
PHYSICAL REVIEW' B VOLUME 49, NUMBER 8 15 FEBRUARY 1994-II

Eikonal approximation in the theory of two-dimensional
fermions with long-range current-current interactions

D. V. Khveshchenko
Theoretische Physik, Ei dgenossische Technische Hochschule Zurich-Honggerberg, CH-8093 Zurich, Switzerland

and Landau Institute for Theoretical Physics, g Kosygina Street, 1179/0 Moscow, Russia

P. C. E. Stamp
Physics Department, University of British Columbia, Mgg Agricultural Road, Vancouver, Canada VGT 1Z1

(Received 10 August 1993; revised manuscript received 27 September 1993)

We study the behavior of response functions of two-dimensional (2D) fermions interacting via a
long-range transverse gauge Geld in the eikonal approximation. We observe that an exponentially
vanishing wave-function renormalization prevents divergences in the density-density correlation func-
tion and the pairing susceptibility. The wave-function renormalization also shows up in a suppression
of the de Haas —van Alphen effect. Elaborating on an observation recently made by Ioffe, Lidsky,
and Altschuler, we also infer an effective bosonic description which makes it possible to reproduce
our eikonal results in terms of free 2D bosons.

I. INTRODUCTION

Recently, much attention has been paid to the gen-
eral problem of the existence of a metal-like non-Fermi-
liquid ground state for interacting fermions in D & 2.
Stimulated by Anderson's "Luttinger liquid" hypothesis
about the ground state of the (2D) two-dimensional Hub-
bard model, the previous studies mainly concentrated
on short-ranged interactions. In this &amework Ander-
son's hypothesis was disputed by a number of papers
which claim the absence of anomalies in the conventional
perturbation expansion and the validity of the Landau-
Fermi-liquid picture for quasiparticle excitations. ' How-
ever these conclusions cannot be simply extended onto
the case of long-ranged interactions which are, in fact, of
primary physical importance.

A 2D example provided by the Coulomb interaction
V(q) —, was recently shown to demonstrate some fea-
tures of a breakdown of the regular perturbation expan-
sion due to the pecularity of the Debye screening in 2D.

Another relevant example is provided by the retarded
current-current interaction of charged fermions mediated
by a transverse gauge Geld. It was noticed in Ref. 5
and then elaborated in Refs. 6 and 7 that a relativistic
transverse electromagnetic interaction in 3D metals leads
to anomalies in perturbation theory.

In 2D a similar problem of the interaction via the trans-
verse gauge Geld arises in the context of the modern gauge
theory of strongly correlated electrons in doped Mott
insulators which is supposed to be an adequate descrip-
tion of the normal properties of high-T compounds. It
has been also argued that the u = 1/2 fractional quan-
tum Hall eKect can be efFectively described by the same
kind of theory. g

The gauge model of nonrelativistic spinless fermions
with chemical potential p is given by the Hamiltonian
written ia the gauge A.o ——0:

H = @t (—iV —gA) —p
1 2

~2m

1 &aA)+—(VxA)
2 2cs i Bt )

Intending to concentrate on the efFects of the transverse
gauge field Ag(k) = "&,we shall discard the longitudi-
nal component A~~(k) = "& responsible for the density-
density Coulomb interaction, which was shown in Ref. 4
to lead to weaker singularities.

On the bare level the gauge field propagator

DI )((u, q) = (A;(u), q)As( —~, —q)) =
e'e&

Zg g2

Q)2Q 2 + g2

has a pole corresponding to a propagating mode u = cq.
However in a metallic state with gapless charge excita-
tions the gauge Geld spectrum becomes strongly renor-
mali. zed due to particle-hole excitations. The gauge field
dispersion corresponds to an overdamped mode ~ iq:

gi gj

&'7q + XQ
(1 2)

Formally this form of the propagator can be understood
as a result of the fermion polarization (Fig. 1) which is
governed by the Landau damping term, the coefEcient p
being some function of the coupling constant. The ran-
dom phase approximation (RPA) result is QRpA g
while yRp~ = 1+ O(g ). Moreover at small ~ and q
the form of the gauge field propagator is quite insensi-
tive to details of the charge excitation spectrum unless it
develops a gap.

