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Theoretical study of high-density phases of covalent semiconductors.
I. Ab initio treatment
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We present detailed calculations using the total-energy pseudopotential method in the local-
density approximation of the relative stability and pressure-induced behavior of complex tetrahe-
drally bonded structures formed metastably in silicon and germanium by depressurization from their
metallic phases. The corresponding structures in carbon are also investigated. These calculations
present direct atomistic relaxation of BC8 under the inQuence of Hellmann-Feynman forces and, to
our knowledge, the first calculations on the ST12 structure using any form of relaxation. We also
present evidence to show that in both Si and Ge the BC8 and ST12 structures are covalently bonded,
while the equivalent structures in carbon cannot support such covalent bonding.

I. INTRODUCTION

It is somewhat surprising that after many years of
study the polymorphism of the elements silicon and ger-
manium is still unresolved. This is due to the extreme
complexity and to the presence of metastable phases. Sil-
icon displays at least 11 different crystalline phases at
pressures up to 248 GPa some of which can be recov-
ered as metastable phases at atmospheric pressure. In
germanium transitions to the P-Sn structure, hcp and
dhcp have been observed up to 125 GPa. In addition,
metastable phases can be obtained either by pressure de-
crease from the metallic phases or by chemical leaching
of lithium from LivGeq2. 4 Very recently, it has been found
that small regions of metallic silicon can be obtained by
nanoindentation.

For carbon it is impossible to perform experiments on
phases with higher density than diamond because of the
huge pressures involved. Indeed, in most pressure exper-
iments carbon diamond-anvil cells are used to produce
the required pressure. In view of the existence of a co-
valently bonded diamond phase, it seems reasonable to
investigate whether the phase diagram may be similar to
Si and Ge. Calculations of metallic phases in carbon do,
however, suggest that these are not significantly denser
than diamond.

Silicon has been an ideal material for combining ex-
periment and total energy calculations. In their ground-
breaking paper, Yin and Cohen predicted that the P-Sn
phase would transform to hcp at 43 GPa. In the search
for this transition, experimental results revealed another
phase, simple hexagonal, which Yin and Cohen had not
examined. On repeating the calculation the stability of
the simple hexagonal structure was confirmed. Similar
calculations have been carried out in germaniuru and car-
bon, examining both stable and metastable phases. ' '

Ab initio total-energy calculations are su8iciently ac-
curate to have a predictive capability, and certainly their
success in reproducing many experimental features of
condensed matter is impressive. As illustrated by the

above example, however, it is often important to know
what to expect before beginning the calculation, so that
all reasonable possibilities are examined. A further com-
plication is that the rate at which first-order phase tran-
sitions occur varies enormously, so that the lifetimes of
some metastable phases are essentially infinite because
of the large kinetic barrier to transition. Since the tran-
sition path is seldom known, the lifetime of metastable
phases cannot be readily calculated.

Metastable phases of the group-IV elements have long
been of great practical and theoretical interest. The
hardness of diamond has been utilized since ancient
times, while more recently amorphous silicon has found
numerous uses. With pressure treatment it is also pos-
sible to create high-density phases of Si and Ge which
are long-lived under normal conditions. These complex
structures have been shown to be useful models in explor-
ing the effect of increasing short-range disorder on optical
properties and have provided a vital insight into the na-
ture of the amorphous phase of these materials. 0' ~ We
have carried out a thorough study of these metastable
phases: BC8 and ST12, both in silicon and germanium
where they have been observed experimentally, and in
carbon. In addition to revealing the structural stability
and nature of the bonding, the results will be a useful
guide in determining the degree to which simple empir-
ical models can account for the structural trends. This
issue will be described in detail in the related paper, Ref.
12 (hereafter referred to as Paper II).

Silicon BC8 and germanium ST12 phases are reason-
ably easy to synthesize. Under a pressure of about 12.5
GPa, diamond Si transforms to the P-Sn phase. This
is a massively first-order phase transition in which the
structure transforms from fourfold to sixfold coordination
and the material itself transforms from semiconductor to
metal. There is no easy kinetic path for this transition,
and on depressurization there is considerable hysteresis.
Eventually, at about 8 GPa the P-Sn phase transforms
back, not to diamond, but to the BC8 phase. The life-
time of BC8 silicon under ambient conditions seems to
be indefinite.
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The nature and number of metastable phases formed
on depressurization appear to depend upon whether the
original sample is amorphous or crystalline, the temper-
ature, and the rate of depressurization. Slow decompres-
sion from crystalline (P-Sn phase) Si at ambient tempera-
ture gives a mixture of amorphous silicon, diamond, and
BC8. Upon rapid release of pressure from the metal-
lic state, two tetragonal phases have been obtained.
It appears that, once converted to any metallic form by
application of pressure, silicon reverts to BC8 and the
diamond form cannot be recovered, even by heat treat-
ment and recrystallization when the Lonsdaleite struc-
ture (hexagonal diamond) is formed. is

The polymorphism of germanium is similarly complex.
Pressure increase from the cubic diamond structure re-
sults in the P-Sn structure at 10.6 GPa. Slow pressure
decrease results in the formation of diamond and ST12
germanium at 7.6 GPa. A metastable form of germa-
nium in the BC8 structure has also been observed on
pressure decrease.

