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The influence of a logarithmic Van Hove singularity in the electronic density of states is studied
in the framework of the BCS theory. We use a simplified model, neglecting effects such as interlayer
coupling and pair breaking. Through analytic and numerical analyses it is found that although
the model can give rise to high temperatures, there are other properties, such as the isotope effect
and specific-heat jump at the transition temperature, which cannot be explained properly with this
model, as recent experimental data in the high-T. oxides show.

I. INTRODUCTION

It is well known that the quasi-two-dimensionality of
the CuO planes in high-temperature superconductors
gives rise to logarithmic Van Hove singularities (VHS’s)
in the electronic density of states (DOS). In recent
publications'~* it has been shown that the incorpora-
tion of a VHS to the otherwise standard BCS theory
leads to quantitatively different results from those ob-
tained using a constant DOS. Moreover, this VHS model
can presumably explain some important features in the
high-T, oxides, such as high critical temperatures, varia-
tion of the isotope effect with doping, etc. This proposal
has not been widely accepted for several reasons, includ-
ing the fact that a sharp peak in the DOS can be easily
smeared out by three-dimensional (3D) effects such as
interlayer hopping, etc., and also the effectiveness of the
VHS depends on the fact that it must be placed very close
to or at the Fermi level. In such a case, nesting of the
Fermi surface is likely to occur, which in turn may give
rise to charge- or spin-density waves, which compete with
the superconducting state. However, Tsuei et al.® have
given recent thermodynamic data that appear to support
the existence of a VHS near ¢ in YBay;CuzO7. The de-
pendence of the critical temperature on applied hydro-
static pressure can also be described using the Van Hove
scenario,® and calculations of the electronic structure and
Fermi surface of the new superconductor HgBa;CuQOy44s
(Ref. 7) provide support for a VHS excitonic pairing
mechanism in the new high-T. oxides.

We believe this is a problem that deserves careful in-
vestigation. In this paper we show calculations for the
critical temperature, isotope effect exponent, and energy
gap, as well as thermodynamic properties for a BCS su-
perconductor with a VHS in the DOS. Recent experimen-
tal results on the isotope effect in the high- T, cuprates
will be used to compare with predictions of the Van Hove
model. The specific-heat jump is examined in the light
of the available data, and the role of a VHS on the be-
havior of universal BCS ratios such as 2A/kpT. and
AC(T)/~T. is also discussed. In Sec. II we calculate,
analytically and numerically, the critical temperature,
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zero-temperature energy gap Ay, isotope effect exponent
B, and ratio R; = 2A/kgT, for a VHS as a function of
its offset from the Fermi energy ep. We show that, de-
spite the high T.’s that can be obtained, the Van Hove
model does not provide an adequate explanation for the
small values of 8 and large ratios R; found experimen-
tally. Section III includes calculations of the specific-heat
difference between normal and superconducting states,
AC at T = T, the normal specific heat Cn(T'), and
the ratios Ry = AC(T.)/~T. and Rz = vT2/H2(0). We
show that the calculated position of the node in AC(T)
and the slope of this curve near T, are not confirmed by
experiments in the high-7T, oxides. Finally, some conclu-
sions are drawn in Sec. IV.

II. CRITICAL TEMPERATURE AND
ISOTOPE EFFECT

For the sake of simplicity, but keeping the minimum es-
sential features, we shall use the following 2D-VHS form
for the DOS:

; (1)

N(e) = No [111‘61—1”6‘ +C

where ¢ is the energy, referred to the Fermi level ez, Ny is
a normalization factor, and 4 is the so-called filling factor,
which sets the position of the singularity with respect to
the Fermi energy. The constant term NoC is the back-
ground DOS, which must be included, according to tight-
binding calculations for a 2D lattice, including nearest-
and next-nearest neighbors.® Here we shall primarily be
concerned with small values of § since it is presumably
close to or at ez where a VHS is most effective.
Now, from the linearized BCS equation®
2 “p € de
V- N(e)tanh(szTc) P @)

—wp

for a cutoff frequency wp, a constant pairing potential
V, and introducing Eq. (1) for N(e), one finds*
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2
2 €F )
kT, = 1-366Fexp{C - \/W + [ln (wo) + C] +

which provides significantly larger values for 7, than the
standard BCS formula. Equation (3) shows that T, is
maximum when §=0, i.e., when the VHS is placed at the
Fermi energy. An estimate of 7. using Eq. (3) and the
classic BCS formula, kgT. = 1.13wpexp[—1/N(er)V],
shows that T.YHS is at least three orders of magnitude
larger than T:BCS.