In the lowest order the fermion self-energy is given by
the diagram of Fig. 2. In 2D this expression was calcu-
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FIG. 1. RPA fermion polarization corrections to the gauge
propagator.

FIG. 2. Fermion self-energy corrections.

lated in the form '

Z(~) = —g' .. . , (ie)'~'
mX' '~' ' (1.3)

3 2
if ~ )) ~, where („= z

—y, is the bare quasi-
particle spectrum, otherwise the self-energy behaves as
ReE(e, p) - —g'~—', ImZ(e, p) —g'(e'/(„)sgne.

Despite the obviously singular character of the correc-
tion (1.3) it was argued in Ref. 9 that the system still
could be considered in the framework of some modified
Landau-Fermi-liquid theory. Namely, it was conjectured
that the fermion Green function still has a pole cor-
responding to the renormalized quasiparticle dispersion
~(p) (p —p~) ~2, although both real and imaginary
parts of the spectrum were supposed to be of the same
order.

Indeed, it can be easily shown that the functional form
of E(e) given by (1.3) does not change if one takes into ac-
count only completely uncrossed (ladder) diagrams.
However, one can neglect the vertex corrections to (1.3)
only at e )) ~, otherwise one cannot fulfill the Ward
identity

)
BZ(~, p)

66
(1.4)

where A(e, p) stands for the irreducible three-point ver-
tex at zero transferred momentum A(e, p; & ~ 0, k ~ 0).
Equation (1.4) implies that close to the Fermi surface
there exists a whole series of in&ared divergent terms, the
expression (1.3) being the first term of this series. Obvi-
ously, a complete summation of higher order self-energy
and vertex corrections requires essentially nonperturba-
tive methods. In our previous paper we 6rst applied the
so-called eikonal approximation to study the behavoir of
the one-particle Green function. In the present paper we
undertake a consistent summation of higher order cor-
rections to two-point response functions by means of the
eikonal approximation.

The use of this approximation in the case of the con-
ventional relativistic 3D electrodynamics provides an ele-
gant and eKcient way to And the well-known nonpole in-
frared asymptotics of the one-particle Green function as
well as the double-logarithmic asymptotics of the three-
point vertex function.

In our case of nonrelativistic 2D fermions with singular
interactions a general possibility in applying the eikonal
approximation follows from the fact that for quasiparti-
cles near the Fermi surface the small angle scattering be-
comes dominant. More exactly, the validity of the eikonal

t

approximation is restricted by those amplitudes which
receive their main contributions from excitations in the
vicinity of the Fermi surface.

In addition, in the case of the transverse gauge interac-
tion the overdamped dispersion (1.2) provides essentially
different scales for energy and momentum transfer

1 (p~l"
a (( vga[[ —

I (( vEQL ~ vF I

~ (1.5)
mi y) (~)

where
q~~ ~ are the longitudinal and transverse compo-

nents of q with respect to the particle's momentum p.
This circumstance opens a very interesting avenue of

research initiated by recent discussions of a possibility
in formulating a consistent bosonization procedure in
D ) 1. It was argued in Ref. 18 that it might
be possible to describe a long-wavelength behavior of
2D fermions interacting via the transverse gauge 6eld in
terms of free bosons. This conjecture was made in the
framework of the 2D generalization of the bosonization
procedure originally proposed by Haldane.

In a recent paper by Ioffe, I idsky, and Altshuler it
was explicitly shown how an effective bosonic quasi-1D
description arises in the course of a straightforward di-
agrammatic calculation of the one-particle Green func-
tion. In the present paper we elaborate this observation
and demonstrate that the results which can be found by
means of the effective bosonic description are in agree-
ment with those obtained in the eikonal approximation.