In carbon no phases with higher density than diamond
have been made.

The discovery of the BC8 phase, its identification as
a semimetal (with resistivity about a thousand times
lower than the semiconducting diamond form and a
hundred times higher than the P-Sn form), and the
crystallographic structural solution have been reported
previously. There have also been some total energy
calculations on the BC8 phase in silicon, and in
carbon ' where it has been predicted to be stable over
a range of very high pressures. This has not been exper-
imentally verified, and for obvious reasons is impossible
with conventional diamond-anvil pressure cells.

In this paper we present complete total-energy pseu-
dopotential calculations of the behavior of BC8 carbon,
silicon, and germanium under pressure, including di-
rect atomic relaxation of the atomic positions using the
Hellmann-Feynman forces. We also report a similarly
thorough study of these elements in the ST12 structure,
in which we relax the c/a ratio of the tetragonal unit
cell in addition to all the atomic positional parameters.
The number of &ee parameters in this case is sufficiently
large that a relaxed solution of the ST12 structure has
not previously been carried out to our knowledge.

The relaxed structures enable us to compare the dif-
ferent behavior of silicon and germanium, whose overall
phase diagrams are similar, and carbon, which exhibits
similar, covalent bonding. In Paper II, we shall examine
the free energy of the two phases and show that ST12 is
expected to be preferred at high temperatures.

The organization of the paper is as follows. In Sec. II
the details of the computational techniques will be de-
scribed. In Sec. III the crystallographic data on the
known metastable structures of group-IV semiconductors
will be discussed with an emphasis on the types of dis-
tortions found in each structure and the possible routes
of transition between them. This will be followed in Sec.
IV by the results of density-functional total-energy cal-
culations on fully relaxed structures of Si, Ge, and C. A
detailed study of the response of the internal structure to
compression will be presented for each of the three ele-

ments in Sec. V and in Sec. VI the nature of the bonding
is explored.

II. TOTAL-ENERGY CALCULATIONS

This work was carried out using codes developed
at Edinburgh and Cambridge Universities (CASTEP
and CETEP). These codes use the Car-Parrinello
first-principles molecular-dynamics method, of which
full details and test results have been published
elsewhere. The program solves for the electronic
charge density using a density-functional &amework
within the local density approximation to exchange and
correlation. ' Norm-conserving, nonlocal, Kleinman-
Bylander pseudopotentials generated using the Kerker
method are used. The electronic wave functions are
expanded in a plane-wave basis set with periodic bound-
ary conditions, and different runs are done with the same
plane wave energy cutoff of 250 eV for silicon and ger-
manium and 408 eV for carbon. The higher value is re-
quired to ensure energy difference convergence for carbon
because of the greater depth of the pseudopotential. This
in turn arises because the 2p-character valence orbitals
are not kept away from the nucleus by orthogonalization
with other p orbitals.

The electronic degrees of &eedom are relaxed using
a conjugate-gradients routine modified to conserve or-
thonormality of the one-electron wave functions. Elec-
tronic relaxation continues until the Hellmann-Feynman
forces have converged to three significant figures, and
then the ions are moved using a conjugate-gradients algo-
rithm. The ions are allowed to relax until the forces are
below 0.001eV/A. The unit cell for each calculation is not
changed during a run, and because the plane-wave basis
set is not localized on an atom there are no Pulay forces
arising from changes in the basis set while the atoms re-
lax.

For silicon and carbon in diamond, ST12, and BC8
phases we used four special k points at which the band
structure was sampled. The same four k-point set was
found to be insufficient to converge the very small ST12-
diamond energy difference in germanium. Several sets of
k points were tested and a set of ten was found to be
sufficient. The complete pressure-dependent band struc-
tures will be presented elsewhere. It also is possible
that the frozen-core approximation for the germanium Sd
electrons may not be entirely justified and a full-potential
treatment of these structures would therefore be neces-
sary to explore this. The combination of cutoff and &-

point sampling gives us total energies converged only to
about 0.1 eV (four significant figures); however, the phys-
ically significant quantities, the total-energy differences
between energy-volume curve minima, are converged to
better than 0.01 eV, about half of which is attributable
to differences between curve-fitting schemes (Murnaghan
vs polynomial). In germanium the additional sampling
gives still better convergence.

