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Phonon-assisted I -X transfer in (001)-grown GaAs/AlAs superlattices
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A theory of phonon-assisted intervalley I -X transfer in periodic heterostructures GaAs/AlAs is

developed on the basis of the envelope-function approximation. Matrix elements of intervalley transi-

tions are expressed through the overlap integrals of I and X envelope functions with use of I -X interval-

ley deformation potential constants of bulk GaAs and A1As. The phonon spectrum of an ideal

GaAs/AlAs periodic heterostructure is studied in a microscopic approach. It is shown that phonons re-

sponsible for intervalley transitions are GaAs-like and A1As-like X-point LO phonons, confined within

GaAs and A1As layers, respectively. I -X transfer times due to phonon-assisted scattering are calculated

for the problem of photoexcited-electron relaxation in the type-II GaAs/A1As superlattices and com-

pared with the transfer times due to the phononless transition mechanism (1 -X mixing). Both phonon-

assisted I -X scattering and I -X mixing are important for the determination of I -X transfer times. The
calculated values of I -X transfer times and their dependence on GaAs and AlAs layer thicknesses are in

agreement with the experimental data.

I. INTRODUCTION

In GaAs/A1As (or GaAs/Al„Ga, „As, x )0.5) het-

erostructures the I valley of GaAs and the X valley of
A1As (or Al„Ga, „As) are the lowest energy valleys for
the electrons. For this reason, electron transport phe-
nomena in these structures often include electron transi-
tions between GaAs and A1As layers, accompanied by
the intervalley I -X transfer (see Refs. 1 and 2 and refer-
ences therein). Such transitions both in real space and in
momentum space are the subject of studies in the past
several years. It is necessary to take into account these
transitions for the description of the real-space-transfer
(RST) -induced negative differential conductance in

GaAs/A1As multilayer systems, ' for the examination of
relaxation of photoexcited electrons in the type-II
GaAs/A1As superlattices, and for the calculations of the
tunnel current in single-barrier, double-barrier, and
multiquantum well ' (MQW) GaAs/A1As structures.

There are two principal mechanisms of the I -X
transfer in GaAs/A1As heterostructures. The first,
known as I -X mixing, does not include any scattering
processes and exists due to the nonorthogonality of the
I -electron and X-electron wave functions in the hetero-
structure. In the envelope function approximation
(EFA), this nonorthogonality is considered as the
nonorthogonality of Bloch amplitudes (i.e., microscopic
periodic parts) of I and X wave functions in the vicinity
of the interfaces. As a result, boundary conditions for the
envelope functions of I and X states include terms corre-
sponding to the mixing of these states. ' If the
GaAs/A1As heterostructure is assumed to be ideal (i.e.,

homogeneous along the layer planes), transitions by this
mechanism occur with conservation of longitudinal com-
ponent k of the electron wave vector. Therefore, I -X
transfer by the I -X mixing mechanism occurs only in

(001)-grown structures between I -valley states and X,-

valley states (here X, is the valley oriented along the
growth axis z).

The second mechanism of I -X transfer can be charac-
terized as interlayer I -X scattering and implies bulklike
intervalley scattering induced by the intervalley pho-
nons' or alloy disorder"' (provided that alloy-
containing structure, for example, GaAs/Al„Gai „As, is
considered). The probability of I -X scattering is not re-
stricted by the k-conservation requirement. In (001}-
grown structures electron transitions occur not only be-
tween the I valley and the X, valley, but also between
the I valley and two other X valleys X Xy.

Although both of the above-mentioned transfer mecha-
nisms are important, I -X mixing has been more exten-
sively studied than I -X scattering. The examination of
the phonon-assisted I -X transfer has been carried out in
Ref. 10 with use of a simplified (bulk) model of the pho-
nons. However, due to considerable difference in the
atomic masses of Ga and Al, the lattice vibrational pat-
tern of the GaAs/A1As heterostructures significantly
differs from the lattice vibrational pattern of bulk GaAs
or A1As. Therefore, any electron-phonon interaction in

the heterostructures (including the interaction with inter-
valley phonons, which is responsible for the phonon-
assisted I -X transfer) must be considered on the basis of
more realistic models of the phonons.

In this work an analytical approach within the EFA is
developed in order to calculate probabilities of the
phonon-assisted electron scattering between I and
X X y val leys in GaAs/AlAs superlattices grown in the
(001}direction. The case of the superlattice is chosen be-

cause of its importance in connection with the problem of
high-speed I -X RST devices (Ref. 4, Sec. 3.9) and with

the problem of photoexcited electrons relaxation in the
type-II GaAs/A1As superlattices. ' ' It should be not-
ed also that phonon-assisted I -X transfer {as well as any
other transfer by I -X scattering mechanism} is especially
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important for the GaAs/A1As superlattices and MQW's
with quantized I and X electrons, because the rate of I-
X mixing-induced transfer in these structures can be
suppressed due to the k-conservation requirement. The
importance of the phonon-assisted I -X transfer in
GaAs/AlAs superlattices and MQW's has been revealed
in many works. There was direct detection of nonequili-
brium phonons generated during the I -X relaxation of
photoexcited electrons. ' Spectra of indirect photo-
luminescence from type-II GaAs/A1As superlattices al-
ways exhibit phonon lines (see, for example, Ref. 15);
these lines can be even more intensive than the zero-
phonon line concerned with I -X mixing (or elastic I'-X
scattering).

The paper is organized as follows. In Sec. II matrix
elements of intervalley phonon-assisted I -X electron
scattering in the GaAs/A1As heterostructures are ex-
pressed through the overlap sums of the I -electron and
the X-electron envelope functions with the amplitudes of
lattice vibrations. In Sec. III the spectrum and the corre-
sponding eigenfunctions of the lattice vibrations in the
GaAs/A1As superlattice are calculated from the micro-
scopic model taking into account the short-range intera-
tomic interaction for the first and second neighbors in the
Born —von Karman approach and the long-range
(Coulomb) interatomic interaction in the rigid-ion model.
An expression for the phonon-assisted I -X transfer prob-
ability is derived in Sec. IV. We also calculated the I -X
transfer times in application to the problem of photoex-
cited electrons relaxation in type-II superlattices and
compared calculated values with the available experimen-
tal data.