II. ONE-PARTICLE PROPERTIES

A formal eikonal expansion of the one-particle Green
function starts from a derivation of the Green function
G(r, r', t, t', A) in a given external field A(r, t)a.

i — (—iV ——gA) + p G(r, r'; t, t'; A)
( Bt 2m

= b(r —r')b(t —t'). (2.1)

For details of this procedure we refer to our previ-
ous paper. To find the one-particle Green function
one then has to a~erage G(r, r', t, t', A) over Gaussian
gauge Quctuations which are governed by the propagator
D;~ (u, q) = (A; (cu, q) A~ (—cu, —q) ) given in (1.2) .

The resulting expression can be written in the integral
form (n„ is the Fermi distribution function):
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G(e, pi;) = — 1 — +~l/3 (2.3)

Expanding (2.2) in g one generates all crossed graphs
including the so-called "maximally crossed" ones which
are supposed to give the dominant contributions in the
case of singular (long-range) interactions.

When calculating the exponential "Debye-Wailer fac-
tor" in (2.2) it is important to notice that the integrations
over longitudinal and transversal components of q can be
done separately because of the condition (1.5).

The behavior of the Green function in the vicinity of
the Fermi energy can be simply found at p = pp. Es-
timating the integral over n one can see that at e )) g
the lowest order results of perturbation theory are easily
reproduced

Then to calculate the trace in (2.6) one can use the ba-
sis of states provided by Landau levels and to apply the
Poisson summation formula. The result is given by the
expression

(F
M(H) g ) —"sin 2mr

i

——P ~(H )
(2 8)

where the phase factor P depends on the fermion spec-
trum far from the Fermi surface, and I" = p2&/2 is the
"dHvA frequency" of the orbit in k space. For the case
of f'ree fermions the amphtude I„of the rth harmonic
is equal to 1, giving the characteristic sawtooth struc-
ture (for 2D fermions) of M(H) If g. is finite, then for
u, « g, one has

On the contrary, at e « g we find an essentially non-
perturbative asymptotic behavior

(2.9)

-sg2 |' -s )
G(e, pg) si4 exp

e
(2.4)

which is evaluated to give

n(~) =
2

—=, (u —J~). (2.5)

The unusual low-energy behavior implied by (2.4) does
affect physical observables which are sensitive to one-
particle properties near the Fermi surface. In particular,
it leads to a drastic suppression of oscillations of the or-
bital magnetization [de Haas —van Alphen efFect (dHvA)]
in a weak external magnetic field, when tu, &( g (and
m, = ~ is the cyclotron frequency). The oscillatory part
of the magnetic moment is conventionally calculated from
the thermodynamic potential, but it can be also found in
terms of the one-particle Green function

P

M(H) = dp Tr de lmG(e; r, r'). (2.6)
OH

When cu « g, the Green function can be taken in the
semiclassical form (we use the Landau gauge for the back-
ground field):

G(e r, r') G(e; r —r )e & *ll" +" (2.7)

Note that the asymptotics (2.4) is basically a result of
the saddle point approximation in the integral over e in
(2.2), hence it cannot be expanded in a power series in

g
2

It is worthwhile mentioning that the asymptotic be-
havior (2.4) implies a more radical breakdown of the
Fermi-liquid theory for the model (1.1) than any kind
of Luttinger liquid behavior proposed, for instance, in
the Anderson's scenario of the "Tomographic Luttinger
Liquid. "i

In particular, the wave-function renormalization found
f'rom (2.4) vanishes exponentially on the Fermi surface:

-3/2 3
Z„~(e) s, i, exp( —,i, ). As a consequence, the distri-
bution function n(p) remains analytic in the vicinity of
the Fermi surface and has a finite slope

M(H) p& ) exp —— r-
v=1 C

xsin 2xr
I

——4 I
(2.10)

III. TWO-POINT CORRELATION FUNCTIONS

One can also use the eikonal technique to calculate the
entire partition function and various Inultipoint Green
functions summing up the most infrared divergent con-
tributions. In particular, this method is capable of study-
ing correlations in particle-particle as well as particle-hole
channels. An important consistency check is a fulfillment
of the Ward identity (1.4).2e

A useful and efIIcient way to derive the appropriate ex-
pression for the four-point Green function in an external
field A(x) is via Schwinger's "bilinear shift operator:"22

Under the condition ur, (& gs, only the first (r = 1) har-
monic is important because of the exponential suppres-
sion of amplitudes of higher harmonics. The exponential
form of the amplitudes I„ in (2.10) looks similar to either
the case of impurity scattering (with the identification of
scattering time as r g s) or the case of finite temper-
atures T gs. However the entire result (2.10) is not
identical because of the magnetic field dependent prefac-
tor, and the extra factor of r i .

