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Infrared Faraday rotation of n-type Insb
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The Faraday rotation of n-type InSb has been measured for wavelengths between 8.0 and 13.0
pm at 9 K, using magnetic fields up to 150 kG. Measurements were made on samples with nominal
carrier concentration of 1 x 10, 6 x 10', 1 x 10, and 5 x 10 cm . The experimental results
have been successfully analyzed in terms of interband and intraband transitions at the I' point in
the Brillouin zone, using a quantum-mechanical treatment. The four-band k p Pidgeon and Brown
model was used to calculate the energy levels and the matrix elements for these transitions.

I. INTRODUCTION

The Faraday rotation in InSb was the subject of con-
siderable attention &om the late 1950s through the mid
1960s. Smith, Moss, and Taylor measured the wave-
length dependence of the Faraday rotation in n-type
InSb. For carrier concentrations N, + 1 x 10' cm and
long wavelengths A & 12 pm, their measurements exhib-
ited the expected A behavior predicted by the classical
expression, derived in 1955 by Mitchell, for the plasma
contribution due to the cyclotron motion of the conduc-
tion electrons in a magnetic field.

In the same paper they noted that the interband
effect was of opposite sign to that of the free carri-
ers. This result was confirmed by Brown and Lax,
and Lax. In 1962, Boswarva, Howard, and Lidiard
provided a quantum-mechanical treatment using time-
dependent perturbation theory in which they derived an
expression for the dielectric tensor of InSb in the presence
of a magnetic field. Subsequent papers by Halpern, Lax,
and Nishina, Boswarva and Lidiard, and Roth used
quantum-mechanical treatments to calculate the Faraday
rotation of InSb at low magnetic fields. A free-carrier
spin-induced contribution to the Faraday rotation, pro-
portional to the average spin alignment, was first ob-
served in CdS by Romestain, Geschwind, and Devlin
in 1975, later in Hgq Cd Te and HgI Mn Te by Yuen
et al. in 1987, and in InSb by Aggarwal, Lucey, and
Ryan-Howard.

The total Faraday rotation in n-type InSb can be re-
garded as consisting of three contributions as illustrated
in Fig. 1. The plasma contribution results from virtual
intraband transitions where both the initial and interme-
diate states are in the conduction band. The interband
contribution arises from virtual transitions between ini-
tial states in the valence bands and intermediate states
in the conduction band assuming the latter to be empty.
The spin contribution accounts for the effect of the occu-
pation of conduction-band states ignored in the interband
calculation and it results from virtual transitions from oc-
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FIG. 1. Diagram illustrating the transitions that give rise
to the plasma, interband, and spin contributions.

cupied states in the conduction band with intermediate
states in the valence band.

In this paper, we report a study of the Faraday rotation
as a function of wavelength, carrier concentration, and
magnetic field. Measurements were made for wavelengths
between 8.0 and 13.0 p,m at 9 K on n-type samples with
nominal carrier concentrations of 1 x 10', 6 x 10', 1 x
10, and 5 x 10' cm using magnetic fields up to 150
kG.

The quantitative analysis has been carried out follow-

ing the approach of Halpern, Lax, and Nishina. The
energy bands and matrix elements needed for the cal-
culation of the Faraday rotation were obtained using
the 4-band k p model of Pidgeon and Brown (PB).
This calculation gives good results for the spin, plasma,
and interband contributions, accounting for population-
induced quantum oscillation effects observed at low mag-
netic fields.
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II. THEORETICAL BACKGROUND

A. Faraday rotation: Quantum-mechanical
treatment

(d
HF = (e —e+)L,

4npc
(2)

where np is the zero-field refractive index, and e and e+
are the real parts of the dielectric constants for LCP and
RCP light, respectively. Using the relation

4xioE'= 1+
(d

between the complex dielectric constant and the electri-
cal conductivity cr, we can calculate the Faraday rota-
tion by extracting the conductivity &om the quantum-
mechanical expectation value of the current density
operator

i = -(0*vV —Wv4*),
2

(4)

where v is the velocity operator, and Q is an eigenstate
of the perturbed Hamiltonian. Proceeding in this fashion
we obtain

where m is the free-electron mass, e is the magnitude of
the electron charge, the index i denotes the initial states,
and A,+, and A,, are the transition amplitudes for the two
circular polarizations of the form

We consider linearly polarized light propagating
through a material of length L in the direction of the
applied magnetic field B.After passing through the ma-
terial, the electric field vector makes an angle O~ with
the initial polarization direction.