II. MATRIX ELEMENTS
OF THE INTERVALLEY I -X SCATTERING

IN GaAs/AlAs HETEROSTRUCTURES

In order to calculate I -X transfer rates, we need to find
matrix elements of intervalley transitions between the I-
valley and the X-valley electron states. There are two
groups of X valleys in (001)-grown GaAs/A1As hetero-
structure: the X, valley oriented along the heterostruc-
ture axis z and two side valleys X,X oriented along the
x and y directions. The matrix element of I -X transi-
tion is equal to the matrix element of I -X transition be-
cause the X,X valleys are equivalent. We need to cal-
culate the two following matrix elements:

1
%[&(r,z) = —ur(r, z)F&&(z)exp(ik. r),S

x„ X„
'Ii~&(r, z)= u» (r, z)F&& (z)exp ik r+. i x-

s x a
(3)

y(r, z)= g U,
" (r, z)d„'

n, s, a
(4)

where U," (r,z) is the variation of the potential energy
y(r, z) due to the displacement of atoms n, s along axis a.
Summation over n in (4}implies summation over three in-
teger numbers n„nz, n3. These numbers determine the
vector of the atomic position a„=n&a, +n2a2+n3a3,
where a&=(O, a, a),az=(a, O, a), and a3=(a, a, O) are the
Bravais vectors of the fcc lattice. Due to translational
symmetry in the (xy) plane we can rewrite U,

" as
V, [x —a(n2+n3), y —a(n, +n3);z], where m =n,
+n2 is the monolayer number in the z direction. We
take into account periodicity of u, (r,z) in the (xy) plane
and perform two dimensional (2D) Fourier transforma-
tions:

1
V, (x,y;z) =—g V, (q„',q~;z}exp(iq„'x +iq'y },

I
&x &y

x, ] X ~ ~ ~
0'zz(r, z)= —u» (r, z)F&z(z)exp ik r+i z-

z a

where FI,&(z) are the electron envelope functions, u;(r, z)
0

are the Bloch amplitudes, a =2.83 A is the monolayer
width which is assumed to be the same for GaAs and
AlAs, and S is the normalization square. The functions
u;(r, z) conserve their bulk properties within each layer
except small (1—2 monolayer wide} regions in the vicinity
of interfaces. The envelope functions Fzz(z) are slowly
varying with coordinate z (i.e., do not change consider-
ably on the microscopic scale}. We should note that
~k~ && n /a in (3), because we consider electron states near
the extrema of the I and X valleys.

In order to calculate matrix elements (1) and (2), we
need to express y(r, z) through the amplitudes of atomic
vibrations d„, where n is the number of primitive cell in
the crystal, s denotes kind of atom in the cell, cation (C)
or anion ( A ) (in our particular case A denotes As atoms
and C denotes Ga or Al atoms), and a is the coordinate
index (x,y, z). The most general linear relation between
qr(r, z) and d„' is

rx X„e
Mz z" (k, k') = dr dz %z.z (r, z)%&&(r,z)p(r, z),

rx, X e
Mg g'(k, k') = dr dz+~'~ (r, z}%&&(r,z)p(r, z}, (2)

ur(r, z)u» (r,z)= g ut, I",'(z)exp i—[(I'& —l2)x
X, Z CX

I ),1~

where p(r, z) is the amplitude of the perturbation poten-
tial due to the lattice vibrations [the time-dependent per-
turbation potential is assumed to be equal to
tp(r, z}e ' '+p*(r, z)e' '], r=(x,y), and %zz(r, z) are the
wave functions of the electron states described by the val-
ley index i =I,X,X„ longitudinal wave vector k, and
transverse quantum number A, . In the EFA VI„&(r,z} can
be expressed as

+(l )+lz)y], (6)

d„' = g A'(q, m)exp[iq„a(n2+n3)+isa(n, +n3)] .

Here l&, l2, l'„lz are the integer numbers connected with
2D reciprocal lattice of the system, q=(q„,q~}. After
substitution of Eqs. (3}—(7) into (1) and (2), we obtain
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Mk k'(k, k')

1

2 + ~ k' —k, q +(a/a)(l' —I' —I +I —() k' —k, q +(a/a)(l' +I —I —I )
1 2 I 2 y y'y 1 2 1 2

x y 1&

X g ( —1) ' ' /I'(q, m)
s, m, a

X„e
X f dz wl, I", (z)V, q„——(1) —12),q»

——(l)+l2);z F„k(z)Fkk (z),
a

(8)

Mk ~*. (k, k')

1

2 ~ ~ k' —k, q +(a/a)(l) —I2 —I)+I2) k' —k, q +(a/a)(II+I& —I) —I2)
qx '

X g (
—1) ' ' /I', (q, m)

s, m, a

X f dz wl, l*, (z)V, ~ q„——(l) —l2), q
——(l)+l2);z Fkk(z)F&'&. (z)exp i —z-~ ~

17 2

To carry on our calculations, we represent
V, (q„q»;z) as a sum of two parts:

(10)

Here V,
' '(q„,q;z) is the long-range (Coulomb) part

which is responsible for the existence of macroscopic
electric fields and the Frohlich electron-phonon interac-
tion. This part can be described in the usual way from
the rjgid-ion approach. For example,

2778m
V, „' '(q„,q„;z)= iq„exp( —iq„p„' iq»p»)—"

Qq„'+q,'

X exp( —Qq„+q ~z
—p', —am~ ), (11)

where (p'„,p', p', ) is the lattice basis vector [(0,0,0) for
s = A and (a/2, a/2, a/2) for s =C] and e' is the
effective charge of the ion of kind s. The value of this
charge changes between the bulk GaAs value and the
bulk A1As value in narrow regions near the interfaces.
The remaining part V, ,'"(q„,q;z) describes the local
variation of the potential energy due to the lattice defor-
mation. This part rapidly decreases with an increase of
~z

—am~. The typical spatial scale of this decrease is as-
sumed to be small in comparison with the spatial scales of

X X
the envelope functions Fk„(z), Fk.k. (z), and Fk'k (z).