The result (2.10) is physically transparent, because ac-
cording to (2.5) the jump of n(p) on the Fermi surface
is smoothed out over an interval of order g . It is quite
important to notice that the formula (2.17) manifests an
effect of the transverse gauge field on the gauge invari-
ant quantitity M(H) It takes plac. e because the infrared
corrections studied in this section afFect the modulus of
the one-particle Green function rather than its phase.
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G2[xi, x2, xs, x4', A(x)] = exp —g dz dx', D,~(x —x')

x {G[xi,xs; A(x)]G[x2, z4, A(x)] —(xs ++ x4) j (3.1)

where G[x, x; A(x)] is a solution of (2.1). In the context of the eikonal expansion this equation plays the same role
as the Bethe-Salpeter equation in Fermi-liquid theory. The averaging of (3.1) over the gauge fiuctuations governed by
(1.2) then generates insertions of the propagator D,~(x —z ) joining two fermion lines in all possible ways, including
vertex corrections, which preserves the relevant Ward identity (1.4).

Fourier transform of the expression (3.1) gives a two-particle Green function

G, (~, ~';~+},~' —}}= f u'*"'* ~~, e~," t' &-+'-I t'--
0 0

. g' dqd~ t' 1 —e" '(4-4+.+ )
x exp a, .(~, q) ~ p,p

—eI

(( —t! — — )'
e&&1 ((p (p+g+&) ] 2 (&p (p —q )—2e'~ p;p,

'

4 —4+~+ ~ 4 —4 -~ —~ (3.2)

ontracting two pairs of external lines in a way corresponding to the particle-hole channel we obtain the following
eikonal formula for the density-density correlation function:

K(B, (})= f d pn dae'
0

g' 1 —e~+(4+9 4+Q+ca++)
x exp i, Dg(u), q) (pg + Qg)(1 —np+q+~)

v+0 &+0+~ + ~

esca(4 —(p~q+ ) )—p&n~+~ ! + (0 -+ —0).
i+~+ ~ j

(3 3)

Calculating the integral in the exponent at small Q and
0 we 6nd that, in agreement with the Ward identities,
the self-energy and vertex corrections almost compensate
each other and the result reads (hereafter we include ir-
relevant numerical factors in the definition of g)

z{n q} = f a'~~ z~e I"+~ -~-~+"I
0

x exp! —g n ~
! + (0 m —0).-2Q (3.4)

One can see that the exponential singularities of the one-
particle Green functions {2.4) are integrated out and have
no effect at small Q. As a result, the compressibility
K(0, C} —+ 0) as well as a Fourier transform of the equal
time correlator J dAK(O, Q m 0) remain finite. At small

g these almost coincide with the results obtained for free
fermions. In addition, we observe that the diffusion pole
of the scattering amplitude found in Ref. 19 [such that

(~+~)2/3+~2/3
1(e,p;ur, q), &, ] as a result of a summation

9]]+~
of "fan-shaped" diagrams, does not affect the density-
density correlator (3.3).

It was first pointed out in Ref. 23 that the lowest order
vertex correction to A(A, Q) is logarithmically divergent
at Q 2p~. At transferred momentum Q close to 2p~

K(0 C}) = f d~p dam' t~ ~' ~+' I

0

I'g
x exp —in{}}}o.) —g po ~

)
1 —

vy

const +!Q—2p~] (3.5)

FIG. 3. Ladder-type vertex corrections.

the momenta of scattered particles —p and p + Q have
almost the same direction and then the current-current
interaction provides an attraction which may lead to a
physical singularity of (3.3) at Q m 2pF Summing .up
the infrared divergent terms one obtains a 2D counterpart

