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Lorentz microscopy of vortex lattices (flux lines) in niobium
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Observations of the flux-line lattice in tilted superconducting specimens by standard methods of
Lorentz microscopy can be understood in terms of a simple model which (i) first approximates the indivi-

dual vortex line by a flux tube of negligible radius, thereby obtaining an analytical expression for the
two-dimensional phase shift, and then (ii) takes into account the finite flux core structure by convoluting
the former expression with the assumed model for the core. By taking the London model for the
magnetic-field distribution of the core, thus having the vortex described by a single parameter, i.e., the
London penetration depth, the most relevant contrast features observed in the experimental out-of-focus
images of a Nb superconductor are interpreted.

I. INTRODUCTION

Recently, observations of quantized flux lines in thin
superconducting specimens have been successfully car-
ried out in transmission electron microscopy by means of
standard Lorentz microscopy methods for both conven-
tional' and high-T, materials and by electron hologra-
phy. Although a previous theoretical analysis (reviewing
also the work done until 1972) considering the case of
fluxons in a thin specimen lying perpendicular to the elec-
tron beam predicted the feasibility of such experiments,
no successful attempts have been reported until now.

In the meantime, many methods have been used to
detect the presence of quantized magnetic-flux lines
(henceforth called fiuxons or vortices) in superconducting
specimens. Static images of the vortices are provided by
the Bitter magnetic decoration, ' scanning tunneling,
and scanning electron microscopics. Electron hologra-
phy has been used previously to study the dynamic
behavior of magnetic fields near the surfaces of supercon-
ductors, ' ' but the two-dimensional (2D) vortex lattice
could not be observed. A magneto-optical technique has
been developed that time resolves the flux distribution, al-
though individual vortices were not observed. ' And
Scanning Hall probes have been used to resolve individu-
al vortices, ' where the surface field perturbation is relat-
ed to the Aux distribution.

In spite of these advances, the possibility of using
transmission electron microscopy still opens exciting per-
spectives both for the direct and dynamical observation
of the flux lines and their correlation with structural de-
fects present in the thin foils. Furthermore, the quantita-
tive evaluation of the results obtained by advanced holo-
graphic techniques may provide an answer to more fun-
damental questions such as the degree of flux quantiza-

tion.
It should be remarked that the recent breakthrough in

observing fluxons has been possible due to the introduc-
tion of a new geometry, different from those analyzed pre-
viously; ' namely, the specimen is observed tilted with
respect to both the vertically incident electron beam and
the horizontal ancillary magnetic field used to introduce
and stabilize the fluxons. '

From the wave-optical point of view, this case is com-
plicated with respect to the former ones because the elec-
trons experience both the internal and external field and
the resulting phase shift is two dimensional. Nonetheless,
it has been shown that when the fluxon is modeled by a
flux tube of negligible radius, a simple analytical solution
exists for the field and for the phase shift sufFered by the
electron beam. ' This elementary solution has then been
used as a building block to investigate more realistic
models taking into account the fluxon core structure,
such as that proposed by London, by approximating it
with a suitable arrangement of flux tubes.

Therefore the aim of this paper is to show that this
model can be used to account for the most relevant
features of the experimental results obtained by the out-
of-focus method (l.orentz microscopy). In the following
sections, first the experimental methods and results are
reviewed; then, the proposed model is briefly recalled and
applied to the interpretation of the out-of-focus patterns.

II. EXPERIMENTAL METHGDS AND RESULTS

The experiments were conducted in a 300-kV hologra-
phy electron microscope developed to provide a highly
coherent and bright source of electrons. ' The micro-
scope is equipped with a specially constructed cold stage
to allow magnetic fields to be applied while the specimen,
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tilted at an angle a=45 with respect to the beam and the
magnetic field, is maintained at 4.5 K (see Fig. 1). Three
coils are used to apply the magnetic field: The uppermost
coil applies the desired field to the specimen (150 G max-
imum), and the two subsequent coils are used to compen-
sate the de6ection of the incident electrons and bring
them back to the microscope optic axis. This cold stage
enables the user to observe superconductors under both
equilibrium and dynamic conditions.