IX
Consider the matrix element Mk & (k, k'). The

momentum conservation laws represented by the 5 sym-
bols in Eq. (8) can be satisfied only for lattice vibrations
with the longitudinal wave vector q=(n. /a, O)+g (or
equivalent wave vectors in the extended Brillouin zone),
where g=k' —k, ~g~ &&m./a. For given q, the Coulomb
part of V, from (8}decreases with increasing ~z

—am
~

at
least as fast as exp( —qr/a~z —am

~
) [see (11)]. Therefore,

V, [q„—(n./a)(l) —12),q —(qr/a)(1)+12);z] in (8) rap-
idly decreases with increasing ~z

—am~, and we can re-

X„e
place the envelope-function product Fkk(z)F&.z (z) for

r X„e
Fkk(m(2)Fkk (m(2} and carry it out of the sign of integra-
tion. Neglecting also small corrections of order tea/qr,
we obtain

Mkk" (k, k')=+5k, k& g P'(m)Fkk(m(2)Fk"k (ma)
s, m, a

(12)X 3' [(qr/a, O), m],

where

P;(m)=, g (
—1)

2a I,I

rx„
X f dz wl I" (z) V, ——(l, —l2 —1),

——(l) +12 );z
7T

In the limit of bulk crystal, P' (m) is independent of m

and proportional to the intervalley I -X deformation po-
tential (DP) constant. In the heterostructure, taking
into account above-mentioned local property of

[ —(qr/a)(l( —
12

—1),—(qr/a)(l) +12);z] we obtain

D(za QMc) /(Mc) +M„),
m EGaAs layer

P m=Pm='
D2xo QMc2/(Mc2+M„)

I EA1As layer

(14)

where M&&, Mc2, M& are the atomic masses of Ga, Al,
and As and D&x and D2x are the I -X DP constants of
bulk GaAs and A1As, respectively,
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P (m)=P, (m)=P"(m)=0. (15) After comparison of (16) and (17) with the bulk limit, we
find

In order to obtain (14) and (15), we assumed that each
layer of the heterostructure contains many ( ))1) mono-
layers, so we had reason to neglect "interface" effectsrx
[i.e., deviation of tvt t" (z) and V, (q„,q~;z) from their

bulk values in the vicinity of the interfaces] in compar-
ison with the "bulklike" effects. For example, selection
rules (15) (valid for the bulk GaAs and A1As) can be
violated near the interfaces, but this violation is neglect-
ed. In the similar way, we should stress that function
P„(m), of course, does not change from one layer to
another as abruptly as it seems from (14). However,
P„(m) can be considered as an abrupt function with
respect to slowly varying envelope functions [it is the
meaning of Eq. (14)].

rx,
Consider now the matrix element M&&'(k, k'}. The

momentum selection rules allow the interaction for the
vibrations with q= {0,0)+g (or equivalent). In this
case the Coulomb part V, ' ' [q„—(m /a)(l, —lz ),
q„—(m/a)(l&+lz);z] may depend on ~z

—am~ as

exp(~g(~z —am~). The existence of such long-range fields
leads to the Frohlich interaction, but it is important only
for the intravalley electron transitions. For intervalley
transitions, the contribution from the long-range terms of
V,

' ' in the matrix element (9) can be neglected because
this contribution is approximately proportional to the in-

rx,
tegral fdz tvoo'(z)exp[ i(m —/a)z], which is equal to
zero due to the I and X Bloch function orthogonality.
Since the long-range terms are not important,
V, [q„—(n./a)(l, —iz), q

—(m. /a)(l&+iz);z] can be con-
sidered as local. In a way similar to the I -X„case we ob-
tain

III. SPECTRUM OF LATTICE VIBRATIONS
IN GaAs/A1As SUPKRLATTICKS

In this section we develop a microscopic approach in
order to calculate the vibrational spectrum and ampli-
tudes of the atomic displacements A'(q, m) for the
periodic GaAs/A1As systems (superlattices or MQWs).
We start from the dynamic equation for the atomic dis-
placements

a)M d'
s na ~ a a'

I
n&, n&

ASn2, n2 d„.a
I

n3, n 3

{19)

where 4 is the real-space force constant matrix, ~ is the
frequency of the lattice vibrations, and M, is the mass of
atom s (in our case Mc =Mc, for m EGaAs and
Mc =M&z for m EAIAs, Mz =M„). After the substitu-
tion of (7) into (19) we obtain

R, (m)=P(m), R„(m)=R (m)=R "(m)=0.

In conclusion, we have expressed matrix elements of
the phonon-assisted intervalley I -X„and I -X, electron
transitions in the heterostructures through the bulk inter-
valley DP constants. The matrix elements are propor-
tional to the overlap sums of electron envelope functions
and amplitudes of the lattice vibrations with 2D wave
vectors q= (n /a, 0) and (0,0). In the following section we
will consider lattice vibrations in GaAs/AIAs hetero-
structures in order to determine these amplitudes.

rx, s r X e
Mz &'(k, k')=+5&, z& g R', (m)F&z(ma)Fz& (ma)

q s, m, a

X A' [(0,0),m]( —1), (16)

co M, A~(q, m)=

even m' —m

4""(q;m, m')A' (q, m')

where

a

+ g 4""(q;m,m')A' (q, m'),
odd m' —m

(20)

(17) where m =n, +n2 and m'=n &+nz are the monolayer
numbers and 4" ',"(q;m, m ') are the interlayer force
constants defined by the equations

V, ——(l, —lz), ——(l, +lz);x exp i z- —. 7r

a

In), n )

@""'(;qmm')= g g4~'~ n„n,' exp ia(q„+q }lz+i (q —q„)l—, +i („q+)q—( 'm—m)
I&(e 0) I2

n3, n3

(21)

Here lz=n3 n3 and I& =nz n& nz+—n—
&

—[due to the
homogeneity in the plane (xy), the real-space force con-
stant matrix depends only on l &, lz, m, m ']. Index (e) or
(o) at the first sum in (21) implies summation over either
even I

&
or odd I„respectively.

Solutions of Eq. (20) are the amplitudes A' .(q, m) and
frequencies co.(q) of vibrational eigenmodes and j is the
mode number. To proceed from the classical description
of lattice vibrations to the phonons, we should normalize
these amplitudes according to the equation
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fig M, A', (q, m)A'*. (q, m)=5, ,'~J ' JJ g~ (q)
(22)

In order to calculate the matrix elements of the I -X
transitions, we need to determine the amplitudes
A' J(q, m) from (20) for certain q. The solution of Eq.
(20) [or (19)] is the subject of the microscopic theory of
lattice vibrations in the heterostructures. Microscopic
calculation of the lattice vibrations in GaAs/A1As super-
lattices has been carried out in a number of works. In the
first work' the linear chain model with first-neighbor in-
teratomic interactions has been considered. Further
works involved more sophisticated approaches: a first-
neighbor bond-charge model with long-range interactions
treated as a perturbation' and numerical calculations us-

ing a wide set of ab initio determined force con-
stants. ' ' Calculations' ' seem to be very accurate.
On the other hand, one- or two-nearest-neighbor approxi-
mations allow us to use the idea of complex phonon band
structure' ' and to carry out an almost analytical con-
sideration for high-symmetry points.