The zero-temperature BCS gap equation is®

i

;[ 31)

-

2 “p de

v N(e)—"‘—,ez—_’_—A—g , (4)

—wp

where Ag is the energy gap at T=0. Using the VHS
model for the DOS, and for small values of Ay, one finds
the approximate solution

2
2 €EF
Do = 2~39€FexP{C - \/NOV + [ln (wD) + C] +

which has the same dependence on NoV, wp, €r, and § as
does the T, equation [see Eq. (3)], just as occurs in stan-
dard BCS theory. Again, Eq. (5) provides larger values
for A than its BCS counterpart, due to the larger energy
scale of the prefactor er, and the exponential argument
proportional to 1/y/NoV, rather than 1/N(ep)V.

The ratio R; has been calculated numerically from
Egs. (2) and (4), as a function of the parameter 4, and
it is compared to its canonical BCS value R;=3.53, in
Fig. 1. It is interesting to observe that the introduc-
tion of a VHS in the DOS does not change the BCS
value of R; more than 3% or 4%, unless unphysical val-
ues for the parameters are used. The constant back-
ground in the DOS, NyC, changes only the slope of the
curves but not their magnitude; also, as the VHS is dis-
placed away from er, R; goes to the BCS limit. This be-
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FIG. 1. The ratio 2Ao/kpTc, normalized to the standard

BCS value 3.53, for different choices of the coupling constant
NoV, as a function of the filling factor 4, normalized to the
cutoff frequency wp.
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havior is qualitatively the same found when using other
energy-dependent DOS.1° In particular, for the choice of
parameters €x=500 meV, wp=65 meV, §=0, and C=0
(same used by Tsuei et al.*), numerical calculation yields
T.=37.7 K and R;=3.65. Thus, the VHS model does
not explain the large values of R; (~ 5-9) measured in
several high-T, cuprates,’’ unless the coupling constant
NoV > 1, which would violate a weak-coupling approxi-
mation.

Next we want to consider the isotope effect exponent
B, defined as

_OlnT. _ wp 0T (6)
8mM =~ 2T.0wp’

where M is the isotopic mass, and the relation wp ~

M~1/2 has been used. Thus, differentiating Eq. (2) with

respect to wp and then performing the integration over
energies yields®

ﬁ:

5/WD

Isotope effect exponent as a function of § /wp for
increasing values of constant C [see Eq. (1)]. Here we have
used €eF=500 meV, wp=65 meV, and NoV =0.084.

FIG. 2.
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A numerical calculation of 3 based on Egs. (2) and (6) is
shown in Fig. 2 as a function of § /wp, for different values
of the constant background in the DOS, NoC. As shown
by both Eq. (7) and Fig. 2, 8 has a minimum when T,
is maximum, i.e., at §=0. The peak in this figure corre-
sponds to a singularity occurring when |§|=wp, as can be
easily seen in Eq. (7). Note that the lowest values for 3
are achieved only when the background NyC is neglected,
whereas for large 4 it is found that 8 goes to the BCS
limit, 3=0.5. These conclusions are in agreement with
Xing et al.® Originally, Tsuei et al. invoked® a VHS to
explain isotope effect measurements by Crawford et al.!2
on the Laz_,Sr,CuQO4_, system as a function of doping
z. However, recent measurements'® of the copper and
oxygen isotope effect exponents in this system confirm
that the minimum values of 3 (~ 0.0-0.17) are too small
to be accounted for by a simple VHS approach. Exper-
iments in other high-7,. materials seem to support this
view.1%1% The introduction of the constant background
NoC appears to have a strong influence, for it raises the
minimum values of 3 appreciably, and it must be kept, if
we want the model to be somewhat realistic. In order to
make this point clearer, Fig. 3 shows 3 as a function of
T, for a VHS with and without the constant background,
and the results are compared to recent experiments on
the yttrium-based compounds. The lowest values of 3
remain unattainable with a VHS, and any possible agree-
ment with the data is broken when the background DOS
is not zero. Even if a strong-coupling Eliashberg formal-
ism is used, the disagreement remains,'® and when 3D
effects are taken into account 3 quickly shifts to the BCS
limit.2-® Under these circumstances, the recent experi-
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FIG. 3. Isotope effect exponent as a function of T.. The
solid line corresponds to C=0, while the dotted line is for
C=2. The parameters are kept the same as in Fig. 2, except
NoV=0.11 for both curves. Experimental data are taken from
Franck et al. (Ref. 14) (open circles) and Bornemann and
Morris (Ref. 15) (solid hexagons).
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ments on the isotope effect do not appear to be explained
within the context of a model involving DOS alone, even
with the inclusion of a VHS.