III. INTERNAL STRUCTURE OF BCS AND ST12

Diffraction evidence suggests that the postrecovered
form of silicon has body-centered cubic symmetry with
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R~/ap ——/8z2 —2z + 0.25, (2)

Rs/ap ——~3(0.5 —2z),

where R~ and R~ are the bond lengths of the A and B
bonds, while R5 is the length of the nearest nonbonded
neighbor and ap is the lattice parameter (see Fig 1). The
two bond angles also depend on x via the following rela-
tions:

(8*—1)
O~gy = cos

/96z2 —24z + 3
(4)

(4z' —z)
Ogy~ = cos

8x2 —2x+ 0.25 ' (5)

16 atoms in the cubic unit cell and a lattice parameter of
6.64 A. . The space group of the structure is Ia3-T&~. The
structure is then fully specified by a single lattice param-
eter and a single positional parameter x which has been
experimentally reported as being approximately 0.1003
+ 0.0008 in silicon. A projection of the BC8 structure
is shown in Fig. 1. The structure is based on tetrahe-
drally coordinated atoms, but with a rather more eS-
cient packing than in diamond. This efFiciency leads to
a higher-density structure (hence favored at high pres-
sures) at the expense of small distortions from the di-

amond bond length but with an appreciable change in
the tetrahedral angle relative to the diamond structure.
The distortions can be described by the existence of two
bond lengths (RA and R~) and two bond angles (HAn
and O~~). It is possible to choose special values of z to
satisfy either R~——R~ or O~~ ——O~~ but in practice the
observed values (RA=2.30 A, R~=2.39 A. , OA~ = 117.9',
and en' = 99.2') " seem to be a compromise between
the two. All atoms are equivalent, and the structure
contains only evenfold rings, the smallest being sixfold,
as with diamond. Although BC8 exhibits a density some
10% higher than diamond, the Bbond lengths are slightly
larger.

The relations connecting bond lengths and the internal
parameter x are as follows:

RA/ap —2v 3z,

which allow a perfect tetrahedral angle at z = (5—
~5)/40. This is never realized in atomic systems because
it would require the A bond to be only 62% as long as
the B bond. These expressions are useful because they
show that the bond angles become less ideal with increas-

ing x. Other values of x having interesting structural
consequences are x =

8 where the structure becomes a
threefold-coordinated layer structure with graphitic lay-

ers of type-B bonds, and x m 2
—x which is a transfor-

mation which leaves the structure unchanged. Thus in-

creasing x can be regarded as a "magic internal strain"
similar to the so-called magic strains used to generate
the BCT5 structure proposed as a high-pressure phase
of silicon. Symmetry also dictates that if it were pos-
sible to form a compound analogue of BC8 (from III-V
or II-VI semiconductors) an increase in z would be the
piezoelectric strain corresponding to the major axis of
the polarizability tensor.

The postrecovered form of germanium, ST12, is more
complex and its relaxation has not previously been tack-
led by ab initio calculations. A projection of the ST12
structure is shown in Fig. 2. Like BC8 it is based on
tetrahedrally coordinated atoms packed in such a way as
to increase the density to 10% above diamond. Crys-
tallographic solution of this phase cites it as having a
simple tetragonal unit cell with 12 atoms. The struc-
ture would appear to be optically active, since it has
left- and right-handed forms, although there has not yet
apparently been any experiment done to examine this,
presumably because of the difBculty in obtaining suit-
able single crystals. The space group is P4s2q2(Ds) or
its enantiomorph. The fully relaxed structure can be
defined by two lattice parameters and four atomic posi-
tional parameters.

In ST12 there are two distinct atomic environments,
which leads to some rather complicated topological sub-
structures. Four of the 12 atoms are in environment a,
and the remaining eight in b. The 6 type can be viewed
as forming spiral chains along the unique axis, while the
a atoms bridge different spirals. All the spirals rotate the
same way, giving the structure a well-defined helicity as
noted above. Although the atoms are still fourfold coor-
dinated, there are now five- and seven-membered rings,
and the variation in bond angles (ranging from 87' to

O6 OI O4 O9

FIG. 1. Projection of the structure of BC8 on (001). Ele-
vations (in as/10) are given by the numbers inside the circles
(Ref. 37). A and B label the two distinct bonds.

FIG. 2. Projection of the structure of ST12 on (001). El-
evations (in fractional coordinates) are given by the numbers
inside the circles (Ref. 37). A, B, and C label the three dis-
tinct bonds.
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130') is greater than in BC8, but the bond lengths are
clustered more closely around the value found in dia-
mond. In Paper II we show that the stability of ST12
against BC8 rests in the compromise between equaliz-
ing bond lengths at the expense of increasing bond-angle
distortions. ST12 occurs when the bond angles are rela-
tively easier to distort.

IV. TOTAL ENERGIES

A. Silicon and germanium

Graphs of Murnaghan-equation fits to energy against
volume for silicon and germanium in the ST12, BC8, and
diamond phases are shown in Figs. 3(a) and (b). The ini-

tial unit-cell dimensions and internal structural parame-
ters for ST12 were obtained from the empirical calcula-
tions described in Paper II. These graphs show that in
each case the relaxed structures are unstable with respect
to diamond at low pressures.