The thin-foil (70+20 nm) specimens used for transmis-
sion observation were prepared by chemically polishing
2 X2-mm -wide by 7-pm-thick Nb [T, =9.2 K, resistance
ratio R (300 K)/R (10 K) =20] sections that had been an-
nealed to -2000'C in a vacuum of 10 Pa. The anneal-
ing resulted in a grain size of 200-300 pm with a [110]
texture.

The specimen was cooled to 4.5 K in a field of 10 G in
order to have a large enough vortex separation (lattice
spacing —1.5 p,m), to consider them as isolated. The ob-
servations were carried out with the objective lens
switched off and the first intermediate lens acting as the
imaging lens. Under these conditions an electron optical
magnification of -2000X is obtained, allowing very
large areas of the specimen to be observed, typically 50
pm in diameter.

Figure 2 reports a through-focus series from a rather
thick region of the specimen. Bend contours are present
as a result of the slight deformation of the self-supporting
thin foil. It can be seen that each vortex is imaged as a
tiny globule, one side bright and the other side dark,
whose dimensions and contrast increase with increasing

defocus distance. The dividing lines of difFerent vortices
are nearly parallel, as the vortices have arranged them-
selves along the direction of the applied magnetic field.
The micrograph at the lowest defocus, where vortices are
hardly detectable, shows another interesting feature,
namely, an elongation of the vortices along a direction
slightly different from that of the applied field. Possible
reasons for this effect are the presence of distortions due
to inhomogenities in the magnetic field of the cold stage
and astigmatism of the intermediate lens; however, the
theoretical analysis of the following sections suggests
another interpretation based on the finite thickness of the
specimen.

III. THEORETICAL MODEL

In the standard high-energy or phase-object approxi-
mation, only the phase distribution of the incoming elec-
tron wave function is modified when electrons pass
through a magnetic specimen. ' That is, a fluxon is a per-
fect phase object and the magnetic phase shift is given by

y=( —2ne/h) J Ads, (1)
L

where the integral is taken along a straight line L corre-
sponding to the classical electron trajectory, A is the
magnetic vector potential, and e and h the absolute value
of the electron charge and Planck constant, respectively.

It is worthwhile to point out that this two-dimensional
phase distribution, completely describing the interaction
between the fluxon and electron beam, is defined on a
plane, the observation plane, perpendicular to the elec-

FIG. 1. Diagram of the cold
stage. A tilted superconductor
is inserted in the specimen hold-
er (A). Cooling shields (8) main-
tain the specimen down to 4.5 K
while magnetic fields (C) may be
applied. Stage heaters vary T up
to 26 K.
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hy=( —2m.e/h) I B„dS.
S,2

(2)

tron beam and whose position along the z axis is not
rigorously determined, but is taken coincident with the
specimen plane.

The difFerence of the phase shift between two classical
trajectories L, and L2, passing through points 1 and 2 in
the object plane, can be expressed by Stoke's theorem as

Since 8„is the component of the magnetic-flux density
normal to the surface S&2 enclosed by L

&
and L2, the in-

tegral stands for the magnetic flux passing through S&2.
This second form of the phase shift has been used in

Ref. 16 to calculate analytically the phase shift for a flux
tube of negligible radius carrying the quantum Aux

+=A/2e lying perpendicular to the two surfaces of an
ideal superconducting specimen of thickness t, inclined at
an angle a with respect to the optic axis z (Fig. 3).

In this case the magnetic field in the upper and lower
half-spaces is equivalent to that produced by two magnet-
ic poles of strength +4, respectively, whereas in the per-
fectly diamagnetic specimen the field is everywhere zero
except in the ffux tube core.

By considering that the upper and lower poles (i.e., the
exit and entry points of the flux tube) have projected
coordinates (a, O) and (

—a, O) on the object plane [where
a =t sin(a)/2; see also the lower part of Fig. 3], the ex-
pression for the phase shift is given by

r

1
q&(x,y, a, a ) =—arctan y

x+a
1——arctan
2

y

+—sgn
7T y
4 x —a

——sgn y
4 x+a

——arcsin[y sina/')/y +(x+a) ]2

——arcsin[y sina/+y +(x —a) ].
2

(3)

A contour-line map of the phase shift of the Aux tube is
sketched on the object plane in the lower part of Fig. 3.