The approach used in this work can be described as fol-
lows. We take into account the interaction between the
first- and second-neighboring atoms in the most general
way (the Born —von Karman approach) and the Coulomb
interaction in rigid-ion model. This approach, in general,
assumes the introduction of 22 bulk constants (11 for
each material): two effective ionic charges, four first-
neighbor constants and sixteen second-neighbor con-
stants, plus a number of "interface constants" for the
description of interatomic interaction near the interfaces.
To make calculations easier and to avoid the introduction
of interface constants, we also assumed that all bulk con-
stants of GaAs are equal to the corresponding bulk con-
stants of AlAs. This assumption is known as "mass ap-
proximation"' because the only difference between GaAs
and A1As in the dynamical equations is the difference in
the atomic masses of Ga and Al. Mass approximation
works rather well' ' ' due to the similarity in the na-
ture of the bonding in GaAs and AlAs and can be im-

proved by the assumption of different effective ionic
charges ("mass and charge approximation"). In the mass
approximation the number of constants is reduced to 11~

To calculate A'(q, m) for q=(~/a, O) and (0,0), we actu-
ally need 9 constants. These constants have been deter-
mined by fitting the calculated bulk phonon frequencies
in the I, X, and 8' points to the experimental values
summarized in Ref. 23. LOr~ TOr~ LOx LAgy TOg,
TAz, and LA~ frequencies of GaAs and TA+ and TO~
frequencies of A1As were chosen for the exact fit.

Consider vibrations with q=(~/a, O). Due to large ab-
solute value of q, the Coulomb part of the interlayer
forces rapidly decreases with increasing ~m

—m~. With
high accuracy, the range of the Coulomb interaction can
be restricted by one monolayer. Therefore, we add the
Coulomb part to the short-range part (first- and second-
neighbor forces) and obtain first- and second-neighbor
problem with the renormalized Born —von Karman con-
stants. For given q, the system of equations (20) splits
into two independent subsystems for the amplitudes
A (q, m), A (q, m), A, (q, m) and A (q, m), A "(q,m),

A, (q, m). We will consider only the first subsystem be-
cause only cationic motion in the x direction [A„(q,m)]

rx„
contributes in M»*(k, k'). The subsystem can be writ-
ten in the following way:

—G H
C(m)IA~(m)= —

H G A~(m —1)—H G

—G —H
+—

H G Ap(m+1), (23)
2 H

where A'(m)=A~[(m/a, O), m], p=x, y, and I is the
unit matrix

A,"[(n/a, O), m]= — [A, (m)+ A~(m)
2y

—A, (m —1)+A'(m —1)],
C(m)

=D(Mccoy

—4a —12ac —4Pc) —8y

[C(m)=C, for mFGaAs, C(m)=C2 for m EAlAs],

(25)

G =8y 4D(ac ——Pc), H=8y 4DSc,—

D =co M„—(4a+Sa„+8pq) .

(26)

(27)

+B,+
1

(
—1} exp(iq, am).

I

+B,
1

(
—1) exp( iq, am), — (28)

where i =1 for m EGaAs layer and i =2 for m FAlAs
layer. Complex wave numbers q&, q2 are determined by
the equations

C2 G2
sin (q, 2a)=

H —6
Real solutions q, and q2 of Eq. (29) correspond to the

phonon spectrum along the X-8' direction in bulk GaAs
and A1As, respectively. In the general case of complex

q, , qz, Eq. (29} represents the complex dispersion rela-
tions. Depending on the values of the right-hand side,
wave numbers q&, q2 may be real, pure imaginary, or
complex with the real part equal to vr/2. The values

A, A, 2 describe the polarization of the atomic motion.
These values are determined by the equation

iH sin(q, 2a}
~1,2 C, 2

—G cos(q, 2a)

Eight constants A» A
~ ~& ~~ ~2

(30)

In (24) —(27) a=4.05,y=2. 82, a& =0.397, ac=0.479,
p„=0.375, pc = —1.333, and 5c =0.624 are the renor-
malized Born —von Karman constants fitted as explained
above (all values are given in 10 dyn/cm). The solution
of the system (23) is

1 1

A&(m)=A, +
~ exp(iq;am)+A; ~ exp( iq;am)—

I I
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must be found from the boundary conditions. Consider a
superlattice (GaAs)~ /(A1As)M, where M, and M2 are

1 2'

the numbers of monolayers in GaAs and A1As layers, re-
spectively. The number m is assumed to be counted from
one of the interfaces, m =0, 1, . . . , M2 —1 EA1As,
m = —1, —2, . . . , —M& EGaAs. Boundary conditions
for this structure [see Eqs. (Al) —(A5) in the Appendix]
represent an 8X8 linear system of equations for the
determination of vibrational eigenmodes (frequency ei-
genvalues and corresponding pattern of atomic displace-
ments) of the superlattice. These modes are described by
the transverse wave number Q and the miniband number
N [j = (N, Q) ]. Calculation shows that only solutions
with real qi (GaAs-like modes), or real qz (AlAs-like
modes}, or both real q, and q2 (mixed modes) satisfy the
boundary conditions. Solutions with both complex q,
and q2 (interfacelike modes) appear to be forbidden.
Since discrete frequencies cong(q} are situated inside bulk
frequency regions, every solution is bound to the proper
frequency region: LO, TO, or TA. Calculation also re-
veals that the spectrum is sensitive to the parity of M&
and M2. For odd M, (M2 ) GaAs (A1As) -like states form
pairs with almost equal frequencies [this degeneration is
exact for single-layer structures: GaAs (A1As} layers in
the A1As (GaAs} matrix]. Amplitudes of vibrations for
each such pair (N, N') obey the relations

modes with smallest real q~.
In order to calculate Mi i'(k, k'), we need to consider

vibrations with small q. Generally speaking, we cannot
examine these vibrations taking exactly q=(0, 0) instead
of q=q, even for q~o. The reason lies in nonanalytical
behavior of Coulomb interaction forces at small q. Apart
from the short-range forces (which can be taken into ac-
count by the renormalization of first- and second-
neighbor Born —von Karman constants), the Coulomb
part of interlayer force matrix 4" ',"(q;m, m') contains
long-range forces decreasing with

~
I ' —m

~
as

exp(
~ g ~

a
~
m ' —m

~
}. Although the absolute values of these

forces go to zero at /~0, the effective range of interac-
tions goes to infinity. It is nonanalyticity that is responsi-
ble for the existence of macroscopic vibrational modes lo-
calized at the interfaces. In our particular case, however,
the long-range contribution in the Coulomb interlayer
force matrix can be neglected because we search mostly
for vibrational modes whose amplitudes oscillate with m
on a microscopic scale [only these modes are significant
for I'-I, scattering, see Eq. (16)]. We again reduce our
task to first- and second-neighbor problem with renor-
malized Born —von Karman constants and put q=(0, 0).