Faraday rotation results &om the difference in phase
velocity of left- (LCP) and right- (RCP) circularly po-
larized light propagating through a medium along B. It
follows that the Faraday rotation is given by

(d
OF = —(n —n+)L,

2c

where ~ is the angular frequency of the light, c is the
speed of light in vacuum, and n and n+ are the refrac-
tive indices for LCP and RCP light, respectively. We are
using the convention where right- and left-circular po-
larizations correspond to positive and negative helicity,
respectively.

At &equencies where the absorption is small, the above
equation can be written as

f, and f; are the occupation probabilities for the ini-
tial and intermediate states, respectively. Here the state
wave functions have been normalized to unit volume. e~
are the unit polarization vectors for the RCP and LCP
light, respectively and h is Planck's constant divided by
2m. Using the relationship (e+ . v), , = (ey v);, , and
combining Eqs. (5) and (6) with Eq. (2), we obtain

(7)

where

v~ ——v + iv„=~2(e~ v).

The evaluation of the above expression for O~ requires
the knowledge of the energy levels and matrix elements
in InSb as a function of the applied magnetic field, as
considered in the following section.

B. Energy levels and matrix elements

In the narrow-gap semiconductor InSb, the conduction
band I'6, light- and heavy-hole valence bands I'8, and
spin-orbit split-off valence band I'7 are closely spaced at
the center of the Brillouin zone. The fundamental en-
ergy gap Ez between the I'6 and 18 bands is 0.235
eV and the spin-orbit splitting 4 between the I'8 and I'7
bands is 0.8 eV at liquid helium temperature. There-
fore, it is a good approximation to consider only this set
of strongly interacting bands exactly and treat interac-
tions with all other bands in an approximate fashion to
order k . To calculate the energies of the Landau sub-
bands induced by the application of an external magnetic
field, we use the PB model, 8 which extends Kane's2 ef-
fective mass theory to the case of a finite magnetic Beld,
and incorporates the treatment of the valence band in-
troduced by Luttinger and Kohn and Luttinger. We
used the axial model Hamiltonian Dp, generalized to
the case of finite wave vector kq in the direction of B.

We measured Faraday rotation with the magnetic field
applied along the [111], [211], [110] crystal axes. How-
ever, anisotropy effects were too small to resolve from
uncertainties in the measurements and we carried out
the calculations only for the case of B

~] [ill]. This di-
rection also gives the best match to the pseudopotential
energy bands at B = 0.

When spin degeneracy at the I' point is included we get
an 8 x 8 Hamiltonian that can be divided into blocks

(e+ . v),; (ey v);;
A (QJ —La/ p ~ )

(e~ v);; (e~ v);;
1 —,),

5((d + la/~~~ )
(6)

where the index i' denotes the intermediate states, and

where 'R„,'R„„,and 'R„are the (2 x 2), (4 x 4), and
(2 x 2) diagonal blocks associated with the I's conduction,
I'8 valence, and I'7 split-off valence bands, respectively,
and 'R, 'R „and'R„,describe the coupling among the
three diagonal blocks.

The PB valence-band parameters are related to the
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Luttinger parameters by

—E„/3Es,L

p2 ——p2 —Ep/6Es,L

ps ——ps —Ep/6Es,L

r = r —E„/6Eg,

where E„=2P2/m is the interaction energyw associated
with the interband momentum matrix element P. We
have chosen the band parameters to be consistent with
the best known values (in our judgment) for the band
gap, spin-orbit splitting, conduction-band g factor
g„conduction-band effective mass m„and light- and
heavy-hole valence-band masses m~ and mh, respec-
tively, as summarized in Table I. In this table we also
give various other band parameters including p and Nq,
which we have adjusted to give the best fit to the exper-
imental results. The conduction-band effective mass and
the g factor are related to the PB parameters by

m 1 2 1= 1+2F+ —Ep +
mc 3 " Eg Eg+6

1 1 1gc: 2 1+2' ——E&
g g+

ORv+=2
k

OR

Ok+
' (13)

where k~ = kg + ik„in the (g( coordinate frame.
The transition matrix elements can now be computed

using the axial model selection rules (Ms and Mq transi-
tions of Trebin, Rossler, and Ranvaud2s)

(14)

C. Plasma contribution

where 8 is the quantum number associated with the total
angular momentum along the ( direction [denoted N in
Eq. (27) of Ref. 28].

