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Within the framework of the ladder-diagram approximation, the manifestly gauge-invariant expres-
sion for the static electromagnetic response kernel of the anisotropic narrow-band superconductor con-
sisting of Bloch electrons is derived, on the basis of the charge-conserving current expression for them
under the magnetic field. For the two-dimensional square lattice, the magnetic penetration depth A,L ( T)
is calculated as a function of hole density nz and temperature T ((T,). The resultant A.L(0) has a
symmetrical dependence on the hole and electron densities, and is almost unaffected by the anisotropy of
the order parameter. The behavior of A,L (T)/A, L (0) as a function of T/T, for the d-wave state substan-
tially deviates from those for the extended and usual s-wave states for all T & T, . The obtained results
are compared with those of the effective hole- and electron-mass approximations.

I. INTRODUCTION

In spite of a number of experimental and theoretical
works, the pairing state of high-T, superconductors has
not been fully understood. The magnetic penetration
depth A,L ( T) (as a function of temperature T) is one of the
most important quantities that give information on the
pairing state. In most recent experiments on A,L(T) of
single-crystal oxide superconductors, ' the s-wave-like
behaviors of the weak- and strong-coupling superconduc-
tivities are observed. While, in some studies, the simple
power-law behavior A,L (T)-T at very low temperature
is reported.

In the recent hydrodynamical strong-coupling treat-
ment, which involves some phenomenological effective
mass approximation, A,L (T) for the d-wave state has been
calculated. In most theoretical studies for high-T, super-
conductors, however, the pairing interaction is assumed
to work over the whole region of the narrow band, and
various properties are calculated for Bloch electrons in
the narrow tight-binding model. The efFect of the van
Hove singularity on A,L ( T) also should be examined, since
these oxide superconductors have the quasi-two-
dimensional character. Furthermore, in most high-T, su-
perconductors, the carriers are found to be holelike.
Therefore, we consider it worthwhile to investigate
theoretically A,i(T) of the anisotropic superconductor
consisting of Bloch electrons and that consisting of holes
in detail.

Some studies have already treated this problem.
Schneider and Frick have investigated the effect of the
anisotropy due to the layered structure on the behavior of
AL(T). They have calculated A,z(T) by making the
difference between the paramagnetic term in the super-
conducting state and that in the normal state. For low
hole density nz, their AL (0) at T =0 K has approximately
the London form but with hole mass and hole density.
Hirsch and Mirsiglio have investigated A,L (T) of the lay-

ered system with a different mechanism, by using the
charge-conserving expression for the current carried by
Bloch electrons under the magnetic field. However, they
have not explicitly examined the problem of the gauge in-
variance. By using the charge-conserving expression for
the current carried by Bloch electrons under the magnet-
ic field, Ohkawa has derived the expression for A,L (T) of
the impure strongly correlated superconductor and has
calculated A,L ( T) for the d-wave state analytically for low
temperature' and numerically. " However, he has not
explicitly examined the gauge invariance of the elec-
tromagnetic response kernel of this system. His approxi-
mated A,L (0) was written only in the usual London form
with heavy electron mass and electron density. "

In a previous paper, '
by using the above current ex-

pression for Bloch electrons, the present author also de-
rived the expression for A,L ( T) of the anisotropic
narrow-band superconductor; the expression essentially
coincides with the pure (and no correlation) limit of
Ohkawa's '"

Az for the two-dimensional square lattice
has been calculated numerically as a function of chemical
potential p and temperature T ( & T, ). The resultant
A,L (T) in Ref. 12, however, is based on the simple pairing
approximation, and is not gauge invariant basically. In
the present work, in Sec. II we give the slightly corrected
expression for the current carried by Bloch electrons un-
der the weak long-wavelength electromagnetic field; by
using this expression, we show that the ladder diagram
approximation' ' is consistent with the gauge invari-
ance for the genera1 anisotropic narrow-band supercon-
ductor consisting of Bloch electrons. Within the frame-
work of this approximation, in Sec. III we derive the
manifestly gauge-invariant expression for the static elec-
tromagnetic response kernel, and calculate A,L for the
two-dimensional square lattice as a function of hole den-
sity nz and temperature T ( & T, ). We also compare the
obtained results with those of the effective hole- and
electron-mass approximations. A conclusion is given in
Sec. IV.
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II. MODEL AND FORMULATION