III. THERMODYNAMIC PROPERTIES
OF A VHS

Solving numerically the temperature-dependent BCS
gap equation has revealed that the logarithmic structure
in the DOS has no appreciable influence in the tem-
perature dependence of the energy gap A(T); i.e., the
gap behaves as a function of temperature just as if the
DOS was a constant. This has been confirmed by Getino
et al.?® who show that the deviation of A(T)/A(0) for
a VHS in the DOS from that using a constant DOS
is at most about 0.5%. Therefore, for the purposes
of calculation of thermodynamic properties of a VHS,
and to a very good approximation, we shall use here
[A(T)/A(0)]vas = [A(T)/A(0)]scs. Hence, for temper-
atures close to T it is possible to show!? that

T
A%(T) ~ (1.736)? (1 - F) A2 (8)
and therefore
2
?%—fl = —k%(1.736)%(1.765)2T. , (9)
T.

where we have used R;=3.53, considering that departures
from this value for a VHS are negligible, as was discussed
above. This result will prove useful in the calculation of
the specific-heat difference at T, which in BCS theory is
given by®

¢/ksTe  9A2(T)
AC(T,) = —(ksT:) /N(E)e(l + e</ksTe) BT

bl

c

(10)

introducing Egs. (1) and (9) in the expression above, and
for §=0, the specific-heat jump is approximately given by

AC(T,) = 9.38N0kBTc{ln(k€ﬁ) +C} , (11)
Blc

with M = 0.8813. The normal specific heat for a VHS
at the Fermi energy is

2
_ 2™ €F — 12
Cn(T) = 2Nok}T [m(kBT) +C 1} . (12)

which shows that the normal specific-heat coefficient,
commonly denoted by v, is proportional to In(1/T), con-
firming a prediction by Hirsch and Scalapino.'® From
Egs. (11) and (12) one finds that the ratio R; =
AC(T.)/yT. deviates very little from its BCS universal
value 1.43, for §=0. However, when the VHS is displaced
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far away from e one gets the approximate expression

ln|ep /8| + % (kpT./8)? + C
Injep/8| — & (kpTe/8)? + C

R, = 1.43 (13)

for kgT./d <« 1. In Fig. 4 this ratio is calculated nu-
merically for five choices of the constant background in
the DOS. The departures from the BCS value are re-
duced as the background DOS is increased, and of course,
as the singularity moves off the Fermi energy. Phillips
et al.’® have estimated the specific-heat to T, ratio for
YBa;Cu307_y, and report a value of 4.8. Junod et al.2
find a similar estimate. These values cannot be explained
with the Van Hove scenario, at least in the simple version
we are presenting here, and they deserve further analysis.