By overlapping a suitable distribution of Aux tubes, we

(c)

FIG. 2. Vortices in Nb at 4.5 K and 10 G. Through focus
series (a)—(d) of 8, 15, 21, and 35 mm defocus. Individual vor-
tices manifest themselves as globules of bright and dark con-
trast. Note that vortices in (a) appears slightly elongated as a
result of the thickness of the specimen. Dark lines are bend
contours in the thin foil. The scale bars indicate 0.5 LMm.

FIG. 3. Coordinate system used to calculate the phase shift

due to the Aux tube. A specimen of thickness t containing a sin-

gle flux quantum is inclined by an angle a to the optic axis

(upper part); the corresponding phase shift in the object plane is

depicted by a contour line map in the lower part.
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8= Eo(r/A, l ),
27TA L

(4)

where ECO is the zero-order Bessel function, r the radial
distance from the fluxon axis, and A,r the London
penetration depth. Therefore the previous expression for
the phase shift due to the flux tube is convoluted with the
two-dimensional projection in the object plane of the
London model, in order to find the corresponding phase
shift yr (x,y, a, t, kt, ).

The results are shown in Fig. 4, whose upper part re-
ports the phase shift q& [Eq. (3)] for a flux tube in a speci-
men of thickness 60 nm, tilted at 45' with respect to the
beam and to the ancillary magnetic field, whereas the
lower one reports the corresponding phase shift yz for a
London fluxon with A,z =30 nm, i.e., A,t = t /2.

It should be noted that whereas in the first case the
maximum phase difference across the fluxon core is m,

corresponding to the Aharonov-Bohm effect due to the
flux tube core, for the specimen of finite thickness the
phase is broadened and no longer reaches the value of m.

I

can approximately model any flux core structure, in the
same spirit as in electrostatics where a given field can be
approximated by a suitable arrangement of point charges.

In this work we assume that the model describing the
fluxon magnetic core within the specimen is given by the
London equation

corresponding to the flux quantization.
This unexpected effect is displayed more clearly in Fig.

5, where the phase shift across the fluxon at its center is
displayed for increasing values of the London length,
ranging from zero (flux tube case) to 30 nm. From this
figure it can be ascertained that the broadening due to the
finite core effects severely dampens the maximum phase
difference and smoothes the slope at the core. It should
also be noted that at large distances from the core, the
phase difference becomes m /2 irrespective of the London
wavelength.

Geometrical reasoning as well as the analysis of the
London phase shift' show that this phase difference
(which in the more general case of tilt by an angle a is
given by a itself) is still present even if the distance be-
tween the two poles vanishes, which corresponds to a
specimen whose thickness is much lower than A,z. This is
another unexpected effect due to this unusual geometry,
confirming that the main contribution to the phase shift
is due to the external fringing field extending in the two
half-spaces above and below the perfectly diamagnetic su-
perconducting film.

IV. CALCULATION OF THE OUT-OF-FOCUS IMAGES

The solution of the Schrodinger equation in the space
below the specimen may be given in the paraxial approxi-
mation in the form of a Kirchhoff-Fresnel integral'

g(X, Y,ZO}= f Jexpi [(x—X) +(y —Y) ]+q&t, (x,y, a, t, At ) dx dy,
0 0

where x and y are the coordinates in the object plane, X
and Y the coordinates in the out-of-focus plane at a de-
focus distance Zo from the object plane, A, the de Broglie
wavelength of the incident electrons, and P a phase factor
of no value in the present case as here only the intensity
in the image plane is relevant, which is proportional to

Taking iLr as the scale length and noting that the Lon-
don phase shift is a function of x/A, t, , y/A, t, t/A, t. , and
a, it turns out that the intensity in the image acquires the
functional form

I=I(X/At, Y/At, AZO/At, t/At ) . (6)

Although calculations are carried out for realistic values
of the various parameters, the adoption of these dimen-
sionless parameters is convenient because the results ob-
tained are of general applicability, independent of the ma-
terial, whose superconducting properties are given, in the
approximations used, by the single parameter A,i .