—pgn, + g V(r r—'}n, n; ~,
r, cr (r, r')ocr'

(2.1)

where t(r —r') is the transfer integral and V(r —r') the
attractive interaction; c, and n, are, respectively, the
annihilation and number operators for an electron of spin
0 with the chemical otential iu at the rth site. By using
the Nambu notation' and by dropping some nonessential
terms, we rewrite Eq. (2.1) into the Fourier transformed
form

H —g(ek —P)+k~3+k
k

1
V(q)+k+q/2 3+k—q/2+k' —q/2 3+k'+q/2 i

k, k', q

In this section, we apply the ladder diagram approxi-
mation' ' to the electromagnetic response of the general
narrow-band anisotropic superconductor consisting of
Bloch electrons. We consider the following general
tight-binding model on a D-dimensional lattice:

H= g t(r —r')c, c, +H c.
(r, r') cr where n, is the electron density.

If the system is under a weak lang-wavelength elec-
tromagnetic field described by the vector and scalar po-
tentials A;(r }(i=1, . . . , D) and qi(r} respectively, and in
addition the Coulomb potential between electrons is
switched on, then the following terms are added to the
Hamiltonian (2.2):

H'=Hz+Hd +Hc
D

H~= — g g jt„'( —q)A„(q},
CN, „,~

(2.6)

(2.7)

2 D ()E
d gc2ap2 g g gk t)k k+q/2+q'/2 3

2C Ã kqq i j ] f j

give a nonessential correction to ek); we will use this ex-
pression (2.4) to see the generalized Ward's identity
below. We determine p by

1 1 ek—P Ek
n, =2 —

n&
=—ink =——g 1 — tanh

Nk Nk Ek 2T

(2.5)

(2.2) Xq k q/2 /2A (q) Ai(q ) (2.8)

=
I 'ton (e'k it)'r3 ~k~i I (2.3)

where to„=(2n +1)n T with T the temperature and n is
an integer, P= 1 /T, and

4k —=QV(k —q)(c qgcqt )/E
q

is the order parameter chosen to be real and is deter-
mined by

6k~, = ——g V(k —q)~3G(q, ito„)~3
T

nq

1

N

V(k —q)bq Eq

2Eq
tanh (2.4}

where ek=g, t(r)e ' and V(q)=Q, V(r)e 'q' with r
relative lattice sites; %k=[ck&,c k&];~; (i =1,2, 3) are
Pauli matrices, and N is the total number of the lattice
sites. The wave-number summations are restricted
within the unit cell of the reciprocal lattice.

We consider only the singlet superconducting state.
The temperature Green's function in the Hartree-Fock
approximation is given by

G(k, iso„)—:—f d7 e " (qik(~)+k(0))
0

Hc = X U(q)'4+q/2&3
k, k', q

X %k—q/2+k' —q/2%3+k'+ q/2 (2.9)

where U(q) =2me2/q for D =2 (4ne /q2 for D =3) is the
Coulomb potential. In Eq. (2.7), we have used the
(D + 1)-dimensional metric'

1 (p, , v=1, . . . , D)

g„„= —1 (ju=v=0)
0 (otherwise).

(2.10)

The four-component vector potential is given by

A, (q) (p=i =1,. ,. . ,D)
A cq(q) (i'd=0).

(2.11)

Equations (2.7) and (2.8) are the coupling terms to the
external Geld. They are constructed to yield the follow-
ing current expressions when the derivatives are taken
with respect to —A„( q)/cN 'Th—e curren. t carried by
Bloch electrons under the weak long-wavelength field

A„(q) should be expressed as

with Ek=+(ek p, )'+b,k. Equation (—2.4) is expressed in
the form of the self energy (in which we have neglected
some contribution in proportion to v3, for it is only to

I

j„(q)=j~~(q)+j„(q),
where the four-component paramagnetic-
diamagnetic-current densities are given by

(2.12)

and

JP(q) epq k —q/2 &Oq k+q/2 (p =i = 1,. . . , D),
Bek

j~~(q)= '

