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The thermoelastic effect (TEE) of perfectly grown Bi, „Sb„crystals shows a clear periodic behavior as
a function of the composition parameter x with a period of 5.5% for 0(x &0.19. Melting and subse-

quent rapid solidification of the samples causes this phenomenon to disappear, leading to the assumption
of superlattice incorporation of the Sb constituents into the bismuth matrix in the first case. Further-
more, since the weakest bonds should dominate the TEE, they have to be correlated with the electronic
energy extrema at the L points of the pseudocubic Brillouin zone. Insertion of Sb and Bi atoms in the ra-
tio 1:2 into one of the trigonal layers with a trigonal lattice constant over three double layers leads to a

3

occupation of the superlattice for x =0.055 with equidistant hexagonal layers. The assumption of two
different sp'd and p'd valence hybrids suggests a relation between the superlattice crystal axes and the
main axes of the L-band constant-energy surfaces, which also applies to V2VI3, IV-VI, IV-VIz, and simi-
lar materials.

I. INTRODUCTION

The electronic properties of bismuth and Qii „$b„
crystals have been the subject of a large variety of experi-
mental techniques and a great number of papers. In par-
ticular, experiments in magnetic fields, e.g., cyclotron res-
onance and magnetoquantum oscillations, have revealed
a complex energy-band structure. Numerous energy-
band calculations have been performed, yielding nonpar-
abolic E(k) relations for the L-band charge carriers. '
For pure bismuth, the semimetallic properties are de-
duced from the energy overlap of the T valence band (the
constant-energy surface centered at the T point of the
pseudocubic Brillouin zone) and the L conduction band
(centered at the three L points). Though the experimen-
tal results are most significant for pure bismuth, their
analysis is often dificult as a consequence of the superpo-
sition of contributions from the electrons and holes
simultaneously. Therefore, a balanced doping and com-
position may be advantageous, as demonstrated in a pre-
vious paper.

The experiments on the thermoelastic effect (TEE) de-
scribed in the present paper were performed on neighbor-
ing crystal pieces of the same bars grown for the investi-
gation of magnetoquantum oscillations, or equivalently
solidified samples with other compositions. The details of
the crystal preparation are described in Ref. 3. %e real-
ized that the chemical doping of the crystals does not
inhuence the TEE detectably, and samples of comparable
doping for different x or several degrees of doping for a
fixed Sb content were generally used. %e find that the
magnitude of the TEE is a distinct, periodic function of
the Sb content in the samples, and that the periodicity
disappears after melting and subsequent rapid quenching.

the natural variables p and S (entropy) yield

T=(BHIBS) and V=(BHIBp), ,

and the integrability condition corresponds to

(t)T/t)p)s=(BV/BS) =(BV/t)T)pl(t)SIBT)y . (3)

Using the definitions for the isobaric thermal-expansion
coefficient a = (ci V/BT )z / V and the isobaric specific-heat
capacity c~

=T(BSIdT ),Eq. (3) becomes

(OTIC )s =a VT/c~ =Py

Tlirt,

where y denotes the Griineisen parameter, P the iso-
thermal compressibility, and tt=c /cr=1 for a solid.
Hence, for c~ =38, the average of T near room tempera-
ture and a given volume V, a is related to the reversible
temperature variation hT on application of a finite stress
hp. In order to eliminate irreversible thermal transport,
hT has to be determined at the switching time t =0 of
the stress

lim( b T leap )s =b T(0)

leap

.

The reversibility was shown because almost the same re-
sults for

~
b, T(0)

~
were obtained both for application and

release of stress, within experimental error.
It may be shown that the binding potential y of a solid

for T=O may be developed around the equilibrium dis-
tance ro as

the enthalpy H = U+pV (U denotes the internal energy,

p the pressure, and V the volume). For the total
differential

dH= T dS+ Vdp,

II. THEORETICAL BACKGROUND tp=y(ro)+ ft, u„/2+ f,„t,u„l6+0(u„), (6)

The essentials of the hydrostatic TEE were described
by Swalin, and in a more direct way in Ref. 5 by use of

with fz =(ti q&/Br )„and f,„i,=(t) qrlBr ), , where u„
denotes the displacement of the lattice element n from ro.
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For T) 0, in a linear approximation for the augmented
equilibrium distance r*=(1+e)ro, the equivalent expan-
sion for y finally yields

ksf~„h/(2"Qfh )

in a first-order expansion up to u„ in Eq. (6). Since

f,„„/f„ is high for weak bonds, in an inhomogeneously
bound crystal the weakest bonds should contribute the
maximum effect to the TEE. Therefore, this
phenomenon allows us to observe the variation of the
weakest bonds as a function of change in the significant
crystal parameters.