«6
of the powerlike Kohn singularity at ~ &(

P PF
when the behavior of K(0, Q) is mainly governed by the
vertex corrections (Fig. 3)
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dOK 0,

[q-2& [
g' ~' "

pF p )
(3.6)

The results (3.5) and (3.6) are consistent with the sin-

gular behavior of the renormalized vertex A(A, Q)
(max( " q, ( —)i)'s)) " found in Ref. 19. The density

response function (3.6) manifests a kind of a crossover
at critical value g, (g) = 2. This value of the critical
coupling constant is in agreement with the estimate ob-
tained by the authors of Ref. 19 who argued that at some

1 a phase transition occurs. However it was also
mentioned in Ref. 19 that the statement about the phase

I

2

where g ~ and Q approaches 2p~ from above.
-B

In the opposite regime q " ( ~ the last term in
pF P

the exponent associated with the wave-function renor-
malization dominates and renders the integral in (3.5)
finite: K(0, 2p~) const+ g (

Some remnant of the weak "2p~ singularity" also ap-
-B

pears at " )) ~ as a nonanalytic contribution to
PF P

the Fourier transform of the equal time correlator

dxe*~"(4t (Id (x) (Ipt (Ip(0) )

transition is based on diagrammatic calculations which
assume g &( 1 and, strictly speaking, do not account for
all crossed diagrams becoming important at g 1.

On the other hand, the eikonal approximation is sup-

posed to provide a proper account of crossed diagrams.
However, we only observe a crossover behavior of the den-

sity response function (3.6) at Q —2p~ and not a real
singularity. The origin of this behavior is the exponen-
tial wave-function renormalization (2.4) which cuts off
the powerlike divergency of A(Q, Q —2p~).

In view of this we are inclined to the conclusion
that a real phase transition at 6nite couplings does not
seem likely. However, one cannot rule out the possibil-
ity of some kind of topological phase transition which
does not manifest itself in correlations of any local Geld

operators. 24

It might be also interesting to study pairing corre-
lations in the particle-particle channel. In contrast to
the aforementioned Kohn singularity, which appears to
be quite sensitive to the effective phase volume of scat-
tered fermions, the singularity in the Cooper channel de-

pends primarily on the sign of interaction. Indeed the
Cooper instability persists even in the two-particle prob-
lem (pF w 0).

The corresponding (nongauge invariant) correlation
function is given by the formula

6(B,(i) = f dep(1 —ne —n eeq) dne' ~n ~ & -e+'e~
0

. g' dqd~ (
x exp i

2 sD~(ur, q) (—p~+ q~)(1 —n ~+@+~)

~ia(4 q —( p+q+q+ )
X 4—Q ~—&+9+~ + ~

2-
exa(4 —4

+ p&(1 —ni, q)
)

(3.7)

By calculating (3.7) at small Q we find no essential difference with the case of f'ree fermions

q2
6(Q, (i) = f d p(1 —n —n eg) dne' ~ X X +e+' ~exp —g n ~ ln

0 p j max(O, ~2j
(3.8)

Although the expression (3.8) is logarithmically divergent it does not lead to any instability because the current-
current interaction is repulsive at small Q. Indeed one could only expect to find some singularity of the effective
vertex I'(p, p', k) if momenta of scattered particles are parallel and the current-current interaction becomes attractive,
that is when Q = ~p + p'~ approaches 2@~. One also has to have 0 )(d otherwise as Q becomes coxnparable with
p~ the Cooper loop ceases to be logarithmically divergent. In this regime (3.7) yields the result which is similar to
(3.5): at ~A —~z~ )) g the pairing correlation function has a nonanalytic powerlike intermediate asymptotics while

at ~O —~2~ ( g it remains finite even for large )7(g):

a(n, q) = f d'p(i —n, —n ee~) dna '" &. 'e+"&---
0

t'g2
x exp~ —ln(yo. ) —g pn ~ — max 0—,g

) 2m (3 9)

The anomalous exponent g ~ coincides with the one
in (3.5) although this equality holds only for spinless
fermions.