To obtain the curve for ST12 under hydrostatic pres-
sure it was necessary to perform several series of calcula-
tions at several different c/a ratios, and to construct Fig.
4 which is a contour plot of the energy against volume
and c/a. The hydrostatic curve is then the lowest value
of the projection of this surface onto the volume axis.
Figure 5 shows the variation of c/a with volume under
hydrostatic pressure.

In silicon there is no intercept between the diamond—
P-Sn common tangent and BC8 or ST12 curves,
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FIG. 3. Graphs of energy against volume for fully relaxed diamond, BC8, and ST12 structures in (a) silicon, (b) germanium,

and (c) carbon.
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from which we deduce that these phases are at best
metastable. Th. The common-tangent construction can also
be used to predict the P-Sn ~ BC8 transition pres-
sure using previously published P-Sn data. ~ From these
grap s we predict a transition pressure of onl 11 GP
for siliconilicon from the diamond structure to BC8. Th'

ony a

lower thahan the observed pressure for the diamond -+ p-
ure 0 . is is

n ransition. This experimental value is above the the-
oretica value because of hysteresis eKects resulting &om
the absence of an easy transition mechanism. The the-
oretical diamon ~ BC8 transition pressure is te is grea er

e ca culated diamond ~ P-Sn pressure (9 GPa).
The calculated pressure between P-Sn and BC8 is 8 GPa
(calculated according to P-Sn data Rom Ref. 6) in good

gestive of a relatively easy transition path.

ST12 bein
n germanium the broad picture is sim'1 b t 'thi ar U wl

lot of e
eing stable at intermediate pressure Th te. e con our

p o o energy against c/a and volume and the varia-
ion o c/a with volume for germanium ST12 are similar
o those of silicon shown in Figs. 4 and 5. Unlike sil-

icon, the common tangent between P-Sn and diamond
cuts the ST12 curve, implying that for a range of pres-

sures ST12 is the stable structure. This result appears to
contradict the observation of the first transition being to
P-Sn. However, given the long experimental lifetime of
the ST12 phase at ambient pressure, ' it is clear that
no easy diamond~ST12 transformation path exists, and

it is therefore likely that before the kinetic barrier can
be overcome, the experimental pressure has been raised
to that at which P-Sn is stable. Thus the only way to
make ST12 germanium is via the P-Sn phase. It may
even be that the retransformation from P-Sn to BC8 is

easier than to ST12 because both structures have even-

fold rings, such that BC8 may be formed as a precursor
structure at low temperatures.

For all phases, the calculated results for the equilib-

rium structural parameters are in good agreement with
those reported in previous studies. The lattice param-
eters and bulk moduli as determined by fits to a Mur-

naghan equation of state are given in Table I. As is usual
in local-density-approximation (LDA) calculations t e

lattice parameters are underestimated by about 2% (ex-
cept for diamond germanium where the underestimate is

only 0.5%). This means that we expect the bulk moduli
to be overestimated; where experimental data exist this
is indeed the case, Bo being overestimated by up to 8%.

etermination of the equilibrium ax' 1 t' '
b

— i and ST12-Ge is crucial for accurate determina-
tion of energy differences in these phases. This is because
it is found that the ST12 total energy for both materials
varies by several tens of meV's over a t fer a c a ra io range of
1.1—1.3. For the case of germanium the equilibrium axial
ratio occurs at 1.24, which represents a 6% overestimate
of the experimental value. ' The calculated values for
the relaxed atomic positional parameters, which are also

the following section.
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The Murnaghan equation of state assumes a linear
pressure dependence of the bulk modulus. The pressure
derivative of the bulk modulus, B' = dBo/dP, is a dimen-
sionless quantity describing the third volume differential
of the energy in units normalized to the volume and bulk
modulus. In all cases we find this to be in the region 4—6,
typical of experimental values. The fitting errors for this
quantity are of order 25%, being especially unstable with
respect to data points taken at high compression.

We also observe that there is some debate as to whether
a Murnaghan 6t is appropriate in these structures. Some
of the calculated points are at unphysical compressions
of up to 30%. Since compression is taken up by a combi-
nation of internal distortion and bond compression, the
approximation that dB/dP is a constant throughout this
huge pressure range is extremely doubtful.

The calculated valence charge densities for silicon and
germanium in the BC8 and ST12 structures are shown
in Fig. 6. Figures (a), (b), (d), and (e) represent the

valence charge density in a plane containing both A and
B-type bonds for BC8 silicon and germanium.

B. Carbon

The energy-vs-volume graph for carbon is shown in
Fig. 3(c). It is immediately clear that the atomic vol-
umes of all phases are rather similar, and therefore that
BC8 is unlikely to be even a metastable phase. The en-
ergy difI'erence is also very much greater than for silicon.
These results for BC8 are in agreement with previous
calculations, where the rather surprising conclusion that
BC8 may exist was drawn. In Fig. 7 the value of the BC8
internal parameter x is shown. It is clearly very different
from Si and Ge, and consideration of the bond lengths
shows that the A bond is much shorter than the 8 bonds.