III. EXPERIMENTAL DETAILS

The Bi, ,Sb, crystals with space group D 3d
(0 x ~0.19) were grown by thorough mixing of the con-
stituents, rapid solidification, and subsequent twofold
zone melting in opposite directions, in order to compen-
sate the segregation of the components, with about 0.5
mm/h velocity. The samples were cut from the central
parts of the bars by an acid string saw (Honeywell etch:
H20, HC1, and Cr03); the composition there by repeated
investigation was shown to be equal to that of the
mechanically mixed and rapidly solidified ingot. The
sample shape corresponds to an approximate half
cylinder of about 1 cm volume. Hydrostatic stress was
applied in a stainless-steel vessel of about two orders of
magnitude greater volume, filled with water at about 4'C,
the anomaly point of the thermal-expansion coefficient of
H20. In this arrangement, the influence of the TEE of
the stress-transmitting medium could be neglected or, for
a small contribution in case of TX4'C, be included in the
calculation.

Numerical treatment of the nonstationary thermal
transport allows us to optimize the effect by the choice of
the contact points (spot welding) for the thermocouple
wires (Ni-NiCr; about 40 pV/K, where the sample forms
one of the two "solder contacts" of the thermocouple and
the other is kept at constant temperature. In this case,
b, T(t) shows an almost exact exponential decay over
several seconds, which allows a reliable extrapolation of
b, T(0). A possible small systematic error cancels out in
comparison of results for different stress values, applied
and released, and comparison of the data for different
samples as a function of the composition. The reversibili-
ty condition was fulfilled by extrapolation towards t =0
(time of stress switching), and possible contact effects
could be eliminated by repeated measurements with
different therrnocouple contacts.

The thermovoltages U,h ranged up to the order of 4
pV for stresses ~bp~ up to 250 bar, corresponding to
values of ~ET(0)~ of about 100 mK at maximum. U, h

was measured by a galvanometer amplifier (Amplispot-
Sefram and Nanomat-Burster) and data processing was
performed by analog-to-digital transformation and PC
implementation.

IV. RESULTS

A typical U,h(t) curve is shown in Fig. l, where the
stress-switching interval is much smaller than 1 s. The

increase below 2 s after stress switching at t =0 is caused
by the relaxation times of the amplifier circuit. This
range is not used for the evaluation. In Fig. 2(a), and (b)
~b, T(t)~ is shown on a semilogarithmic scale, the least-
squares-fit straight lines confirming the exponential decay
for t ) 2 s, for different stress values (a) applied and (b)
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FIG. 2. Semilogarithmic plot of ~AT(t)l for (a} application

and (b) release at different values for ~hp ~, increasing from the
bottom to the top. The linear dependences for t )2 s axe extra-
polated (dashed lines) towards t =0, yielding the reversible tem-
perature shift

~
6T(0) ~.

t(s)
FIG. 1. Thermovoltage U,h (Ni-NiCr) as a function of time

for a typical sample after application of a stress Ap at t =0. The
exponential decay for t )2 s originates from the thermal con-
duction into the surrounding medium. For discussion, see text.
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released. Without including experimental errors, for
equivalent nonstationary thermal conductivities into the
surrounding medium, the inclination of the straight lines
in Fig. 2 is determined by the so-called temperature con-
ductivity.

In Fig. 3 the extrapolated ~b, T(0)~ values for different

~bp ~
of a typical sample are plotted for bp )0 (+) and

hp &0 (X). The fitted curves are parabolas, indicating
that the isobaric thermal-expansion coefBcient is not con-
stant in the stress range investigated. In Eq. (7), the equi-
librium distance ro decreases as a function of Lp )0, but
simultaneously f„ increases, so that ref), increases and a
decreases linearly. This is demonstrated in Fig. 4 for the
binding potential rp(r) for T=O with and without a linear
stress-induced potential p, where rp„,(r) =rp(r)+rp
possesses a higher harmonic content around its shifted
minimum compared to rp(r). This means that, in lowest
order, b, T(0)leap contains a linear and a squared term,
which was taken into account in the fit of Fig. 3. The
thermoelastic effect, in the calculation, is considered as
the linear term for hp ~0.