For q=(0, 0), system (20) splits into two independent
subsystems for the amplitudes A, (q, m), A,"(q,m) and

(q, m), A~~(q, ~), A„"{qm),A~"(q, m)
consider only the first subsystem:

A„,~ g(m) = ( 1) Ay ~g(m),

AY ~.g(m) —= —
(
—1) A„~g(m) .

(31)
—a/2

A'(I) = — A'(m —1)
4 0 cc

In the case of even M, (M2 } GaAs (A1As) -like states are
nondegenerate and

a„O
+— A'(m+1),

4 2~ ~c
A„~g(m }—=+( —1) A„xg(m) (32)

(33)

for each mode. Approximate relations (31}and (32) are
exact for single-layer structures.

Calculated amplitudes of the cationic displacements in
(GaAs)s/(A1As)9 superlattice at q=(n/a, 0), Q =0 are
plotted in Fig. 1. Several modes with smallest real q&
bound to LO, TO, and TA regions of GaAs) or smallest
real q2 (bound to LO, TO, and TA regions of AlAs) are
shown. In LO and TO regions GaAs (A1As) -like modes
are strongly evanescent in AIAs (GaAs} layers. In wide-
layer limit (M„M2))1) these modes are almost the
same as for single layers. Superlattice effects (including
the dependence of mode frequency on Q) are negligible
for these modes. On the other hand, modes in the TA re-
gion exhibit considerable penetration in both layers. Not
only confined GaAs (A1As) -like modes but also mixed
modes exist in this region. It is worth noting that
A„zg [(m/a, 0),m ] and {—1) A„Ng [(m./a, O), m] for
LO-bound AlAs-like modes can be well approximated
by the functions sin(irLm/M2), L =1,2, . . . [see Fig.
1(a)]. In a similar way, A„&g[{m. /a, 0),m] and
(
—1) A„Ng[(m. /a, 0),m] for LO-bound GaAs-like

modes can be approximated by the functions
sin(m'Lm /Mi ), if we detach the fast-oscillating contribu-
tion proportional to A, i [see Eq. (28}]. This contribution
appeared to be not very small in our model even for

where A '(m ) = A,'[(0,0), m ],s = A, C;

C„=—Mz co +a+a z /2,
Cc(m}= Mcoc+—a+ac/2 .

(34)

Here a=1.841X10 dyn/cm, a„=0.412X10 dyn/cm,
and ac =0.544 X 10 dyn/cm. The solution of (33) is

A, ,+exp( iq;+a/2)—
A'(m)= A+

l 1
exp(iq;+am)

A,+e px(i ;+qa /2)
exp( iq,+am )—

A, exp( iq; a/2)—
+B+

1 exp(iq, . am)

A., exp(iq, . a/2)
exp( iq, am), —(35)

i =1 for m EGaAs, and i =2 for m EAlAs. Four corn-
plex wave numbers q,+ and q, , q2+ and q2 are the roots
of the complex dispersion relations
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a„ac-sin (q, 2a/2)+[a + „+ac
n—i (Mc, 2a„+M„a c)]si n (q, 2a/2)

+co [n) Mci qM„—a(MC, 2+M„)]=0 (36)

(two roots for each layer). Real solutions qi (qz) of (36)
describe bulk GaAs (A1As) LO and LA phonon spectrum

along the I -X direction. In the frequency regions where
real roots exist, second roots are pure imaginary. These
imaginary roots have large absolute values (of order rr/a)
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and correspond to strongly evanescent contribution in
(35). This contribution is important only in a close vicini-
ty of the interfaces. We note that such roots do not ap-
pear in first-neighbor-interaction model of lattice vibra-
tions.

The values A, *, and A,z are given by

a cos(q i a/2)
1 C„—0.5a „cos(q*, a)

acos(q2 a/2)
A,

+-=
2 C„—0.Sa „cos(q2 a )

(37)

Boundary conditions for the determination of the spec-
trum and displacements are given in the Appendix
[(A6)—(A10)].

The solutions of (33) are confined GaAs-like and
A1As-like modes bound to LO frequency regions and
mixed modes in the LA frequency region. There are no
interfacelike modes detected. The calculated amplitudes
of the atomic displacements in the (GaAs)s/(A1As)9 su-

perlattice for several modes with q=(0, 0) and largest
real q& or q2 are shown in Fig. 2. We can see from Fig.
2(a) that ( —1) A, N&[(0, 0),m] for LO-bound GaAs- and
A1As-like modes can be approximated by the functions
i s(nnLm/M& } and sin(mLm/Mi), L =1,2, . . . . Mixed

modes in the LA region are shown in Fig. 2(b}. Displace-
ments of anions (

—1) A,"~&[(0,0),m] are also plotted
here in order to compare them with the displacements of
cations.

IV. CALCULATION
OF THE I -XTRANSFER PROBABILITIES

Summarizing the results obtained in the Secs. II and
III, we can derive the expression for the probability of
the ghonon-assisted I -I transfer. Partial probabilities

rx„(+i rx, [s)
W& &" (k, k') and W& &' (k, k') of electron scattering
from the state I,A, ,k to the state X„,A, ', k' or X„A,', k' due
to emission (+) or absorption (—) of phonons are given
by the equations

Wi i' (k, k')= g g P(m)A„J[(~/a, O), m]F&z(ma)Fii, , (ma)
j m

X [Nj (m /a, O)+ ,'+ ,' ]5(ei (k)—e—z."(k') +Rc—oj (m/a, O) ),
2

Wi ~*. (k, k') = g g P(m)( —1) A, [(0,0), m]F&i, (ma)F&'i, , (ma)
j m

X [N,.(0,0)+—,'+—,
' ]5(ei (k) —ei *(k') +Acoj (0,0)), (39)
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where Ez(k), ez'(k'), ez.'(k'), are the energies of the I—
valley and X„X,-valley electron states, X, (q)
=

I exp[Iiico (q)/T] —I I
' are the phonon occupation

numbers, and T is the lattice temperature. Amplitudes of
the atomic vibrations are assumed to be normalized by

Eq. (22). Expressions (38) and (39) (with proper spectra,
envelope functions, and amplitudes of atomic displace-
ments) are valid for any GaAs/A1As heterostructure
grown in the (001) direction.