P(q) Xq'k —q/2r3+k+ /2 (P'
k

(2.13)
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and

j„(q)=
8 ek

~k ~k
+k q—/2+q'/2 3+k+q/2 q

—/2'Aj(q ) (I
cN„,Bk,.Bki

0 (@=0),

(2.14)

respectively. In Eq. (2.13), ro is the 2 X2 unit matrix; the
(1, . . . , D)th and 0th components are the paramagnetic-
current and charge densities, respectively. The previous
expression9 ' for jd(q) should be slightly corrected into
the form (2.14) (the only q'=q terms in Eq. (2.14) were
taken in the previous expression). Under this correction,
and if only terms up to the first order in A„(q) as well as
in q are considered, then the following equation of con-
tinuity is satisfied for the original Hamiltonian 8+H':

D

p(q)+iraq j(q)=0, (2.15)

C
D

J„(q,co) = — g K„„(q,co) A „(q,co),
v=0

(2.16)

where the electromagnetic response kernel K„„(q,io) is
given by

where p(q) denotes the derivative of p(q) with respect to
time. If we concentrate on the linear response to the
weak field A„(q), the Fourier transform of the expecta-
tion value of the current density is expressed as

0 (otherwise). (2.20)

In Eq. (2.19), ( ) denotes the thermal average of the sys-
tern under no field.

In the ladder diagram approximation, ' ' as shown di-
agrammatically in Fig. 1, P„„(q,ico ) is expressed as

e T
P„„(q,iso ) = QTr[y„(p,p+ )G(p+ )

n, p

X I'„(p+,p )G(p )], (2.21)

where p+ (pkq—2/, i v„ki ro /2); the free vertex

y„(p,p+ ) is given by

P„,(q, ice„)=— f—dre " (j~~(q, r)j~( —q, O)),
1V o

(2.19)
and the diamagnetic term is obtained as

K„„(q,a))

4ge2 8 ek
2

nk (Ij„v=i,j =1,. . .,D)
k,. k,

K„„(q,ro) =K~„(q,ro)+K„„(q,co) .

Here, the paramagnetic term is described by

K~„(q,ro)= P„„(q,co+i5),4m

c

with

(2.17)

(2.18)

E'p

ro (@=i =1, . . . , D)
p

'
(p=O); (2.22)

the vertex function I „(p+,p ) satisfies the linear integral
equation

I „(p,p ) =y„(p,p ) — gr3G(k—)I „(k,k )G(k )r V(p —k)
T

l, k

+ V(q)~3 QTr[r3G(—k+ )I „(k+,k )G(k )],
l, k

(2.23)

with k+ (kkq=—/2, ivI Rico /2) and V(k)= V(k)+u(k);
the last term on the right-hand side of Eq. (2.23)
expresses the vacuum-polarization correction. ' In our
scheme, the effect of the Coulomb interaction u(p —k) in
the second term of Eq. (2.23} is considered to be small.
Therefore, below, we will take V(p —k) in this term as
V(p —k) (as in the usual non-Bloch treatment' ) so as to
be consistent with Eq. (2.4) [instead of adding u(k —q) to
V(k —q) in Eq. (2.4)].

This approximation is consistent with the gauge invari-
ance as shown below. With the help of Eq. (2.4), we can
show that r3G '(p }—G '(p+}~3 satisfies the same
equation that is constructed for gD OI „(p+,p )q„[with
q

= (q, iso )]—from Eq. (2.23). Hence, we obtain the gen-
eralized Ward identity

D

g I'„(p,p )q =~,G '(p )—G '(p )~, . (2 24)
v=0

(q, la +) e2 x

r„&P ~ P+i P+ t &P+ ~ P

FIG. 1. The equations for the polarizability kernel P„„and
the vertex I „. Solid and wavy lines represent electron and the
sum of the pairing and Coulomb interactions, respectively.
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By using this identity and Eq. (2.21), we can easily show
(for small q)

4~ D

g P„,(q, i to )q„
v=O

X;~(q,co=0)=-—
2b, QRiqi

D

y q, R, q
I, m =1

(3.3)

4ne.
qn (1—5„O).