The TEE results as a function of the composition are
shown in Fig. 5 for the slowly solidified samples. Clear
maxima and minima are distinguished with a periodicity
of b,x =5. 5 at.'%. The sawtooth curve is drawn—
lacking a known analytic dependence —as a guide to the
eye. It is obvious that the decay of the TEE with increas-
ing x is steeper than the ascent. The scatter of the data,
besides a small difference between application and release
of stress, may be caused by systematic errors, such as
some deviation in the composition x or an uncertainty in
the fabrication of the thermocouple contacts by spot
welding of the Ni-NiCr wires. These errors should be
small, but may hardly be quantified reliably.

Another surprising effect is the disappearance of the
periodic structure in Fig. 5 after melting and rapid
solidification of the samples (with an increase of the
growth velocity by a factor of about 10 ), since, under hy-
drostatic pressure, the change in the outer shape of the
samples should not be of importance. In Fig. 6 any
periodic effect in the TEE as a function of x has vanished;
the slightly upward-sloping straight line was obtained by
a least-squares fit. The average values of b, T(0)/hp in
Fig. 6 correspond to the minima in Fig. 5. It appears

lh

a O
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O
CL

FIG. 4. Schematic binding potentials y, g~, and pt t f +lpp
as a function of distance r. q„„around ro, possesses a higher
harmonic content than q around ro.

V. DISCUSSION

The results of the preceding section indicate the obvi-
ous presence of weaker and stronger bonds in the
Bi& „Sb„crystals; this is also supported by the formation
of double layers with different internal and external lat-
tice spacings. The peculiarity in the periodicity of the
TEE as a function of the composition (Ex =5.5 at. %)
can be related to the electronic properties, i.e., the zero-

gap state for the L energy bands and the crossover of the
different valence-band edges. In Fig. 7 the shift of the
band edges as a function of x is plotted, where the gap en-
ergies are given by Golin in a linear approximation:

E —EL =38.5 —500x meV,
45 s

EL —EL =15.3—270x meV .

(8a)

(8b)
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that disorder in the samples makes the TEE periodicity in
x vanish.

1QQ

hC

E

y50
I-

0,5 o

0,3

Otl

X

+
0

I
Q&

0
I I I

100
) hp(bar) )

FIG. 3. Extrapolated temperature shifts ~b, T(0)
~

for different
stress values ~hp~, for application (+) and release (X) of the
stress. For discussion, see text.
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FIG. 5. Linear thermoelastic effect (BT/Bp), for hp~0 as a
function of the composition parameter x for different Bil „Sb„
crystals (O~x ~0.19). (X) denotes application and (+) release
of stress. (o) is the average of both for a different experiment
(thermocouple) and the same or a different sample.
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FIG. 6. Linear TEE (BT/Bp), after melting and subsequent

rapid solidi6cation of the samples. As in Fig. 5 (X) denotes ap-
plication and (+} release of the stress. For discussion, see text.
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FIG. 7. Schematic shift of the electronic energy-band edges
of Bi& Sb crystals as a function of the composition on the Bi-
rich side (small x values).

Equation (8b) yields Er =EL for xL =0.056, and Eq.
S a

(8a) E =E~ for xL T=0.077. However, in contrast to
45 S

the gap energies for x =0, the composition coefficients do
not seem to be very accurate. Substitution of 275.4 for
270 meV yields xL =0.05, and of 500 by 346 meV corre-
sponds to xL T=0.1=2xl. The crossover of the L, and

S

H, valence-band edges is usually assumed to be at
xi H=3xL =0.16 (Fig. 7). The intersections of the L,

S

conduction-band edge with the T„and H, valence-band
edges at about 8.7 and 22 at. /o mark the limits of sem-
imetallic and semiconductive behavior.

The fact that the TEE shows a maximum also for pure
bismuth indicates that the effects observed cannot ex-
clusively be attributed to an Sb superstructure in a Bi ma-
trix for xL, xL T, and xL H in a perfectly grown crystal.

S S

The weak bonds have to exist also for pure bismuth crys-
tals. Therefore, we propose two kinds of valence hybrids:
sp d and p d, the latter, more excited, for the superlat-
tice constituents, the sites of which are occupied prefer-
ably by the Sb atoms for low x values. The two kinds of
sites are in one each of every double layer. For xL =0.05,

the antimony atoms form an orthorhombic net with a &3
times higher lattice constant in the trigonal planes in
every third double layer; in the same layers, the Bi atoms
for xL &=0.1 exhibit the p d bonds, where the Sb atoms

S

form a honeycomb matrix and sp d hybrids. At 16.7
at. % Sb content, a 1:S intercalation of antimony layers in
Bi is reached. The alternation between Bi and Sb super-
lattice p d valencies in every third double layer at x =0
or 0.1, and 0.05 or 0. 16, respectively, is indicated by the
sawtooth variation in Fig. S.