Consider the case of the superlattice or MQW struc-
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ture. Electron states in these systems are described by a
miniband number n and transverse wave number p:
A, =(n,p). Within the EFA, the electron energy spectrum
and envelope functions for each valley can be easily ob-
tained by the Kronig-Penney model. Generally speaking,
this model must be improved in order to take into ac-
count I'-X mixing effects However, erst orde-r calcula-rx„(+), rx, [x] '
tion of Wz &". (k, k') and W&z'. (k, k') need not take

into account the infiuence of I -X mixing on the electron
states, for I -X mixing itself can be considered as a per-
turbation. Therefore, we will use the simple Kronig-
Penney model (without I -X mixing) for the calculation of
phonon-assisted transfer probabilities.

Taking into account (14) and (22), it is convenient to
rewrite (38) and (39) in the following way:

rx„(+i max2
W„r „"r (k,k')= g 5r r & IEg fz( nPk, n'P'k')

I

N fz AN&(m/a, o)pV

X [Nrrg(m la, o)+ —,
'+

—,
' ]5(e„"(k) —e„." (k') TAco~tz(m/a, o)),

D2
W~ „'r (k, k')= g 5 &IEN&(npk, n'p'k')I

N g coNg(0, 0}pV

x [N~fz(0, 0)+—,
' k —,

' ]5{e„(k)—e„'.(k') W %cong(0, 0)),
where

(40)

(41)

M2 1

EN&(npk, n'p'k') =
M1 M2 m= —M

1

M —1

EN&(npk, n'p'k') =
M1+ 2 m= —M

1

Mc

Mc +M

M 77lc
Mc +M„

m

F ~z(ma)F„~ z (ma) A„~&[(n/a, o),m],
D

' 1/2 Dm
F~rz(ma)F„' z. (ma)( —1)~A c~& [(0,0), m] .

Dx

(42)

(43)

+
I A„Ng[(m/a, o), m]l }

+M„ I A,"Ng[(m/a, o),m]lz)=M, (44)

M —12

[Mc I A;,Nz [(0,0),m] I'
m= —M

1

+M„l A,"„g[(0,0),m]lzj =M, (45)

while electron envelope functions are normalized by the
equations

f dzlF„' „(z)l =d

or
M —I2

IF„'~z(ma}l =M, +Mz .
m= —M I

(46)

Equations (40)—(46) together with the equations of Sec.
III and the Appendix give us the complete solution of the

In (40)—(43) p=M/[2a (M&+Mz)] is the averaged
density of the superlattice material, M=M, (Mc,
+M„)+Mz(Mcz+Mw ), Dx =(D,xM, +DzxMz) I
(M, +Mz ) is the average I -X DP constant, V is the nor-
malization volume, Dx =D 1x for m EGaAs, and

gD=Dzx for rn CA1As. Dimensionless "amplitudes"

A~ ~fz(q, m)=QScoN&(q)M/(Aa )A~ z&(q, m) obey
normalization conditions

M —12

{M;[IA.;.q[(~/a, o), m]l'

or

A„&&[(a/a, o), m]-sin(mLm /M& ),
m = —1, —2, . . . , M1

A„z&[(m./a, o),m]-sin(mLm/Mz), m =0, 1, . . . , Mz,

I

problem of phonon-assisted I'-X transfer in (001)-grown
GaAs/A1As superlattices or MQW's. However, this
solution implies a rather complicated procedure of the
phonon spectrum determination. It is not convenient for
the calculation of the phonon-assisted I -X transfer prob-
ability. To make the calculation easier, we notice that
the main contribution in the overlap sums (42} and (43)
arises from certain phonon modes: displacement patterns
A „~fz[(m /a, o), m), ( —1) A, ~&[(0,0), m] for these
modes have periods of oscillations greater than (or corn-
parable with} the typical spatial scales of envelope prod-
ucts F„z(z)F„".z. (z),F„&(z)F„'z (z). These typical
scales are great in comparison with the monolayer width
a (provided that Mt, Mz))1). Therefore, the main con-
tribution in Ez& arises from several LO-bound GaAs-
and A1As-like phonons with smallest q, and q2.
q, «n/a, or qz «m/a (see Fig. 1 for an illustration). In
a similar way, the main contribution in EN& arises from
LO-bound GaAs-like and A1As-like phonons with the
largest real q, and qz. Iq, —n /al «~/a or
lqz

—m. /a
I
«n. /a (see Fig. 2). The frequencies of these

phonons are close to the X-point LO frequencies of bulk
GaAs and A1As. Solution of Eq. (23) for LO-bound
GaAs-like (or A1As-like} modes in the limit of small q,
(or qz} shows that q~=nL/( M~a) [or qz= wL/(aMz)], —
and
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where L =1,2, . . . . The solution of Eq. (33) for LO-
bound GaAs (or AlAs) -like modes in the liinit

Iq, —m. /aI &(m. /a (or Iqz n—./aI (&m./a) gives

( —1) A, && [(0,0),m]-sin(irLm /M& ),

m= —1, —2, . . . , —M1

or

( —1) A, z(i[(0,0),m) -sin(irLm /Mi ),

m =0, 1, . . . , M2 .

The same behavior is visible from Figs. 1(a) and 2(a), as
already mentioned.

In the following, we take the approximations
co&&(0,0),co&&(ir/a, O)=—ai&x for a GaAs-like group of
phonons and co&&(0,0),co~&(ir/a, O)=coi» for an AlAs-
like group, where co1x, co2x are the X-point LO frequen-
cies of bulk GaAs and AlAs, respectively. %e also
neglect the dependence of all values in (40) and (41) on Q,
because it is a very good approximation for LO-bound
phonons. Finally, we again take into account that the
electron envelope functions do not change considerably
on a microscopic scale and transform overlap sums (42)
and (43) into overlap integrals. Instead of (40) and (41)
we obtain

(+) 2nD 1xd 1 o & x2
1 11Y„„"p (k, k')= g —f dz F„&(z)F„"i,.(z)sin(irLz/d& ) (N&x+ —,
'+

—,')5(e„(k)—E„".( k')+Pi~, »)
N1Xp& ~d1 L =1 d d

2 2
2mD 2xd+ g —f dz F„ i, (z)F„"i, (z)sin(irLz/di)

~2»P2~ 2 L, =i

X (Nix+ 1/2+1/2)5(Enp(k }—e„"p (k') + ficoix },
2mD1xd ~

1 o x ~
2 —f dzF„ i, (z)F„p i, (z)sin(irLz/d, ) (N, x+ —,

' k —,
' )5(enp(k) —e„'p (k') +fico,x)

1XP1~ 1 L =1

(47)

QO
2

2~D2xd ~
1 & p x ~+ —f dz F„ i, (z)F„,' i, (z)sin(nLz/di ) (Nix+ —,

'
—,
' )5(e„(k)—e„,'.(k') + fico&» ),

aizxpzI di t, =&

(48)

where d1=aM, and dz=aM2 are the widths of the
GaAs and AlAs layers, p, and p2 are the densities of
GaAs and A1As, respectively, N, x = [exp(A'co, x /T)
—1] ', and Nzx = [exp(Rrozx /T) —1] '. Keeping
in mind that the main contribution in the first and second
terms of Eqs. (47) and (48) corresponds to L «M& and
L &(M2, respectively, we have spread the summation
over L in these equations to the infinity.