Notice that the efFect of the exponentially vanishing

I

Z factor on (3.9) is exactly the same as in the case of
the gauge invariant density-density correlation function.
This should not be surprising because it derives from the
modulus of the one-particle Green function rather than
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its phase.
A similar conclusion can be drawn about the equal

time pairing susceptibility

dxe*q" (iI '4t(x) @@(0))

dOA 0,

(3.1O)

Thus we do not Bnd an instability in the Cooper channel
either.

Nevertheless in the course of our eikonal calculations
we discovered that the exponential factors appearing
in (3.3) and (3.7) are related to each other and can
be understood as correlation functions of some vertex
operators:exp(i4): built from a free boson field 4. It is
this property of the eikonal calculus which enables one to
apply an efFective bosonic description to study the prob-
lem (1.1).

IV. EFFECTIVE BOSONIC DESCRIPTION

pF (( 1. (4 1)

It is the condition (4.1) which provides an effective quasi-
1D dynamics along the direction of the particle's momen-

In the Hamiltonian approach an attempt to construct
a bosonic theory which captures mostly relevant small
scattering angle processes and then reproduces long-
wavelength properties of the model (1.1) was made in
Ref. 17. Later on the authors of Ref. 19 explicitly showed
how a quasi-1D (bosonizable) effective Lagrangian de-
scription occurs in the context of a straightforward dia-
grammatic calculation of the one-particle Green function.
The Green function obtained in this manner is equivalent
to our formula (2.4).

More precisely, in Ref. 19 the parameter p was used to
control the diagrammatic expansion instead of our cou-

pling constant g which was, in turn, put equal to unity.
This alternative choice of the expansion parameter cor-
responds to the case of the so-called "zero current" the-
ory which follows from (1.1) in the strong coupling limit

g ~ oo. At p &) 1 it turns out that within the weak
coupling (g « 1) eikonal calculations the two expansions
can be linked together by the relation p g

It was noticed in Ref. 19 that the asymptotic behavior
(2.4) can be found by means of the effective quasi-1D
bosonic theory at p ( 1.

The above consideration shows that at p ( 1 the
asymptotics (2.4) simply extends over the entire energy
range e p. In the opposite case p g » 1, the nec-
essary condition e (( g for the nonperturbative asymp-
totics (2.4) to hold means a small scattering angle

turn p. In other words, the eikonal condition (4.1) means
that the space of momenta p can be efFectively split into
1D "rays" in accordance with the heuristic picture of the
"Luttinger Tomographic Projection. " However (and just
as for Anderson's model ), there is still a "residual cou-
pling" between these rays, as we shall see.

The 1D bosonic theory of Ref. 19 was invented pri-
marily for the calculation of t (e, p). However it is highly
tempting to formulate a reined bosonic description which
would be capable to reproduce the two-point response
functions as well.

In the 3D case of free fermions this problem was first
addressed by Luther who showed that one can recover
two-point correlation functions

substituting fermion operators by the bosonic ones

4(x) i
dn, „„,„—e*"~"'"exp i4„(x).
27r

(4.2)

I'J„(x),J„(x')]= —b (n —n')(nV)b(x —«'). (4.3)
27r

To proceed with a conventional quantization 4„(x) can
be expanded in the form

) . , „J„(q)
ignqA'

(4.4)

where A (& pF stands for an ultraviolet cutofF for a trans-
verse component of q.

On the basis of the commutation relations (4.3) one
can identify J (x) with a bilinear product of fermion op-
erators: J (q) = g~

~
&

4' + 4~. The transverse

component of the space current coupled with A~(k) is

given by the dual gradient: 4't(x)( —,. )4(x) =
In contrast to the case of the one-particle Green func-

tion it turns out that to reproduce the response functions
of the preceding section the intended bosonic theory has
to incorporate kinetic couplings between bosons 4n with
difFerent n. This is necessary to account for vertex cor-
rections on an equal footing with self-energy ones.