This means that the six p d valencies are completely
611ed, with a roughly two times greater binding length
compared with the sp d hybrids. Since the average
number of valence electrons is five, the sp d hybrids,
with the same configuration as the p d valencies, cannot
be occupied completely. It is easily seen that, in the lay-
ers of constituents with both valencies, the sp d bonds
are connected to six neighbors, three each in two adjacent
layers with exclusively sp d -bound Bi atoms. There,
vice versa, only four neighbors exist for the sp d bonds,
so that —in average over all bonds —only five electrons
per constituent are needed, where all existing covalent
bonds between neighbors are occupied by exactly two
electrons at any time. The higher excited p d hybrids
possess roughly twice as large a binding length. The
different strength of binding for the sp d and p'd hy-
brids explains the formation of the double layers. There
is no need for resonance valence bonds, and a consistent
model for the crystal binding (not including some ionic
contribution) in the five-electron system is obtained by
this proposal.

The relation between the thermoelastic and electronic
properties is easily intelligible. For x =0, p d bonds are
formed in a pure Bi sublattice. The smallest admixture of
Sb causes disorder in this subsystem, which makes the
TEE drop rapidly. This disorder in the trigonal planes
vanishes towards x =0.05, and starts again for x &0.5,
when the Bi atoms enter the p d hybrids preferentially

up to x =0.1. This sequence is repeated for x &0.1 up to
x =0.16 for Sb, and possibly even further, when the next
two layers of mixed valencies are occupied by Sb constit-
uents. For x=0.05, in the trigonal direction, for the

p d bonds there exists a superstructure with a periodici-

ty of two compared to the basic lattice, and an additional
Sb superstructure with period 3 for the p d layers. This
makes the energies for the symmetric and antisymmetric
wave functions become equivalent, leading to a zero gap
between L, and L, states. At x=0.1, according to the

regular cubic p d structure of the Bi atoms only, the
valence-band energies of the T and L points obviously
cannot be distinguished, so that a crossover of E~ and

EL occurs, if ET also is associated with the p d bonds.
S

This sequence is repeated for x =0.16, when the same
number of Sb atoms form p d valencies, leading to maxi-

ma at the L points and the T point (or the adjacent 0 for
x ~1)of the pseudocubic Brillouin zone.

A further peculiarity is the tilt angle of S.8' of the
constant-energy-surface main axes in the mirror planes of
Bi& Sb for the L bands. Consideration of the double-

layer structure (with layer distances d;„„,=d, =3.10 A
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and d;„„,=1„=3.47 A for pure bismuth) and the further
Sb superlattice periodicity over three double layers for
the tilt angle 8 relative to the crystal axes yields

8=arctanI ( —,
' )[1+(d„—d, )/(d, +d, )]/v 3]

=5.80', (9)

instead of 30' for a cubic lattice (d, =d, ) without an Sb
superstructure.

It is simple to apply this idea to similarly bound ma-
terials with, on average, the same number of valence elec-
trons, e.g., the IV-VI semiconductors, such as PbTe,
PbSe, GeTe, SnTe, etc. They form perfect NaC1-type
structures, so that, for d, =d„and no superstructure, by
substitution the tilt angle 8 [Eq. (9)] becomes 30', as ob-
served for PbTe and PbSe. The valence electrons are
equivalently distributed between sp d and p d hybrids,
the latter developing around every third group-IV atom
in any of these (111)layers, forming a hexagonal distribu-
tion with 3 times higher site distance. Six group-IV
neighbors are bound in the second-nearest atomic layers.
The rest of the constituents develop partially filled sp d
hybrids with six and four occupied bonds, respectively.
Hence, a minimum of electronic charge has to be
transferred between the group-IV and -VI layers (the
electronic charge centers of the p d valencies are in the
group-VI layers). The opposite, p d hybrids developing
around the group-VI constituents, may also occur, associ-
ated with lattice defects and nonstoichiometry, which
would explain n- and p-type conduction, for instance, for
lead salts.

We have also investigated the TEE on SnTe samples,
grown by the Bridgman method, with a varying non-
stoichiometry (tin defect; p-type conduction). In Fig. g

the results are shown as a function of the hole concentra-
tion obtained from the Hall effect up to 8=7.4 T and
T=4.2 K, which should be a measure for the tin defect
concentration. The TEE first decreases with the concen-
tration, and then increases above 1.7 X 10 ' cm (the re-
sult at 2X10 ' cm is the average of repeated measure-
ments on the same sample with different thermocouple
contacts, since no other samples were available). The

minimum at 1.7X10 ' cm for a 1:1 correspondence of
the hole concentration and the tin defects per volume

would correspond to missing p d tin constituents in

every third layer —,', where —,
' denotes tin defects per

volume. This sheds light on the connection of non-

stoichiometry and the electronic p d configuration and

corresponds to the Sb substitution in Bi, Sb, where

the respective sites in trigonal projection coincide, too.
The zero-gap composition in Pb, „Sn„Te (Pb substitu-

tion by Sn in the p d states) is reached at x= —,', i.e., in

any lead (111)layer every third Pb atom is substituted by
Sn, exhibiting the p d hybrids.