All these results suggest that carbon is behaving very

differently from the other materials, and the difference in
bonding can be clearly seen in Fig. 8. Far from being

(c) (cI )

FIG. 6. Figures (a), (b), and (c) show the valence charge density for germanium, silicon, and carbon, respectively, in the
BC8 structure. The plane shown is (110) which contains both»1 and B bonds. Figures (d), (e), and (f) show the valence
charge densities for these elements in the ST12 structure. Figure (g) shows schematic representations of the atomic positions
and bonding configurations of both the structures. Note that silicon and germanium appear to be covalently bonded in both
structures, whereas carbon has a much reduced charge density between the weakly "bonded" atoms. This is also clearly
evidenced in Fig. 9.
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FIG. 8. Three-dimensional representation of a valence-
charge-density isosurface in BC8 carbon. The large black
spheres represent the pseudopotential core radius around the
atoms.



5336 J. CRAIN et al.

60

m 50-
~ A

A~ 40

0
+04 $0-
l5
A

~ 20-
t4

bQ0
Cl ]Q-

Carbon

I I I I

Normalised Bond length

(b)

+ 25
~t~l

cl

~ 20-

bg4 ]5-
%

~ 10-Q

c5

b0

Silicon

0
0 l l I I

Normalised Bond length

FIG. 9. Valence charge density for silicon and carbon in
the BC8 structure along the (a) A bond and (b) B bond.
The integrated charge in the carbon A bond is 2.6 electrons
compared to 2.0 for that found in silicon and in ideal covalent
bonding. The carbon Bbond has a charge of only 1.8 electrons
and a minimum at the bond center.

fourfold coordinated, the valence electrons are concen-
trated in one bond only, with the three B bonds much
reduced.

To examine this more closely, we attempted to inte-
grate the amount of charge in each bond. There is no
unique way of doing this: our method consists of defining
the bonds by the line joining the two atoms, and then as-
sociating with that bond the region of space closer to that
bond's line than to any other bond's line. This construc-
tion produces space-filling polyhedra and ensures that
the total integrated density is equal to the number of elec-
trons. It has the drawback that purely spherical charge
densities give the same number of electrons per bond as
purely covalent ones, but in the current case we are as-
suming covalency, and studying whether the bonds are of
similar order. In Figs. 9(a) and (b) the charge densities

in slices of these polyhedra perpendicular to the bond
direction along C-C bonds in the BC8 structure are com-
pared to the corresponding bonds in silicon. The electron
density in the Si bonds is localized between the atoms
with a total charge of 2.0 electrons in each type of bond.
This situation corresponds to completely covalent bond-
ing in BC8 silicon. In carbon, however, it is evident that
the B bonds are different in nature from those in BC8
silicon. The charge density has a minimum between the
two B-bonded atoms, suggesting a much weaker bond.
Integration over the charge density gives a total charge
of only 1.8 electrons in the carbon 8 bonds. For the BC8-
carbon A bond, the integrated charge is approximately
2.6 electrons. This suggests that BC8-carbon A bonds
are stronger than single-bonded C-C. We attribute this
to the formation of an unstable molecular crystal phase of
carbon, with the fourfold-coordinated BC8 phase being
still less stable.

The apparent metastable BC8 state in carbon arises
from constraining the simulation to have certain symme-
tries. The Hellmann-Feynman forces must have the same
symmetries as the ions, and our current method of min-
imization does break these symmetries. Consequently,
although the BC8 phase is extremely unfavorable in car-
bon, the minimization routine finds the best compromise
structure subject to those assumed symmetries, which
turns out to be the molecular crystal.

There have been a number of previous calculations of
BC8 carbon, limited by computing resources to much
smaller cutoff energies. The results of these are rather
similar to Fig. 3(c) but have been interpreted as gen-
erating a phase transition between diamond and BC8 at
extremely high pressures (Biswas et aL quote 1200 GPa,
which is approximately the pressure found at the center
of giant planets such as Jupiter). We do not observe
this crossover, and moreover the evidence of our charge-
density plot led us to suspect that BC8 may not even be
metastable.

To test this latter hypothesis, we performed a calcula-
tion in which all the atoms were given a small random
displacement from their equilibrium sites. From there,
free relaxation under the Hellmann-Feynman forces re-
stored the atoms to their BC8 symmetric positions. Thus
the BC8 phase is at least metastable against any small
atomic displacements.

For the ST12 structure of carbon, the equilibrium c/a
ratio is 1.30 and the equilibrium atomic volume is slightly
larger than that calculated for diamond. This suggests
that, for carbon, unlike the other group-IV elements con-
sidered, the ST12 structure does not constitute a dense
phase.