We evaluated Eq. (7) by numerical integration over kq
and summation over the quantum number E. The wave
function at each point in kq is obtained by diagonalization
of an (8 x 8) Hamiltonian.

The light- and heavy-hole valence-band effective masses
in the spherical model are given by

—1 L —L
l(h) ~& + 2p (12)

The velocity operators v+ and v are calculated from
the PB Hamiltonian, using the prescription

Parameter
g

gc
m. /m
mg/m
m, /m

Ep
Pl—h

P

Ng

Value
0.2352 eV
0.803 eVb

-51.1'
0.0136
0.015'
0.38'
23.1 eV
3.1~

-0.20
0.55g
-1.3~

-0.5'
-0.65

Reference 31.
Reference 32.

'Reference 33.
Reference 34.
Reference 35.
Reference 25.

Reference 36.
~ = —,'(2~. + 3~3).

'v = -', (v~ -~2).

TABLE I. Band parameters used in the model of Pidgeon
and Brown.

The plasma contribution to the Faraday rotation in
n-type semiconductors is the result of intraband tran-
sitions with both initial and intermediate states within
the conduction band. This contribution has a positive
sign, is proportional to N„and has a A2 dependence
over the measured wavelength region. As we approach
the cyclotron frequency the plasma contribution shows
resonant behavior. Near resonance, the light first be-
comes elliptically polarized and at resonance it becomes
left-circularly polarized. Thus Faraday rotation becomes
undefined in the region of cyclotron resonance.

For the plasma contribution, the index i in Eq. (8) runs
over all occupied states in the conduction band and the
sum in i' is over all unoccupied states of the conduction
band connected by the velocity operators v+ and v
In the quantum limit, only the ground state (n = 0,
mz ——1/2) is occupied and is connected to the excited
state (n = 1, mi = 1/2) via v+.

To obtain the contribution of occupied conduction-
band initial states to the Faraday rotation it is neces-
sary to first calcuIate the chemical potential for any given
temperature and carrier concentration. With this knowl-
edge, we then sum over the initial states including those
with energy higher than the chemical potential and ap-
ply a Fermi-Dirac distribution to properly account for
the population effects. When the intermediate states of
a transition are in the conduction band as well, there is
considerable overlapping between initial and intermedi-
ate states. In this case the Fermi-Dirac distribution has
to be applied to both initial and intermediate states. The
chemical potential of InSb at 0 and 9 K is shown in Fig. 2
for various carrier concentrations. As shown in the fig-
ure, thermal effects are significant at T = 9 K, having the
effect of broadening the cusps seen in the Fermi energy
(chemical potential at T = 0 K).
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FIG. 2. Chemical potential of InSb at various carrier con-
centrations for T = 9 and 0 K.

FIG. 3. Calculated interband Faraday rotation as a func-
tion of applied magnetic field for various wavelengths in the
8—15-pm range.

D. Interband and spin contributions

The "true" interband Faraday rotation arises from all
transitions connecting states in the valence bands to
states in the conduction band. However, it is convenient
to divide this calculation into a contribution independent
of the carrier concentration which in this paper is referred
to as the interband contribution and assumes an empty
conduction band and a carrier-concentration-dependent
contribution due to the occupied conduction-band initial
states with intermediate states in the valence bands as-
suming the latter to be empty. This contribution due to
free carrier transitions across the band gap is what has
been called the spin contribution.

f. Intev band

'U+ i'i U- i'i = 0.
'I

i i I 'e

(16)

We have verified this result numerically and also shown
that the integral of this function with respect to k(. con-
verges to zero.