Similar results on BizTe& for the TEE as a function of
nonstoichiometry were obtained and published earlier,

by using the fact that the Te defect leads to p conductivi-
ty. It was concluded that the central Te' ' layers (period-
ic -Te'"-Bi-Te' '-Bi-Te"'- . stacking in trigonal
direction) perpendicular to the trigonal axis (space group

D~& as for Bi) contain the tellurium defects, which should

be—according to the above discussion —associated with

the p d sites. If the saturation (or even minimization) of
the TEE at about 2X10' cm (stable Hall concentra-
tion) and a 1:1correspondence to the Te' ' defects are as-

sumed, a 1:243=(—,')X( —,', ) dilution should occur, which

is likely possible as a result of the considerable Te'"-Te"'
intercalation between and in (Te' ') the Bi double layers
(in comparison to Bi). Again, a disintegration into
separate sp d and p d hybrids allows saturation of all

necessary covalent bonds by two electrons without the
postulation of resonance bonds. The Te' ' layers should
contain the p d sites in a 1:3 dilution, with a corre-
sponding higher binding length over the fivefold layers to
the six equivalent neighbors. The sp d bonds connect a
varying number of covalently bound neighbors (Te and
Bi, respectively), leading to saturated bonds between all

neighbors, too. Equivalent arguments apply to Bi2Se3
and Sb~Te3.

If one considers Bi2Te3 as a system of hexagonal Bi
double layers [d, =4.06 A; d„=6.11 A; Eq. (9)] with one
internal and two external intercalated Te layers, the tilt
angle of the main axes of the constant-energy surfaces be-
comes (omitting the factor —,

' as a result of the missing su-

perstructure, as in the case of bismuth),

8a; T, =arctanI [1+(d,—d, )/(d, +d, ) ]/&3]
550- =34.7', (10)

500—
0

400
0

I I

)0
I eRH) I102O cm j

I

20

FICk. 8. Thermoelastic effect (BT/Bp), (average of applica-
tion and release of the stress) of nonstoichiometric SnTe as a
function of the low-temperature Hall hole concentration
(eEH) '. The curve is drawn as a guide to the eye. For discus-
sion, see text.

instead of 30' for the cubic case. Such results were evalu-
ated earlier. '

The considerable dilution of Te' ' defects in the trigo-
nal planes for the stable configuration (grown from a
stoichiometric melt, 1:27, compared to Bi& „Sb„with
x =

—,', ), e.g., in a hexagonal configuration, yields almost

the same defect-superlattice constant parallel and normal
to the trigonal axis, whereby the Coulomb energy is mini-
mized.

Furthermore, the IV-VI2 compounds (e.g. , SnSe2) may
also be placed into this kind of solid with a periodic layer
ordering of . . -VI-IV-VI- . . along the trigonal axis.
The p d hybrids in 1:3 dilution should occur in the
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group-IV layers, which allows the development of com-
pletely filled covalent bonds with six (p d ) and on aver-
age five (sp d ) neighbors.

VI. CONCLUSION

It is shown above that investigation of thermoelastic
properties as a function of constituent substitution or de-
fect concentration is a powerful tool to understand co-
valent binding and the electronic properties of perfectly
grown crystals. Here, the contribution of mixed valen-
cies (sp d and p d hybrids) provides perfect saturation
of all bonds by two electrons and allows a relation of the
bonding to the electronic energy bands of Bi&,Sb„and a

discussion of the crossover of the band edges. Thereby,
an understanding of semimetallic behavior and non-
stoichiometry is attained, and this may be generalized to
a large variety of different crystal systems.

The discussion above does not claim completeness with
respect to the development of such mixed valencies. Cer-
tainly other examples may be found and, perhaps, the
model proposed is the basic physical reason for non-
stoichiometry on the whole. This investigation is left to
future work. The most interesting effect should be the
formation of superstructures in a large number of solids,
partially of lower dimensionality (equivalent to modern
thin-film preparational techniques), which were not per-
ceived over previous decades.
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