Figure 6 shows a focus series calculated for the case of
a specimen having London length 30 nm (of the same or-
der as that of Nb), thickness 60 nm, i.e., 2A,t, at the fol-
lowing values of the defocus: (a} 1 mm, (b) 2.5 mm, (c) 5
mm, (d} 10 mm, (e) 15 mm, and (f) 20 mm. The accelerat-
ing voltage has been taken equal to 300 kV, correspond-
ing to a de Broglie wavelength of 1.968 pm.

The image wave function has been calculated by fast

FIG. 4. Phase shift for 60-nm-thick specimens at 45' tilt.
The flux tube model (a) shows the maximum phase difference of
~, while for a London fluxon (A,& =30 nm) the phase difference
is smoothed and diminished (b).
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FIG. 5. Phase shift for difFerent London lengths. The flux
tube model and London fluxons {shown for A, L =5, 10, 20, and
30 nm) demonstrate that large A,L values broaden the core.

Fourier transform (FFT) methods, on a square region
centered at the Auxon having side 1.2 pm, i.e., 20XL, with
256X256 sampling points. A linear phase term has been
subtracted from the phase shift in order to avoid Fresnel
diffraction effects from the edge parallel to the Auxon
axis, where the phase has a m/2 jump owing to the trun-
cation. Test calculations done by doubling both side and

(a)

sampling points show no relevant differences.
A fluxon, being a perfect phase object, obviously shows

no contrast in a zero-defocus image. Upon defocus, how-
ever, it can be ascertained from the calculated images
that the Auxon has the appearance of a tiny globule, with
two halves of bright and dark intensity aligned along the
fluxon axis, as found experimentally (Fig. 2). Also low-
contrast fringes surrounding the globules are present.
Both the contrast and dimension of the globules increase
with defocus distance: However, if the patterns are
scaled proportionally to (XL )'~, it can be ascertained
that, apart from the contrast, they look very similar.

In the geometric optical approximation, the dimen-
sions of the image, being proportional to the Lorentz
deAection at the specimen, should increase linearly with
the defocus distance, implying that at the defocuses in-
vestigated the image contrast and appearance are mainly
wave-optical effects due to Fresnel diffraction.

Figure 7 shows another focal series calculated for the
case of a specimen having London length 30 nm, thick-
ness 150 nm, i.e., 5XL, at the same values of the defocus
as before, i.e., (a) 1 mm, (b) 2.5 mm, (c) 5 mm, (d) 10 mm,
(e) 15 mm, and (f) 20 mm.

The following features should be noted: At low de-
focus a lengthening of the image along the fluxon axis is
visible, reflecting the fact that the Auxon projected length
is 2.5X longer than before. However, at the largest de-
focus, this lengthening is buried in the diffraction

(b)

(e)
FIG. 6. Fluxon at different defocus distances. A specimen with A,l =30 nrn, t of 60 nrn at {a) 1 rn, {b) 2.5 mrn, {c)5 mm, {d) 10

mm, {e) 15 mm, and {f)20 mrn. The images measure 1.2 pm on each side.
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(e)
FIG. 7. Fluxon at different defocus distances. A specimen with A, L =30 nm, t of 150 nm at (a) 1 mm, (b) 2.5 mm, (c) 5 mm, (d) 10

mm, (e) 15 mm, and (f}20 mm. Compare the vortex elongation in (a) and (b) with Fig. 2(a). The images measure 1.2 pm on each side.

broadening and can no longer be detected, so that the
overall patterns are very similar to the previous one,
apart from a variation of the intensity. This suggests that
the lengthening observed in the experimental pattern at
the lowest defocus [Fig. 2(a}] may be attributed to a
specimen-dependent effect due to the thickness.

It should also be remarked that the 20-mm images in
Figs. 6 and 7 begin to suffer from edge effects due to alias-
ing of the sampling array causing some faint subsidiary
fringes at the edge of the images. These effects can be re-
moved by increasing the side length (from 1.2 pm) in the
calculations, however at the expense of computation
time. Furthermore, as the images scale with (A,l )', the
genera1 contrast features will remain unchanged.