Bp„Bp,
(2.25)

III. RESPONSE KERNEL AND PENETRATION DEPTH

Here, by using the ladder diagram approximation ex-
amined in Sec. II, we derive the manifestly gauge-
invariant expression for the electromagnetic response
kernel K," (i,j =1,. . .,D) at zero frequency, and calcu-
late the penetration depth for the two-dimensional square
lattice (D =2). We assume that the transfer integral t-
and the attractive interaction —V work only between the
nearest neighbor sites: ek = tyk a—nd V(k}=—Vy„
with yk=2 [cos(k,a)+cos(k a)] and a the lattice con-
stant. The order parameter has the following forms for
the possible extended s- and d-wave states: b,k

=6 w k

(a=s, d) with uik=cos(k„a)+cos(k a), wk=cos(k„tt)—cos(k a). From Eq. (2.4), we can see that b; is deter-
mined by

V(wk ) Ek1=—g tanh (a=s, d),
k k

(3.1)

Finally, from Eqs. (2.17), (2.18), (2.20) and the analytical-
ly continued form of Eq. (2.25), we can see that the
gauge-invariance condition

D

g K„(q,co)qi —K„o(q,co)co =0, (2.26)
j=1

is satisfied for the general potential V(q).

where R," is given by

b,k Bek Bek Bb,k

N 2 Bk "Bk " BkEk i j j
Bf(Ek) 1 E„

X + tanh
Ek 2 k

(3.4)

Bek Bek Bf(Ek)
P; qO=

N ~ Bk,. Bk. BE„
D D

(gR;,q, )( g R, q )

We have finite values of the order 0 (1) for X,.o (i =x,y).
However, these coefficients only correct nonessentially
y;(k) =Bek/Bk;ro in I';, corresponding to that correction
of ek by the self-energy, which we have neglected in Eq.
(2.4). So, we neglect these coefficients, and our solution
reduces to that for the pure a-wave potential
V(p —k)= —Vwp'wk. [If we retain these corrections,
Bek/Bkj in Eqs. (3.4)—(3.6) are replaced by the corrected
ones. ] It should be noted that the Coulomb potential has
no effect on the vertex at co=0. The rather complicated
expression (3.4) can be rewritten as

1 Bek Bek Bf(Ek )

Bk, Bk, BE„+Bk, Bk,
""

Eq. (3.5) can be easily transformed (by integrating the
second term by parts} into its original form (3.4). By us-

ing Eq. (3.3), we can reduce Eq. (2.21) to

where Ek=+(ek —
p, ) +(5 ) (wk ) . Here, we note that

our potential can be rewritten as

1=1—e
m=1

D

'ql R Im 'qm

(3.6)

V(p —k)= —V[w&uik+w~wk+w~ wk'+w~"wk'],

(3.2)

with wk' =csin(k;a) (i =x,y).
We assume that the solution I, (p+,p ) (i =1, . . . , D)

to Eq. (2.23) has the form

y;(p)+ +J 0 gjtwP P~(q, icbm )r, '+ Yi3(q, iso )r3

for the superconducting a-wave state (a=s or d). After
some manipulation, we can obtain the expressions for X,~

(P=s, d,p„,p„} and Y;3 (the details of these expressions
with general iso and the properties of the collective
mode are now in preparation to be published elsewhere).
At co =0, the analytically continued forms of X,~„X,~3, and
Y;3 vanish. We expand Eq. (2.23) (written in terms of XPz
and XPO) up to the order of q . We can solve this equa-
tion by using Eq. (3.1), integration by parts, and some
symmetries. For a-wave state, when we take the limit
q —+0, only X;2 has the essential contribution terms of the
order O(q ') as

l, m =1

4'
K,"(q,O) = R,, —

C

D D

(gR;iqi)( g R q )
m=1

D

g qiRimqm
l, m =1

(3.7)

This form is easily seen to satisfy the gauge-invariance
condition at zero frequency: g ,K; q =0 (K," bec.omes
purely transverse). Furthermore, it is considered to be
the generalized form of the hydrodynamical kernel' for
the singlet superconducting state as seen later; R; can be
interpreted as the superfluid density per effective mass. If
R;1 has the simple form R;;5; as in our case, it fo11ows
that K, is of the form

where the second term on the right-hand side is interpret-
ed as the contribution from the collective mode. Finally,
from Eqs. (2.17)—(2.20), (3.5), and (3.6), we obtain the
gauge-invariant form for the static total K,J as
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4 2