The efFective bosonic action can be written in the form
(v~ is put equal to unity)

The bosonic field 4 „(x)should be understood as a chiral
(right moving) field associated with the direction pointed
by the unit vector n normal to the spherical Fermi sur-
face which parametrizes a continuous manifold of Fermi
points. This representation can be further generalized to
the case of arbitrary shape of the Fermi surface and can
also be used to treat interacting fermions.

To get a complete correspondence between fermionic
and bosonic operators as well as the corresponding
Hilbert spaces one has to solve a subtle (and ambiguous)
problem of operator ordering in D & 1. Fortunately, to
deal with two-point response functions one only needs to
establish a relationship between currents.

Using a bosonic field C „(x) one can construct a corre-
sponding (chiral) current operator J„(x) = (nV)4 (x)
obeying commutation relations
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, ( dn dn dn'
S = — chrd q CI„(—ur, —q)(qn)(~ —nq)C)„(~, q)+g ur ) — C) (—ur, —q)(nn')4 (ur, q) . (4.5)

2 ( 27I 27I 2)r )
To avoid a double counting of loop corrections which were already accounted for in (1.2) one can introduce N bosonic
replicas 4, a = 1, 2, ..., N and then put N equal to zero. In other words, one has to exclude any renormalizations
of a kinetic part of the bosonic Lagrangian. In the limit N ~ 0 the boson propagator following from (4.5) becomes
equivalent to the expression

( ) '(— —))= (nn')
A(nq)(ur —nq) Au&'~ [ur —nq —(p~) ~ ][sr —n'q —(p~) )'

]

More strictly, the formulas (4.5) and (4.6) enable one to reproduce those one- and two-particle eikonal amplitudes
which are dominated by configurations of momenta obeying one of the conditions ~n' 6 n~ (( 1. In this case all
integrations over the transverse components of transferred momenta q~ ——q x n simply cancel the factors A in the
denominators.

On calculating the one-particle Green function with the use of the Lagrangian (4.5) one ends up with a quasi-1D
theory with right and left moving bosons (two opposite Fermi points) associated with directions of p and —p. The
form of the Lagrangian (4.5) makes it possible to clarify the physical origin of the exponential asymptotics (2.4). The
well-known powerlike behavior of 1D one-particle Green functions, as well as correlation functions, takes place for
a quite special family of Lagrangians bilinear in current operators, the most popular example being the Sugawara
construction which is a local bilinear form L =: JL,JL, —J~J~ .. An example of a nonlocal coupling with the strength
V(x) ~ —, is provided by the Calogero model. In all these cases the 1+ 1-dimensional theory possesses conformal
invariance. As soon as this symmetry is lost the decay of 1D correlators ceases to be powerlike [see, for instance, the
example of the Coulomb interaction V(z) —recently considered in Ref. 25].

Thus in the effective model (4.5) one simply encounters the more general situation where the Lagrangian bilinear
form is nonlocal in time. It is obvious that to get a powerlike behavior one has to have not only an effectively
one-dimensional dynamics but also a conformally invariant one.

As another example, we sketch the derivation of the asymptotics (3.6) using the bosonic theory (4.5):

d '
dBK(II, Q) = f d xe'I" (@)@(ee)III)@(0))= f dx — e'IQ+e )" ))"

27r 2'

x exp —— du d q CnC'n + C'nI@n& 2 @n4n' 1 —cosqx
2 (4 7)

The exponent in (4.7) can be found in the following approximate form:

OO OO

exp —
dqll d~[2 —cos(qll ) cos(qlln'x)] +

0 0 + qll + qll

-2

~' '[~ —
qll

—(~~)"'][~ + qll
—(&~)"'])

(max(n x, n'. x))"
(

3 g/3) (4 6)(n. x+ ih)(n'. x —ib)

At g = 0 and Q = 2IIF (4.7) and (4.8) yield

dOKp 0, = dx

i[Q+pK(n' —n)J x (q 2 )3 (4 9)

The consistency of the applied approximations is
achieved due to the fact that in the relevant region of
integration n' —n. Performing the calculation of (4.7)
at finite values of g and using (4.9) we recover the result
(3.6).