The rate of phonon-assisted electron transfer from I
states to X states in GaAs/A1As superlattices and MQW
structures is given by the equation

f„(k)[2W„p „" (k, k')
+4 r n, p, k n', p', k'

+2W„p „p (k, k')

+ 8'„„' ~ (k, k')], (49)

where f„p(k) is the distribution function of the I elec-
trons and

1 1 1

o~rx rFx rrx

where

(51)

I X (0)
8'„p „*p.(k, k'}= 5„i,.5&d2 ~ ~s

X
I F,pg( di }F„pi, ( di )

f„p(k) W„p „'. ~ (k, k'} . (52)
r

I x (0)
Here W„p „', ~ (k, k') is the I -X transfer probability due to
I -X mixing. %e evaluate this probability with the use of
the simplest model of I -X mixing proposed by Liu. In
this model, mixing between I and X envelope functions
at the interfaces is described by a single parameter
a =0.015 eV nm (the given value is established by a com-
parison of the measured and calculated tunnel current
through the A1As barrier ). We have

X5(e„p(k)—e„'p,(k') ) . (53)

is the I -electron concentration in the system. The total
I"-Xtransfer rate 1/~&x is described by the equation

In the remaining part of this section we will calculate
1/rpr» and I /~rx in the application to the problem of I-
X relaxation of photoexcited electrons in the type-II
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GaAs/A1As superlattices and MQW's. The calculated
transfer rates will be compared with the experimental
data (most of the data are summarized in Ref. 2}.

We put n =1 in Eqs. (49), (50), and (52) because only
the lowest I -electron miniband is populated by the elec-
trons due to the large energy spacing between the I-
electron minibands in the type-II GaAs/A1As superlat-
tices. It should be noted that the I -electron distribution
function f„~(k) in these systems differs from the equilibri-
um distribution function because photoexcited electrons
do not relax to thermal equilibrium prior to I -X transfer
(experiments ' ' show that the I -X transfer times are
on a picosecond or even subpicosecond scale}. Although

f„"(k) is not known exactly, we approximate it by the
Boltzmann distribution function with a single
parameter —the efFective electron temperature T, .

The values of phonon-assisted I -X transfer rates
1/viz, together with the values of the I -X mixing-
induced transfer rates I/r„x calculated from the Eqs.
(47)—(50), (52), and (53), are plotted in Figs. 3 and 4. We
use the following parameters of the GaAs/A1As system:
the I -valley energy offset Vz = 1.0 eV; the X-valley ener-

gy ofFset V~=0.3 eV; the energy difference between the
X-valley bottom in A1As and the I -valley bottom in
GaAs, Vo =0.18 eV (it should be noted that in difFerent

PaPers value of Vo varies between 0.15 and 0.20 eV). The
I -electron mass, the longitudinal X-electron mass, and
the transverse X-electron mass of GaAs are 0.067mo,
1.3mo, and 0.24mo, respectively (here mo is the free elec-
tron mass); the corresponding A1As efFective masses are
O. lomo, 1.1mo, and 0.19mo, p&=5. 316 g/cm, pz=3. 76
g/cm', co,x =O.O3O eV, co,x =O.O48 eV, and
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FIG. 3. I -X transfer rates in (GaAs)~ /(A1As)~ superlattices as functions of the AlAs layer thickness dz =aM2 at T, =300 K:
(a) M, =8(d, =2.264 nm); (b) M~ =10 (d, =2.83 nm); (c) M, =11(d,=3.113 nm). Solid lines, 1/rrrx at T =300 and 10 K; dotted
lines, I /~r». In (a) the dashed line corresponds to I /v „x for the imperfect superlattice (see text for explanation).
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D~~=D2&=10 eV/cm. We note that there is some
discrepancy in the values of I -X intervalley DP constants
obtained by di8'erent authors. Pseudopotential calcula-
tion gives D(~=0.41X10 eV/cm and D2~=0.44X10
eV/cm, while recent experiment gives D&z =1.07X 10
eV/crn. Keeping in mind that the typical values of the
I -X intervalley DP constants being used in high-field
transport theories are 10 eV/cm, we use these values
both for GaAs and for AlAs.

Figure 3 shows that the phonon-assisted I -X transfer
rate 1/rt'rx exhibits a weak dependence on the AlAs layer
width d2 because a reduction in the overlap between I
and X envelope functions due to increase of d2 is partly
compensated for by the increase in X-electron density of
states. Weak oscillations [clearly visible in Fig. 3(a)]
refiect the involvement of more X-electron minibands in
the scattering process. On the other hand, the depen-
dence of 1/rPrx on the GaAs layer thickness d, [compare
Figs. 3(a)—3(c)] shows a pronounced decrease because the
reduction in the I -X overlap is no longer compensated
for by the increase in the X-electron density of states.
This behavior is in good agreement with the experiment.
From Figs. 3 and 4 we can see that 1/rf + increases with
an increase of lattice temperature T and electron temper-
ature T, . This behavior can be explained mostly as a re-
sult of involving of more X states in scattering. We note
that 1/rPrz for the (GaAs)&&/(A1As)24 superlattice is close
to zero at low T and T, [Fig. 4(c)], because energy spac-
ing between the lowest I and X, minibands in this system
appeared to be smaller than the GaAs intervalley phonon
energy A~, ~. As a rule, experiment also shows an in-

crease of the I -X transfer times with an increase of lat-
tice temperature.

The dotted lines in Figs. 3 and 4 represent the behavior

of the I -X mixing transfer rate 1/rrx. Due to a k con-
servation law in (53), 1/rrx oscillates with d2, the max-

imums occur when the energy of the n'th X,-electron

miniband is close to the energy of the first I -electron
miniband. For example, four peaks in Fig. 1(a) corre-
spond to n'=2, 3,4, 5. It should be noted, however, that
such sharp oscillation picture is unlikely to be observed
experimentally because scattering and disorder due to the
imperfect fabrication would considerably damp it-. To
demonstrate this phenomenon, we calculated 1/~zz for
the imperfect superlattice [Fig. 4(a), dashed line]. We as-

sumed that the interface positions fluctuate from layer to
layer, and the amplitudes of the fluctuations obey a
Gaussian distribution law with variance equal to a 0.25
monolayer thickness. Although such fluctuations have
no serious eC'ect on the phonon-assisted I -X transfer
rates, the oscillations of the I -X mixing transfer rate be-
corne significantly damped.