(3.8)

This expression coincides with that obtained in the previ-
ous report' for the transverse field in the Hartree-Fock
approximation. Here, however, Eq. (3.7}or (3.8} guaran-
tees that the expression (3.9) is really gauge invariant.
The expression (3.9) also essentially coincides with the
pure limit of Ohkawa's more general one. 'o" The gauge
invariance, however, has not been examined explicitly in
Ohkawa's papers. ' ' "

For general nz, we calculate A,z (T}numerically. The
chemical potential p is determined by Eq. (2.5). At
T=OK, only the second term in Eq. (3.9) contributes,
and the resultant A,L (0) as a function of nz is almost not
affected by the anisotropy of b,f as shown in Fig. 2. We
also see the symmetrical dependence on hole and electron
densities.

The resultant behavior of A,L ( T)/A, L (0) as a function of
T/T, is affected by the anisotropy of hf, as shown in Fig
3 (in the figures, the results for the usual s-wave state and
the empirical two-fluid model are added for comparison).
The extended s-wave behavior is almost equal to the usu-
al s-wave one, while the d-wave one substantially deviates
from the s-wave one for all T(T, . These results for the

4.0

cv 30
CV

2.0-
CV

1.0-

0.7

- 0.6

- 0.5

- 0.4

0.0-

The London penetration depth of our two-dimensional
square-lattice system (D =2) is obtained from Eq. (3.7) or
(3.8) as

4m.e
A,L (T} = R„„(T)

C

4rre 1 t}&t t}f(Ex }

I

(3.9)

fixed nz are almost identical with those obtained for the
fixed p in the previous report. ' The d-wave (extended s-
wave) gap has nodes (no node) on the Fermi surface and
yields T-linear (exponential) behavior of A,L(T) in the
low-temperature region.

For the d-wave state, the similar behavior has already
been obtained by the recent hydrodynamical treatment
and by the previous works for Bloch electrons. ' ' The
result in Fig. 3 seems to show that the experimental re-
sults' for the high-T, superconductors have the s-wave
character even in the near-T, region (where Ohkawa' as-
serts the existence of the d-wave state to explain the
NMR experiments). If we take the s-wave state for high-
T, superconductivity, however, the experimental simple
power-law result for A,z (T) at very low teinperature and
the NMR experiments' remain unresolved.

For different nz in Fig. 3, A,L(T)/A, L(0) differs by a
small amount, since the available part of k space in Eq.
(3.9) differs a little for different p, . However, no special
feature due to the van Hove singularity has not been ob-
tained even at nh = 1 (where the Fermi level is located at
the point of this singularity) as seen in Fig. 3.

We next compare the above results with those of the
following effective mass approximation. For holelike
(electronlike) carriers with hole (electron} mass
mz = I/2ta (m, =1/2ta ), Eq. (3.5) can be approximate-
ly rewritten as

n„ I 1 2k;k, t}f(E),)
R,,=— "—: g +n(5;,

mg mg

(g=e, h), (3.10)

where n,& is the superfiuid density tensor for holelike
(g=h) or electronlike (g=e) carriers; wf, as well as ek in

Ez are replaced by their suitably expanded forms. For
g=h, we interpret k, as k,'=k;kyar/a, and we should
make this approximation only after replacing nf, in Eq.
(3.5) safely by —(2—

nf, ). Hence, Eqs. (3.7) and (3.9) are
approximated by

1.0

0.8-

- 0.2extended . .. -extended-s .' usual -s ~ s

0. 1

I—

CO

0 6 V/t=

n
h

0.4-

0.0 0.5
I

1.0 1.5 2.0
0.0

0.2-

FIG. 2. The penetration depth A,L (0) and the transition tem-
perature T, as functions of hole density nz. The result for the
efFective hole- (electron-) mass approximation XzL(0) [)(,I (0)] is
also shown.

