period of 140 fs). For optical excitations
with ultrashort laser pulses of several 1Q fs pulse width,
it is possible to use an iterative scheme in order to solve
the problem. In the first step the kinetic equations, i.e.,
the cMerential equations for the G+, are solved tak-
ing only the bare Coulomb potential into account. The
resulting well-known semiconductor Bloch equations ' dE(t) = Ae (6.1)

We calculate the two-time-dependent retarded scree-
ned Coulomb potential by using the carrier distributions
determined from the numerical solutions of the semicon-
ductor Bloch equations, Eq. (5.1). With these carrier
distributions we will solve the integral equation (4.4) di-
rectly and compare the solution with the time-dependent
plasmon pole approxixnation.

For illustrative purpose, we use for the investigation
of V"(tq, t2) relatively long pulses, so that the plasma
&equency does not change too much during one osciOa-
tion period. The changes of m~~ can be seen in Sq. We
solve the Bloch equations (5.1) for a Gaussian laser pulse
envelope
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FIG. 4. Plasma &equency ~~t(t) (solid line) after an ex-
citation with a x/2-laser pulse (pulse width r = 50 fs, zero
detuning) and envelope function dE(t) of the pulse (dashed
line).
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is very fiat. At only one plasma oscillation period after
the pulse, t' 160 fs, does a broadened plasmon-pole-
like structure emerges. The finite time interval causes
the small oscillation seen in Fig. 5. If a finite p is used,
these oscillations are damped.

To gain further insight, we compare e (ur, tq) with
the time-dependent plasmon-pole model of Eq. (4.18).
The laser-pulse duration is small compared to the plasma
oscillation period. Therefore we can take

5-
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arpt(tg) = O(tg —tp)(u , (6 6)

where tp is the time of the pulse maximum, i.e., zero.
This results in

'Pp((u, t~) =1+ dre' S (r),
p

2
&max

~

SPP(r) = — ~ sin(~~r)e r
4)q

(6 7)

Re ss (ro;t,) Im s,'(ro;t, )

The time integration rn~s only over the Bnite interval

[0, t'j. This leads to a broadening of the inverse dielectric
function of the order 1/t' (uncertainty relation).

In Fig. 6 the e and e are shown. The parameters

FIG. 6. Real part (left row) and imaginary part (right row)
of the calculated inverse time-dependent dielectric function
es (~, tt) (solid line) as in Fig. 4 and a plasmon-pole approx-
imation (dashed line) versus &equency ~/Ee for tt ——90 fs,
330 fs, and 650 fs and a momentum qao = 1.

used in Fig. 6 are listed in Table I.
For ~~ we used a slightly larger value than the plasma

&equency in order to model the dispersion. The small
time-drift in the values of ~p refiects that the average
&equency still has a small time-dependence. At qap = 1
the mode still seers no Landau damping. But we used
a nonzero damping I' in order to model the infiuence of
the initial amplitude variation, due to the initially in-
creasing plasma frequency. The figure shows that the
time-dependent plasmon-pole approximation gives an ex-
cellent description of the femtosecond dynamic of screen-
ing.

VII. CONCLUSION AND DISCUSSION

I

10
I

10

-70
I

15

We calculated the retarded Coulomb Keldysh-pro-
pagator in the time domain for a time-dependent car-

TABLE I. Parameters used in Fig. 6.

FIG. 5. Real part (left) and imaginary part (right) of
the calculated inverse time-dependent dielectric function

(~, t t) for the pulse of Fig. 4 versus frequency ~/Ee for
various times tz and a momentum qao = 1.

tt (fs)
90
330
650

~.(Ee)
6.70
7.39
7.45

r(E.)
0.80
0.18
0.15
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rier distribution, which we get from the solution of the
full semiconductor Bloch equations of the coherent evo-
lution of the system driven by a short laser pulse. We
found that the two-time potential propagator oscillates
with the plasmon dispersion, determined by the carrier
distribution at the latest time.

With a proper definition of a frequency-dependent
retarded potential we showed that in the ultra-short-
time domain the plasmon resonance of screened poten-
tial broadens with an effective width given by the un-
certainty relation A~ & At . For an initial time pe-
riod of At & u &, i.e., when the broadening is larger

or comparable to the plasma kequency, there is essen-
tially no screening. A two-time-dependent plasmon-pole
approximation is derived and shown to give an excellent
description of the femtosecond dynamics of screening.
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