The calculated difference between diamond and BC8
silicon was found to be 0.11 eV/atom. This is in good
agreement with the value reported by Biswas et aL We
find the difFerence in energy of the diamond and BC8
structure in carbon to be 0.7 eV/atom, which is also in

good agreement with Biswas et aL In germanium the
difFerences are very small, about 0.01 eV/atom. This
distinct trend down the group can be understood as an
increasing ease of distortion of Sp hybrids with principal
quantum number. Our results for the differences in en-



49 THEORETICAL STUDY OF HIGH-DENSITY. . . . I. 5337

~BCS

~ST12

Carbon

0.5876
0.7634

Silicon

0.1100
0.1181

Germanium

0.0325
0.0147

ergy between diamond and the BC8 and ST12 structures
are summarized in Table II.

V. STRUCTURAL RESPONSE TO
COMPRESSION

TABLE II. Differences in energies, bE, between the dia-

mond and BC8 and ST12 structures. The units are eV/atom.
Note that the difference in energy between the diamond and
ST12 structures changes by nearly two orders of magnitude
for the group-IV elements considered here.
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0
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C40
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In both dense phases, as the volume is reduced the dis-
tortions of the tetrahedra increase. In the BC8 structure
these distortions are uniquely described by the variation
in the x parameter as described in Sec. III. For the BC8
structures of Si, Ge, and C the structural response to
applied pressure is represented in Fig. 7, where the cal-
culated variation in the &ee structural parameter x is
shown. It is clear that both BC8-Si and BC8-Ge behave
similarly under pressure as the equilibrium value of x and
its slope are nearly equal in the two materials. For Si, the
value of x which fully relaxes the structure is found to be x
=0.1001at the equilibrium lattice constant of 6.54 A.. The
experimental value is reported to be x = 0.1003+0.0008.
For fully relaxed BC8-Ge, x = 0.1013. In BC8-carbon,
the equilibrium value of x =0.0935 is approximately 6%
smaller than it is for Si or Ge.

Although plots of x give a complete representation of
the data from our calculations, which are done at con-
stant volume, it is more informative to examine the vari-
ation of bond lengths with pressure, and this is plotted
in Fig. 10. Notice that under pressure x increases, which
tends to compensate for decreasing ao in R~, but en-
hances the reduction in R5. The effect on R~ is small
(dR~/dx = (8x —l)ao/R~) but gives rise to a small ad-
ditional decrease in R~ with pressure, in addition to the
reduction in ao.

The effect of this compensation against decreasing R~
is that, whilst at ambient pressure the A bonds are
shorter, as the pressure increases the B bond contracts
until at x = (~2 —1)/4 all bonds are the same length.
There is no special symmetry associated with this coin-
cidence, and the 8 bond length continues to contract. A
qualitative explanation of this comes &om the empirical
model in Paper II.

Consideration of the differentials of expressions (4) and
(5) makes it clear that e~~ decreases with increasing x
(pressure) while O~~ increases. Thus pressure serves
to increase the distortion of the tetrahedra: the price
which must be paid for maintaining bond lengths. It
is thus clear that the observation of increasing x with
pressure means that the bond-stretching forces have a
greater bearing on the structure than the bond-bending
ones.

In ST12 the structure is only fully de6ned by four in-
ternal parameters. For this reason it is essential to relax

2.0 I I I I I

6.2 6.4 6.6 6.8 7.0
Lattice Parameter (Angstroms)

FIG. 10. Variation of bond lengths A, B and the second

neighbor with pressure for BC8 silicon. The graph for ger-
manium is similar. It is evident from the figure that the
nearest-nonbonded-neighbor distance (Rs) is most sensitive
to isotropic compression. The second nearest appears to be
least sensitive. Note that the A bond changes by less than
0.1 A over the entire range of compression shown. This in-
sensitivity results in a bond length crossover point at a lattice
parameter of approximately 6.25 A. .
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FIG. 11. Variation of the three different bond lengths in
ST12 germanium with volume.

the structure under the Hellmann-Feynman forces, and
thus study of ST12 is ideal for the plane-wave method.
The relationships between these internal parameters and
the bond lengths and bond angles are complex, and for
clarity we consider only the latter quantities. The evolu-
tion of the internal structure under pressure is described
by Fig. 11, which depicts the change of the three different
bond lengths under pressure.

Following the notation of Kasper and Richards for
ST12-Ge, the four atomic positional parameters are
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FIG. 12. The relaxed ST12 structural parameters for ger-
manium plotted against volume. The circles, squares, and
triangles represent axial ratios of 1.25, 1.30, and 1.35, respec-
tively.

shown for axial ratios of 1.2, 1.25, and 1.3 in Fig. 12. It is
evident from the figure that the z parameter for the 8(b)
site has the strongest dependence on isotropic compres-
sion of the unit cell, and that the positional parameters
are not greatly affected by changes in axial ratio over the
range considered here. The ST12-Ge positional param-
eters near the equilibrium volume and c/a ratio may be
found kom Table II. The calculated value of x for the
4(a) sites is 0.0882 compared to 0.0912 found experimen-
tally. The calculated z, y, and z values for the 8(b) sites
are x = 0.1693, y = 0.3771, and z = 0.2454. The corre-
sponding experimental values at ambient pressure are x
= 0.1730, y = 0.3784, and z = 0.2486. The agreement is

encouraging and suggests that future experiments using
recent advances in angle-dispersive powder diffraction
to determine the pressure dependence of this structure
would be of great value.