The temperature dependence of the specific-heat dif-
ference, AC(T), is shown in Fig. 5 for a VHS at the Fermi
level, one at =100 meV, and for a constant DOS (stan-
dard BCS case). It is found that the VHS shifts the zero
in AC toward lower reduced temperatures, as compared
with the BCS node, especially when 6=0. From Fig. 5,
the change of sign in AC(T)/AC(T.) occurs for a VHS
with =0 (T,=92 K) at T/T.=0.5, the BCS prediction
is 0.55, and experiments2® in the oxides give a value of
0.86. Indeed, Junod et al.2° have measured AC(T) for
YBa;(Cu;_Fe;)307_, and have found that the peak at
the critical temperature is very sharp, the node in AC
occurs at considerably higher temperatures than for the
BCS curve, and its minimum is surprisingly lower. These
findings, along with other thermodynamic data,?! are
clearly inconsistent with the predictions of the Van Hove
scenario. Moreover, a more detailed strong-coupling cal-
culation for a somewhat more realistic VHS corroborates
this conclusion.?? We have also found that increasing the
value of the constant background DOS does not change
the position of the node in AC(T).
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FIG. 4. Specific-heat jump to T, ratio normalized to the

BCS value 1.43, as a function of the filling factor §. For the
calculations, the following parameters were chosen: er=>500
meV, wp=65 meV, and T.=92.0 K.
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FIG. 5. Specific-heat difference AC(T'), normalized to its

value at T., as a function of the reduced temperature. The
following values have been used: ep=500 meV, wp=65 meV,
C=0, and NoV=0.2.

Another universal ratio of interest in BCS theory is
R3 = 4TZ%/H?2(0), where yT. is the normal state specific
heat at the critical temperature, and H,(0) is the ther-
modynamic critical magnetic field at zero temperature.
Rj3 is equal to 0.168 for a constant DOS. Starting from
the zero-temperature condensation energy with a VHS,
we calculate H.(0) and evaluate Rz as a function of the
filling factor § (Fig. 6). For kgT. < 1, R3 is approxi-
mately given by

n? (kpT./8)?

—0.168|1 - = EBc/9) |
R = 016811 - S5 flep/o| + C

(14)
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FIG. 6. Ratio R3; (see text) normalized to 0.17 (BCS

limit) for different choices of the constant background in the
DOS. Same parameters as in Fig. 4.
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while for =0 it is basically equal to the BCS limit. In
Fig. 6 we compare Rj for several values of NyC, for a su-
perconductor with T,=92 K, wp=65 meV, and exz=500
meV. Here, the background DOS makes R3 go to the
BCS limit faster than when C is not included. Com-
parison with experiment here is very difficult because, to
the best of our knowledge, there are no precise, reliable
measurements of the specific-heat coefficient v or of the
zero-temperature critical field for most high-T, supercon-
ductors. As observed in the other universal ratios that
we considered here, the maximum departures from the
BCS value occur when the VHS is located at the Fermi
energy. For a superconductor with T.=92.0 K, ¢z=500
meV, and wp=65 meV, Fig. 6 shows that R3 can devi-
ate from the BCS value up to 35%, when no background
DOS is included.

IV. CONCLUSIONS

The consequences of the introduction of a logarithmic
energy-dependent DOS in BCS theory have been studied
with the purpose of exploring how useful this approach
is to describe the recently discovered high-temperature
superconductors. After analytic and numerical work we
have found that the Van Hove model does predict criti-
cal temperatures in the 100 K range, even with modest
values of the coupling constant. It may also explain the
observed doping dependence of the transition tempera-
ture. By contrast, there are other characteristics of the
superconducting state that do not agree with some avail-

able data in the oxides. In particular, we have found that
the lowest values of the isotope effect exponent are too
low to be described properly by a VHS, especially when a
background in the DOS is included. Also, the prediction
of the position of the node in the specific-heat difference
between the normal and superconducting states is much
smaller than found experimentally. In addition, the Van
Hove model does not appear to support extreme varia-
tions in the values of universal BCS ratios, in contradic-
tion with a number of experiments. However, one must
bear in mind that our model neglects some features that
may be essential for a detailed comparison with experi-
ments. Examples of such aspects are inelastic scattering,
interlayer coupling, disorder, etc. In particular inelastic
scattering acts as a pair breaking mechanism and it may
be strong near a VHS.2* It is also known to grow with
temperature. Therefore Eq. (3) will overestimate the
critical temperature, for pair breaking was not included
in its derivation. But inelastic scattering vanishes as the
temperature is lowered, so that A(0) will be correctly
given by Eq. (5). This leads to large values of ratio R,
in agreement with experiment.?®
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