A comparison of the absolute values of 1/rgb and

1/~r ~ shows that both the phonon-assisted I -X transfer
and the transfer due to I -X mixing are important.
The calculated values of the total I -X transfer rates

1/~&& are close enough to the experimental values

[compare, for example, the results for the
structures (GaAs) 8/(A1As) 9, (GaAs), o/(A1As), 7, and

(GaAs) „/(A1As) ~4 ].
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tices as functions of the electron temperature T, : (a) M&=8,
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1/rP» at T =300 and 10 K; dotted lines, 1/rrx.
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V. CONCLUSIONS

In this paper we have developed a EFA-compatible
theory of the phonon-assisted I -X transfer in the periodic
GaAs/A1As heterostructures (superlattices and MQWs)
grown in the (001) direction. Using the EFA, we have
shown that long-range (macroscopic) fields generated by
the lattice vibrations are not important for the intervalley
transitions of the electrons. Therefore, only the
deformation-potential interaction is responsible for the
I -I intervalley scattering in GaAs/A1As heterostruc-
tures (as it is in bulk GaAs or AlAs). In this case the per-
turbation potential due to the lattice vibration can be
considered to be local with respect to slowly varying en-
velope functions of I and X electrons. This property en-
abled us to express the matrix elements of the I -X inter-
valley transitions in heterostructures through the overlap
sums of I - and X-envelope functions with amplitudes of
atomic displacements, using bulk intervalley deformation
potential constants of GaAs and A1As [see (12) and (16)].
In order to determine these amplitudes, we have carried
out microscopic calculations of the vibrational spectrum
of an ideal GaAs/A1As superlattice. We find that vibra-
tional eigenmodes (phonons) responsible for intervalley
I -X scattering of electrons are LO-bound GaAs-like and
A1As-like phonons confined in GaAs and A1As layers, re-
spectively. Frequencies of these phonons are close to X-
point LO frequencies of bulk GaAs and A1As. Taking
into account the results of our microscopic calculations
of 1attice vibrations and using the properties of electron
envelope functions, we have obtained simple expression
for phonon-assisted I -X transfer probability.

The theory has been applied to the calculation of relax-
ation times of the photoexcited electrons in type-II

GaAs/A1As superlattices. Apart from the phonon-
assisted I -X transfer, we have taken into account pho-
nonless I -X transfer due to the mixing of I and X states
at the interfaces. These two mechanisms of transfer com-
pletely describe the case of an ideal GaAs/AlAs hetero-
structure and must always be taken into account. (Addi-
tional I -X transfer mechanisms may arise in nonideal or
alloy-containing heterostructures. ) A comparison of the
phonon-assisted I -X transfer rates with the transfer rates
due to I -X mixing shows that both mechanisms are im-
portant for the description of I -X transfer in the hetero-
structures. Calculated values of the transfer times and
their dependence on layer thicknesses are in agreement
with the experimental data. Both the experiment and the
theory show that I -X transfer times in GaAs/AlAs su-
perlattices with rather thin layers are on a subpicosecond
scale. This property provides the possibility for the ap-
plication of these structures in the development of new
high-speed real-space transfer devices.
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APPENDIX

Boundary conditions for the determination of the con-
stants A&+, A&, Bt+,B&,Az+, Az, Bz+,Bz from (28)
can be obtained from the analysis of Eq. (23) in the vicini-
ty of interfaces. We have

+ — + — + — +VA1+ UA1 +VB1+VB1 VA2+ UA2+ UB2+ VB2 (Al)

+ —iq
1
a iq 1

a + iq 1
a — iq

1
a + —iq2a — iq2a + —iq2a iq, a

VA1e +UA1e —
UB1e —

UB1e =UA2e +VA2e —
UB2e

—
UB2e ', (A2)

igdr y —Iq&aM&, iq&aM& ~, ,M&
—iq&aM& M& iq&aM&e 'uz&e

™
+u„le +uzi( —1) e +usi( —1) e )

—iq2aM&, y. . .M2 iq2aM2 M2 —q2aM2=uzze +uzze +usz( —1 j e +uzi( —1) e (A3)

;gd, ~ —iq&a(M&+1) iq&a(M&+1) ~ M&
—iq&a(M&+1) M iq a(M ~1)

L VA1e

iq2a™2—1) 'q2a M2 ) ~ M iq2a(M —1) M —iq a(M —1)
+u~ze —u»( —1) 'e ' ' —u~( —1) 'e ' ', (A4)

where vector v is defined in the following way:

1
u* =A* u

—+ =AA1 1 +g ~ A2
+ + +
2 +g ~ VB1 8 1 (A5)

Q is the transverse wave number of the atomic vibrations in the superlattice and d =a (M, +Mz) is the
superlattice period. Equations (A3) and (A4) have been obtained with the use of the Bloch conditions
A' Ng[q, m +n (M, +Mz)]=exp(igdn)A' N(z(q, m).

In similar way, boundary conditions for the determination of A,+, A, ,B, ,B, , A z+, A z,Bz+, Bz from (35) are

A1 A1+ B1+VB1 A2+VA2+ B2+UB2 (A6)

+ ~ + + ~ +—iq$ a iq$ a / —iq] a iq$ a / —iqp a iqg a y —iqg a iqg a
A1 + A1 +UBle +vB1e =vA2e +UA2e +vB2e +vB2e (A7)
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aM i aM~gd + &q i aMi — &q i ~Mi + 'q i ~M] — 'q i ~M]
'L VA]e +V A]e +VB]e +Vg/e

~ + +
iq2 aM2, —

q2 aM2+ + iq2 aM2, —'q2 ™2
VA2e +VA2e +VB2e +VB2e 7

iq—
&

a(M&+1) iq& a(M&+I) + i—
q& a(Mi+ I) iqi a(Mi+ I)+VA1e +VB&e + v&&e

(A8)

where

+ q2 2 + — q2 2 + + q2 2 —
1

2 q2 2=VA2e +VA2e +VB2e

A, &+exp( Tiq,+a /2)

1

A, , exp(+iq& a/2)
UB =BB1 1

A, 2+ exp( + iq 2+a /2)

A,2 exp(+iqz a/2)
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(A10)
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