Calculations have also been done for the cases of speci-
men thickness equal to A,L and zero, i.e., negligible with
respect to A.L, and the general appearance of the patterns
does not change sigmficantly with respect to those report-
ed in Fig. 6, apart from the contrast.

By defining the image contrast as

Im,
„ Im;„C=

Imax +Imin

we have plotted this quantity versus defocus for specimen
thicknesses ranging stepwise from zero to 5A,L and the re-
sults are summarized in Fig. 8. To make the data speci-

men independent, the defocus has been converted into the
generalized defocus parameter, p =A,Zo/A, ~.

These curves show that the contrast increases from
zero to a maximum with increasing defocus distance or
the generalized defocus parameter and that this max-
imum depends on the specimen thickness. At the lower
values of the abscissa, the trend of the curves is linear, as

0.8-
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o 0.4- t=OAL
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I I I
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FIG. 8. Contrast variation of the fluxons with the generalized
defocus parameter for different values of the thickness. Data
points are shown for Fig. 6 ($) and Fig. 7 {A).
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expected, because in this realm the geometric optical ap-
proximation becomes applicable.

The results summarized in Fig. 8 can be used to predict
the out-of-focus contrast once the values of the various
experimental parameters are known or guessed. For in-
stance, if the London length is 10X larger, as with high-
T, superconductors, then for specimens transparent to
300-kV electrons the ratio t /A, t is surely below 1 and the
expected contrast should lie between the lowest two
curves. However, in this case the generalized defocus pa-
rameter is 100Xsmaller than before, so that in order to
have the same contrast, 100X larger defocus distances
should be used. As practical defocus distances lie in the
range 0—100 mm, this means that a much lower contrast
should be expected than in the case of Nb as found exper-
imentally.

Further reduction of the contrast is expected from the
fact that the present calculations do not take into account
both the efFects of elastic and inelastic scattering due to
the specimen structure as well as the partial coherence of
the illumination. For instance, these effects could be re-
sponsible for the fact that only the main globules are visi-
ble in the experimental images, whereas the low-contrast
fringes surrounding them can be hardly detected in the
original micrographs at the highest defocuses.

There is little doubt that inelastic scattering decreases
the contrast in defocused images, but its magnitude is
difficult to estimate because of the lack of experimental
data. On the contrary, partial coherence effects can be
accounted for by performing the convolution between the
function describing the angular distribution of the elec-
tron source and the intensity in the image plane. Howev-
er, with the high coherent field emission gun used in these
experiments, this effect should not be very relevant so
that inelastic scattering is mainly responsible for the loss
of contrast.

This can be confirmed by analyzing the contrast of the
diffraction fringes around the bend contours: In the
thinner specimen regions and especially around the edge,
a large number of diffraction fringes is visible, whereas in
the thicker ones (such as that reported in Fig. 2) only one
or two fringes are detectable.

V. CONCLUSIONS

Recently, we succeeded in observing the Auxon lattice
in a thin specimen by means of transmission electron mi-
croscopy. Lorentz microscopy in particular has been em-
ployed to detect the fluxons and to study their dynamic
behavior. '

In this technique, the phase shift produced by the Qux-

ons in a tilted specimen is manifested in a defocused
plane as spots of bright and dark contrast which have
been interpreted in this work on the basis of a simple
model taking into account the Auxon core structure.
Also, novel contrast features have been predicted, such as
faint fringes surrounding the globules and a lengthening
of the images in thicker regions of the specimen, which
seem to be confirmed by the experimental observations,
although an unambiguous detection is masked by inelas-
tic scattering and aberration efFects. Moreover, as the
core model employs a single parameter, it has been possi-
ble to draw general curves, which can be used to predict
the contrast and to choose the best experimental condi-
tions for a generic specimen.

Although a disadvantage of the Lorentz mode, as well
as of the other standard phase contrast methods in elec-
tron microscopy, is that it is very difficult to extract
quantitative information from the experimental data,
nonetheless the Lorentz micrographs indicate both the
location and polarity of the fiuxons and are of invaluable
help for dynamic studies. We believe that classical
Lorentz microscopy usefully supplements electron holog-
raphy whenever quantitative data are not required.
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