As was shown in Ref. 15, all the information about
long-wavelength properties (in particular, the equilib-
rium thermodynamics) is encoded in eigenvalues of the
generalized Landau equation for collective bosonic modes

I

(ur —nq)4 (ur, q) = g ur
)' (n n')4„(ur, q).2'

(4.1o)

Formally one can find two independent solutions of Eq.
(4.1o)
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(4.11)

The spectra of the corresponding collective modes are
given by the equations

1 + cos 2P' dP'1=g QJ
~ —

q cos P' + ib 27r
{4.12)

The dispersion of the mode associated with 4„ is close
to linear [~ = q

—O(g4q ~s)] at ~ )) g . In the opposite
limit ~ ( g it acquires a form tu (8) ~ . The solution

corresponding to the second mode @„canonly be found
at ~ ( g . Its spectrum demonstrates even a stronger
nonlinearity: ~ (~2)s~2. Notice that in contrast to9
fermionic (one-particle) excitations which are completely
incoherent the bosonic branches of the spectrum corre-
spond to real quasiparticles.

Using the effective &ee boson description we can calcu-
late the specific heat C~ (T) as a function of temperature

(4.13)

where ~p(q) denote difFerent solutions of (4.12). Esti-
mating the integral in (4.13) we obtain that at T )) gs

an ordinary Fermi-liquid result holds [C~(T) T] which

is solely due to the contribution of the mode 4„. On the
contrary, at low temperatures T ( g the specific heat
becomes nonlinear and it is mainly determined by the
4+ contribution: Cv (T) g2T2~ .

Remarkably this estimate coincides with the result of
the RPA calculations (we are reminded that the RPA
result is nonanalytic in g since pRpA g ). In addi-
tion, we confirm the hypothesis made in Ref. 18 that the
RPA result remains valid in an effective bosonic theory
as well. The reason is that RPA contributions basically
represent the effect of states with an arbitrary number
of low-energy particle-hole pairs and the bosonization
scheme takes an account of just this subspace of the en-

tire Hilbert space.
It is worthwhile mentioning that the bosonic repre-

sentation can be also used to investigate the transport
properties of the model (1.1) which are supposed to be
quite unusual.

asymptotics of Eq. (2.4).
One might think that an exponential behavior of the

one-particle Green function (2.4) in the vicinity of the
Fermi surface is an artifact caused by a gauge nonin-
variance of the object. However we show that the trace
of the exponentially decaying Z factor does appear in
both gauge invariant and noninvariant response functions
which typically receive their singular contributions from
momenta close to the Fermi surface. In particular, due
to this fact we do not find real divergencies of susceptibil-
ities in both particle-particle and particle-hole channels
which would demonstrate a tendency toward pairing or
a formation of charge density wave. Moreover, the be-
havior of the one-particle Green function is reflected in
experiments which are sensitive to the behavior of those
fermions near the Fermi energy; thus it leads to a dra-
matic suppression of the oscillations of orbital magneti-
zation in a weak external magnetic field, in the dHvA
effect.

It may happen, of course, that an intrinsic instability
of the model (1.1) cannot be detected as a divergent sus-

ceptibility of some local order parameter and then the
corresponding phase transition is not of second order.
As a plausible example one could consider the intriguing
possibility of a spontaneous generation of uniform mag-
netic flux commensurate with the particle's density first
discussed by Wiegmann.

We have also shown that to recover the results of the
eikonal approximation, capturing the most relevant fea-
tures of the long-wavelength dynamics of the model (1.1),
one has to use the effective bosonic Lagrangian which is
not purely one dimensional.

The very existence of the approximate free boson rep-
resentation means a possibility of a partial diagonaliza-
tion of the problem involved in the scaling limit.

In other words, using this representation one is able
to restore the (non-Fermi liquidlike) properties of the
low-energy particle-hole subspace of the entire Hilbert
space. This is supposed to be an intrinsic feature of any
bosonization scheme.

As an example of the application of this technique we

have found the spectrum of the bosonic collective mode
governing particle-hole dynamics, and its contribution to
specific heat.

We intend to further address these and other related is-

sues (for instance, a generalization on the case of fermions
with spin) elsewhere.
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