The calculated interband Faraday rotation as a func-
tion of the applied magnetic field is shown in Fig. 3 for
several wavelengths. It has a negative sign and its mag-
nitude increases monotonically with magnetic field and
inversely with wavelength. In Fig. 4 we plot the low-

field slope of the Faraday rotation, known as the Verdet
constant, as a function of photon energy Ru which has
approximately an a2 dependence over the measured fre-

quency range. For comparison, we have included the re-
sults of Roth's calculation of the interband Verdet con-
stant. These results are in general qualitative agreement,

In calculating the interband contribution to the Fara-
day rotation, we will assume a completely empty conduc-
tion band and a completely full valence band. We need
to sum over all initial states for all values of k~, where

( is the coordinate along the B direction. However, we

find that Eq. (7) converges too slowly for practical appli-
cations. It is possible, however, to transform Eq. (7) to
a form that converges more rapidly,

-5

-4-

-3-

~
I

~ ~ ~ I ~

This is obtained by substituting the identity

(15)
0 s s

80
a I ~ a ~ l a

100 120 140 160

1 1
~2 ~2 ~2 ~2 ~2 ~2+

into Eq. (7) and realizing the existence of a sum rule
where for every point in kq

PHOTON ENERGY (meV)

FIG. 4. Calculated low-magnetic-field interband Uerdet
constant of InSb as a function of photon energy. Also in-

cluded are the results of Roth's calculation. '
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although Roth predicts somewhat smaller values for the
Verdet constant.

Our model for the Faraday rotation allows the calcu-
lation of individual band contributions. For example, we
can compare the relative sign and magnitude of the light-
and heavy-hole contributions to the interband Faraday
rotation. We 6nd that the heavy-hole contribution is

4 times larger than the light-hole contribution and has
the opposite sign.

The PB model is limited by the fact that it treats con-
tributions outside of the coupled four-band set only in
second-order perturbation theory. This results in un-
realistic energy bands for large enough values of kq,
or, equivalently, high energies above the lowest conduc-
tion subband and below the highest valence subband.
By comparing the zero-magnetic-Beld energy bands of
the PB model and those obtained from pseudopotential
calculations, we found that the PB model is good up to

1 eV in the conduction band, —1.25 eV in the light-
hole band, and —0.5 eV in the heavy-hole band, where
the zero of energy is taken at the top of the valence band.
By truncating the interband calculation at energies above
which the PB model deviates &om the pseudopotential
calculations we 6nd that the Faraday rotation obtained
differs from the result of an untruncated interband cal-
culation by 4%. This indicates that most of the in-

terband contribution comes from the low-energy regions
and that the PB model is adequate for the computation
of interband Faraday rotation in InSb.

2. Spin cont&bution

The spin contribution to the Faraday rotation has a
negative sign, is proportional to N„and has an approx-
imate I/A-dependence over the measured wavelength re-
gion. As noted above, it is the result of interband tran-
sitions between occupied initial states in the conduc-
tion band and intermediate states in the valence band
as allowed by the selection rules [see Eq. (14) j. Con-
versely, we can think of the spin contribution as the con-

sequence of an incomplete summation over the valence-
to conduction-band transitions due to the blocking or oc-
cupation of conduction-band states.

The existence of a spin contribution to the Faraday
rotation was erst pointed out by Rornestain, Geschwind,
and Devlin in 1975 and was later used by other
authors. ' These authors pointed out that the spin
contribution is proportional to the average spin (0', ),
where (0,) =

2 at full magnetization. In Fig. 5 we plot
the calculated values of (0,) and the spin contribution to
the Faraday rotation divided by N, . The plots in Fig. 5
show that for low magnetic fields the Faraday rotation is

very nearly proportional to (0,).

III. EXPERIMENTAL PROCEDURE

Faraday rotation measurements at temperature T = 9
K were made using a Janis Research helium gas ex-
change cryostat with a KBr room-temperature window
and a ZnSe cold window. A 2-in. bore Bitter solenoid
provided dc magnetic 6elds of up to 150 kG. An air-
cooled globar was the radiation source and the linear po-
larizer used was a PTR Optics42 wire grid. We used a
0.22-m Spex model 1680B double-grating monochro-
mator. The detector was a liquid-helium-cooled Ge
bolometer from Infrared Laboratories. 44 Faraday rota-
tion was measured by recording the power of the trans-
mitted light as a function of magnetic 6eld with a polar-
izer placed in front of the infrared detector.