As in BC8, the ST12 internal parameters vary with
pressure to maintain the bond lengths at the expense of
further distorting the bond angles. Figure 11 shows that
for a constant c/a ratio the bond lengths are reduced
more slowly as a function of volume than the unit cell
parameters. In practice the c/a ratio also changes un-
der pressure in such a way as to reduce the changes in
bond lengths. The fully relaxed unit-cell dimensions and
atomic positions in fractional coordinates for silicon, ger-
manium, and carbon in the BC8 and ST12 structures are
given in Tables III and IV.

VI. THE NATURE OF THE BONDING

BC8 Si has a small Fermi surface and thus electroni-
cally can be regarded as a semimetal. Its fourfold coor-
dination and brittleness suggest that it is predominantly
held together by directional covalent bonds. To resolve
this apparent contradiction we have examined the va-
lence charge density within BC8 and ST12. Figure 13
shows an electron-density isosurface in ST12 silicon. It
bears an uncanny resemblance to a ball-and-stick model
of the structure, showing clearly that the electron density
is concentrated into four "bonds" emanating from each
atom —the covalent picture.

This covalency is illustrated even more clearly in Fig.
6, which shows the valence charge density in the (110)
plane of BC8. Along the [111]direction are atoms sepa-
rated by 2+3zao and ~3(2 —2x)ao alternately. Although
these distances are similar, it can very clearly be seen that
the slightly closer pairs are bonded, while the more dis-
tant pairs are not. This effect cannot be seen in diamond
because there are no "second neighbors" as close. An
interesting aspect of this structure is that if the topology
of the crystal is defined by bonds, it requires six steps to

TABLE III. Fully relaxed positions (in fractional coordinates) of the atoms of BC8 silicon, germanium, and carbon near
the relaxed unit cell volume. Note that the simple cubic representation of the BC8 structure is used.

Silicon Germanium Carbon

0.1001
0.8998
0.3997
0.6001
0.8998
0.1001
0.6001
0.3997
0.6001
0.3998
0.8997
0.1001
0.3998
0.6001
0.1001
0.899?

0.1001
0.8998
0.8998
0.1001
0.6002
0.3998
0.3998
0.6002
0.6001
0.3998
0.3998
0.6001
0.1002
0.8998
0.8998
0.1002

0.1001
0.8998
0.6001
0.3998
0.3998
0.6001
0.8998
0.1001
0.6001
0.3997
0.1001
0.8998
0.8998
0.1001
0.3998
0.6001

0.0994
0.9004
0.4004
0.5994
0.9004
0.0994
0.5994
0.4004
0.5994
0.4004
0.9004
0.0994
0.4004
0.5994
0.0994
0.9004

0.0995
0.9005
0.9005
0.0995
0.5995
0.4005
0.4005
0.5995
0.5995
0.4005
0.4005
0.5995
0.0995
0.9005
0.9005
0.0995

0.0995
0.9005
0.5995
0.4005
0.4005
0.5995
0.9005
0.0995
0.5995
0.4005
0.0995
0.9005
0.9005
0.0995
0.4005
0.5995

0.0935
0.9064
0.4064
0.5935
0.9064
0.0936
0.5936
0.4064
0.5936
0.4064
0.9064
0.0935
0.4064
0.5935
0.0935
0.9064

0.0934
0.9063
0.9063
0.0934
0.5934
0.4063
0.4063
0.5934
0.5934
0.4063
0.4063
0.5934
0.0934
0.9063
0.9063
0.0934

0.0935
0.9064
0.5936
0.4064
0.4064
0.5936
0.9064
0.0935
0.5936
0.4064
0.0936
0.9064
0.9064
0.0935
0.4064
0.5936



49 THEORETICAL STUDY OF HIGH-DENSITY. . . . I. . . . 5339

TABLE IV. Fully relaxed positions (in fractional coordinates) of the atoms of ST12 silicon, germanium, and carbon near

the relaxed unit cell volume.