0.0
0.0 0.2 0.4 0.6

T/Tc

0.8 1.0

FIG. 3. The reduced penetration depth A.L(T)/A, L(0) as a
function of reduced temperature T/T, .
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4me
K&(q, O) = n,&—

m c2 v

(gnjqr)( g n& q )
m=1

y q, n(.q.
I, m =1

and

4nnx~~(T)e
A, (T)

Pl (C

(3.11)

(3.12)

IV. CONCLUSION AND DISCUSSION

In this work, we have examined the Meissner effect in
the anisotropic narrow-band superconductor consisting

0 6 V/t=

0.4-

0.2-

respectively, for holelike (g=h) or electronlike (g=e)
carriers. For g=h (g=e), Eq. (3.11) has the hydro-
dynamical form'6 but with hole (electron) mass and
superfiuid-hole density n;"(T) [superfiuid-electron density
n~(T)] given by Eq. (3.10). In view of this, our expres-
sion (3.7) for the original kernel is considered to be the
generalized form of the hydrodynamical kernel for the
singlet superconducting state. Equation (3.12) for g=h
also has the London form but with hole mass mi, and
superfiuid-hole density n" ( T).

At T=OK, n&„(T) in Eq. (3.12} is equal to n& as seen
from Eq. (3.10); this result for T=OK coincides with
that already obtained by other treatments. ' As seen in
Fig. 2, in the holelike-carrier (electronlike-carrier} region
of low (high) nl„ the resultant AL (0} [AL (0}]as a function
of nI, coincides with the original A,L(0) calculated from
Eq. (3.9). These, however, deviate from the original
A, L (0) as the carrier densities increase. Especially, for loio

nz, we cannot use the effective electron-mass approxima-
tion (g=e) with n, as far as the absolute value of AL (0) is
concerned.

At finite temperature, the resultant behavior of the ra-
tio A,L (T)/A, L (0) as a function of T/T, in Fig. 4 qualita-
tively agrees with the original one shown in Fig. 3.

of Bloch electrons, within the framework of the ladder di-
agram approximation. We have slightly corrected the
previous charge-conserving expression ' for the
current carried by 81och electron under the magnetic
field (though this correction makes no change in our re-
sult}. By using this expression, we have shown that the
ladder diagram approximation is consistent with the
gauge invariance also in our system. The obtained
gauge-invariant static electromagnetic response kernel
K; has the generalized form of the hydrodynamical ker-
nel; ' if the carriers are holelike, the obtained form is ap-
proximated by the hydrodynamical one but with hole
mass mi, and superfiuid-hole density tensor; the Coulomb
potential between electrons has no effect on I(;. at zero
frequency. The resultant expression for the London
penetration depth A,l coincides with that obtained for the
transverse field within the pairing approximation; for low
ni„our A,L is approximated by the London form but with
hole mass mi, and superfluid-hole density, even at finite T

We have calculated A,L for the two-dimensional square
lattices as a function of hole density ni, and temperature
T The r.esultant A,i (0) has the symmetrical dependence
on hole and electron densities, and it is almost not
affected by the anisotropy of the order parameter. The
behavior of A,L ( T)/A, L (0) as a function T/T, for the ex-
tended s-wave state is almost equal to the usual s-wave
one, while the d-wave one substantially deviates from the
s-wave one for all T & T, . The high-T, superconductors
seem to show the s-wave character even in the near-T, re-
gion as far as A.L ( T) is concerned. No special feature due
to the van Hove singularity has not been obtained in the
T dependence of A.L.

We have compared the above results with those in the
effective hole- and electron-mass approximations. The
results for A,L (0) in these approximations coincide with
our original one in the corresponding low carrier-density
regions, but deviate from it as the carrier densities in-
crease. It should be noted that we cannot use the
effective electron mass appr-oximation (with electron den-
sity) when we calculate A,L for holelike carriers, as far as
the absolute value is concerned. The T-dependence of
AL(T)/AL (0) in the effective hole-mass approximation
qualitatively agrees with that of the original one.

There are some problems in the treatment of this work.
It has been assumed that there is no renormalization
effect in the band structure (except for the small transfer
t) and that two electrons can occupy the same site. This
should be altered to explain the properties of the real
high-T, oxides in which the strong Coulomb repulsion
exists on Cu sites. The efFects of impurities, the inter-
layer hopping (causing anisotropic mass) and coupling,
and the strong coupling to the certain bosons have also
been neglected. Including these effects remains a future
problem.
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