Single crystals of n-type InSb, grade 56S, were ob-
tained &om Cominco. 4 Four samples with nominal car-
rier concentrations of 1 x 10', 6 x 10, 1 x 10'5, and
5 x 10 cm were used for the experiments. The sam-
ples were cut and polished, then etched in a 5% solution
of bromine in methanol for approximately one minute.
The 77-K resistivity p, mobility p, , and sample thickness
L for these samples are given in Table II.

IV. RESULTS AND DISCUSSION
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TABLE II. Characteristics of InSb samples at 77 K.

N, (cm ) p (ohm-cm) p (cm /V s') L (mm)

First we will discuss Faraday rotation at 10.6 pm in-
cluding the three contributions discussed above. The
agreement between the theory and the data is excellent
for the four samples at this wavelength. Figure 6 shows
the results for N, = 5.0 x 10 ~ cm . The plasma contri-
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FIG. 5. Calculated average free-electron spin (- — -) and
spin contribution to the Faraday rotation divided by N,
( -) at 90K.
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FIG. 6. Faraday rotation of n-type InSb with N,
5.0 x 10 cm at 10.6 p,m. Interband, plasma, and spin
contributions are also shown. The data are shown as a solid
line.

FIG. 8. Faraday rotation of n-type InSb with N,
7.0 x 10' cm at 10.6 p,m. Interband, plasma, and spin
contributions are also shown. The data are shown as a solid
line.

bution is linear in B at low magnetic fields and becomes
resonant at large values of B. The interband contribu-
tion is linear for low values of B and increases sublinearly
for high magnetic fields as a consequence of the widening
of the band gap which moves the transitions away &om
resonance. The spin contribution displays the quantum
oscillations seen in the chemical potential. 4s 4r The max-
imum at 19 kG corresponds to the Fermi level falling
into the lowest Landau subband. The smaller peak at 8
kc corresponds to the Fermi level reaching the n = 0,
a = —I/2 Landau subband. After the quantum limit
is reached, the spin contribution slowly decreases as the
band gap increases, since this is an interband process res-
onant at E and the magnitude of the transition matrixg
elements and the effective g factor decrease with increas-
ing Eg. The dependence of the spin Faraday rotation
on the g factor can be seen from the low-Geld approx-

17imation used by Aggarwal, Lucey, and Ryan-Howard
which shows the spin contribution being proportional to
the g factor. The total calculated Faraday rotation shows
remarkable agreement with experiment for all values of
magnetic field.

In Fig. 7 we show the Faraday rotation for N,
1.0 x 10is cm s. The interband contribution is inde-
pendent of carrier concentration and thus remains un-
changed; however, the plasma and spin contributions
have decreased in magnitude because they are controlled
by the population of the conduction band. At this car-
rier concentration, only the last quantum oscillation is
evident and occurs at a lower magnetic field than in the
case of N, = 5.0x10 cm . At lower carrier concentra-
tions, Figs. 8 and 9 show a trend in which the spin con-
tribution dominates the low-magnetic-field behavior and
the interband contribution is dominant at high magnetic
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FIG o 7. Faraday rotation of n-type InSb with N,
1.0 x 10 crn at 10.6 pm. Interband, plasma, and spin
contributions are also shown. The data are shown as a solsd
line.

FIG o 9. Faraday rotation of n-type InSb with N
2.0 x 10 cm at 10.6 p,m. Interband, plasma, and spin
contributions are also shown. The data are shown as a solid
line.
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ularly necessary in order to match the low-magnetic-field
spin contribution and the resonant high-magnetic-field
plasma contribution to the Faraday rotation. Figure 10
shows the calculated and measured Faraday rotation for
various wavelengths for N, = 1.0 x 10 cm . There is
generally good agreement between the calculations and
the data for the studied wavelengths. Our data is also in
agreement with recently published measurements at 10.6
pm17

No attempt was made to find the best set of band pa-
rameters for the fitting of the data. A careful selection of
parameters may yield a better agreement over the whole
range of carrier concentrations.

FIG. 10. Faraday rotation of n-type InSb with N,
5.0 x 10 cm for various wavelengths. The data are shown
as a solid line and the theory is shown as a dashed line. ACKNOWLEDGMENTS
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