Silicon Germanium Carbon

0.1752
0.8247
0.1208
0.8792
0.3792
0.6207
0.3248
0.6751
0.0849
0.9151
0.4151
0.5849

0.3792
0.6207
0.6750
0.3248
0.1752
0.8247
0.8791
0.1208
0.0849
0.9151
0.5848
0.4151

0.2742
0.?472
0.9973
0.4973
0.7528
0.2527
0.5027
0.0027
0.0000
0.5000
0.7500
0.2500

0.1693
0.8305
0.1227
0.8771
0.3771
0.6228
0.3305
0.6694
0.0882
0.9117
0.4116
0.5882

0.3771
0.6228
0.6694
0.3305
0.1693
0.8305
0.8771
0.1228
0.0882
0.9117
0.5882
0.4117

0.2454
0.7454
0.9953
0.4954
0.7546
0.2546
0.5046
0.0046
0.0000
0.5000
0.7500
0.2500

0.1641
0.8360
0.1197
0.8804
0.3804
0.6197
0.3360
0.6641
0.0743
0.9258
0.4258
0.5743

0.3803
0.6195
0.6639
0.3359
0.1639
0.8359
0.8803
0.1195
0.0742
0.9256
0.5742
0.4256

0.2143
0.7143
0.9644
0.4644
0.7856
0.2856
0.5356
0.0356
0.0000
0.5000
0.7500
0.2500

get &om an atom to its "second neighbor, " and there is
only one such second neighbor per atom. Under pressure
the increase in z has the effect of pushing these second
neighbors together, but there is still no increase in the
charge-density between the atoms.

We therefore deduce that while the electronic proper-
ties of BC8 are dominated by its small Fermi surface,
and hence it is regarded as a semimetal, the cohesion
is dominated by covalent bonding of each atom to four
neighbors. This observation has been used in construct-
ing a simple empirical model for silicon, which also seems
to apply to structural features of the metallic P-Sn phase.
Calculations using the empirical model are presented in
Paper II. ST12 is a semiconducting phase, and again the
charge-density plots suggest that a covalent picture for
the bonding is appropriate.

VII. TRENDS

the stable phase at low pressure and temperature is di-
amond whilst in C this phase is metastable with re-
spect to graphite. Under pressure the transformation to
the metallic P-Sn structure occurs at progressively lower
pressures in Si-Ge-Sn (in tin itself, this transition occurs
at ambient pressure due to temperature alone). Likewise,
metastable phases exist which have intermediate density
and maintain fourfold coordination. These are easier to
form as one goes down group IV, apparently because
bond bending is easier for sp hybrids with larger n (and
therefore smaller overlap under distortions). These con-
cepts are used in the development of empirical potentials,
and are developed further in the related paper. Carbon
is different. Not only does it exhibit the graphite phase
under ambient pressure but it cannot form a rnetastable
phase with BC8 or ST12 symmetry without a signifI. cant
departure from fourfold coordination.

It is now possible to make some comment about the
trends in behavior down group IV. In Si, Ge, and Sn

FIG. 13. Three-dimensional representation of a valence-
charge-density isosurface in ST12 silicon. The large black
spheres represent the pseudopotential core radius around the
atoms. The equivalent plot for germanium is similar.

VIII. CONCLUSIONS

We have performed total-energy pseudopotential cal-
culations on high-density phases of the group-IV elements
Si, Ge, and C. Using the density-functional molecular-
dynamics method of Car and Parrinello, the fully re-
laxed BC8 and ST12 structures of these elements have
been determined via relaxation under the inHuence of
the Hellmann-Feynman forces, and they are found to be
in good agreement with available diffraction data. The
structural response to compression has also been investi-
gated. Using these results it will be possible to calculate
pressure-induced effects on the optical properties of these
materials. This will be the subject of a future paper.

This method has also allowed us to determine lattice
parameters, bulk moduli, and behavior of the internal
structure under pressure. These are found to be in very
good agreement with the available experimental data, al-
though as usual with LDA the structures tend to be over-
bound slightly. This overbinding means that the lattice
parameters are invariably too small by about 2%, and
the binding energy is too large by about 15%. It is well
established, however, that the energy differences between
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various structures are well reproduced by LDA.
In silicon our predictions confirm that at low tempera-

ture the metastable phase is BC8. Ab initio calculation of
the entropy at high temperature is currently impractical,
so we have carried out this simulation using an empirical
potential in Paper II.

In germanium the energies of all phases are similar, re-
flecting the ease with which the germanium bonds can be
distorted, and that cohesive energy is dominated by the
requirement of fourfold coordination. We found that the
internal parameters in both BC8 and ST12 germanium
adjust to maintain all bondlengths to be similar. The
energy diH'erence between ST12 and diamond was much
smaller than that of carbon or silicon. Convergence of
this difFerence required the use of a denser k-point set for
band-structure sampling.

Although the germanium energy differences are close
to the accuracy of our programs, we predict that within a
range of pressures ST12 will actually be the stable phase
of germanium. It would be interesting to attempt to ver-

ify this experimentally; although the large kinetic barrier
makes the direct transition between diamond and ST12
impossible, ST12 can be made via the P-Sn phase. BC8
is found to be close but slightly higher in energy.

In carbon we predict that diamond will be completely
stable with respect to BC8 or ST12 at all reasonable pres-
sures, and that those phases, while not mechanically un-
stable, have fundamentally diferent bonding from that
in Si and Ge.
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