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A family of heavy-fermion materials that exhibits semiconducting-like properties has recently been
discovered. A typical representative of this family is the system Ce38i4Pt3. Behavior similar to these
rare-earth materials has also been observed in the compound FeSi. Using a two-band mode1 and treating
the electronic correlations beyond the mean-field level, we calculate the thermodynamic properties of
this model for the case of two electrons per unit cell. We find that a hybridization gap appears above a
critical value of the mixing term which depends on the ratio between the effective masses of the electrons
in the large and narrow bands. The two-band model provides a unified description of the rare-earth and
transition-metal-based systems. The results obtained for the temperature-dependent susceptibility are in

good qualitative agreement with experimental data.

I. INTRODUCTION

The study of heavy-fermion materials has been an area
of intense research in the last decade. These materials
present a variety of ground states, namely, superconduc-
tor, antiferromagnetic, Fermi liquid, and more recently
some of them were found to have an insulating ground
state. ' The properties of these materials may be traced
to the existence of an unstable f shell as generally occurs
for metallic systems containing cerium or uranium
atoms. A special situation, which is the one of interest
here, is that where the material has one electron in a
large, s-1ike, uncorrelated band and also one electron in
the narrow band associated with the f electrons of the Ce
or U atoms. There are two basic models to describe these
systems. In the Grst, known as the Kondo lattice model,
one starts with a localized description of the f electrons
which couple to the band electrons through an isotropic
exchange interaction of strength J. This model for the
particular counting of electrons we mentioned above has
recently been studied in the one-dimensional case where
exact results could be obtained. In particular, it has been
shown that in d=1 the system is always a spin liquid
with exponentially decaying magnetic correlations. Fur-
thermore, it has a charge gap, larger than the spin gap
and consequently it is also insulating. The peculiarities of
the one-dimensional case, however, make it inappropriate
to extend these results to higher dimensions and, in par-
ticular, to the real systems we are interested.

II. THE MODEL HAMILTQNIAN

The second model, which is the one we adopt, consid-
ers a two-band system. One is a large, uncorrelated band
associated generally with s electrons and the other a nar-
row correlated band which describes the electrons in the
unstable f shell. These bands hybridize and, in the par-
ticular case of two electrons per unit cell, interesting re-

suits can be readily obtained. A closely related model has
recently been proposed' which considers an Anderson
lattice, i.e., a collection of localized f states with strong
intra-atomic interactions hybridized with a conduction
band. Our model, which considers instead a narrow
band, is readily extended to treat transition-metal-based
compounds, like FeSi, which exhibit properties very simi-
lar to the rare-earth materials we are examining here. '

The Hamiltonian describing our system is

+ V g (c;t f; +f;t c; ),

where t ' gives the hopping probability for electrons in
the large, uncorrelated s-like band and in the narrow f or
d band which we from now on refer generically as an f
band. The c; and c; create and destroy, respectively,
electrons in the wide band and f; and f, are creation
and annihilation operators for electrons in the narrow f
band. The Coulomb interaction between f electrons in
the same site is given by U, V is the mixing term, and

n, =f, f, . We could have also introduced a repulsive
interaction U,f between s and f electrons on the same
site. Since this is weak compared to U, it can be treated
within the Hartree-Fock scheme and would pose no addi-
tional difficulty to our problem.

If it were not for the Coulomb term, the Hamiltonian
above could be exactly diagonalized giving rise to two hy-
brid bands. However, the many-body term due to the
strong interaction U makes this a diScult problem for
which an approximation must be introduced. In this pa-
per we shall extend for the two-band problem the so-
called Hubbard-I approximation which goes beyond the
mean-6eld level. It is very appropriate for the problem
studied here where the systems we are describing have in-
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sulating ground states and no long-range magnetic order.
We shall employ the equation of motion method and for
this purpose we introduce initially two Green's functions,
namely, G, f(t.)=((f, ;f~~ )) and G; (t)=((c;;c~ ))
which describe the propagation of electrons in the f and
in the large s band, respectively. The frequency-
dependent Green's function ((f;;fz~ ))„given by the
Fourier transform of GP(t) obeys the following equation
of motion:

Then when writing the equation of motion for this
Green's function, new propagators are generated due to
both the mixing term and the Coulomb interaction.
Within the Hartree-Fock approximation, we would inter-
fere at this point decoupling the newly generated Green's
function ((n, f;;f1 ))„which appears due to the
many-body interaction. In this paper, we proceed beyond
Hartree-Fock and write the equations of motion for the
new propagators

+ V«...;f,t. »„+U«. . .f,.;f,'.»„.
~«c..;f,'.».= y t, I «c..;fJt. »„+V(& f,.;f,t. ».

I

(2) and

(co U)((n—, f;;ft )) = (nf )5; + gt, &((n, fi, f~~ ))„+V((n, c;;fJ ))

In the equation above we used the following approxima-
tions for the propagators:

&((f;t ft fi' f; —.)f;.;f,i )&„

=&f .f, . f,'.f, .-&(&f,.;f,'. »„=0
and

(((f; c; c; f; )f;;f—Ji »„
=&f,t, ,

~ f, )&&f, ;f,t )&„=0.

The last equalities follow from translational symmetry.
We also introduce the following decouplings:

((n, f, ;f, ))„=(nf )((f, ;f, ))

and

«.. ..,.;f,t. &)„=(.f.)«...;f,'. &)„,

where we used ( n, ) = ( n f ) due to translation in-
variance. We then obtain a closed system of equations
which, after Fourier transforming in space, can be solved.
Taking the limit U~ ao we finally find, for the f-electron
propagator,

Gg(co)

(1—(n ) )(~o E' )—
2mt [to Ef(1—(—n )))(co—ek) —V (1—(nf ))]

of the interactions is to renormalize the mixing term V
and the f-electron propagator through the contraction
factor (1—(nf )). The effective mass rnf defined by
e$=fi k /2mf is also renormalized. Incidentally the
contraction factor obtained here is different from the one
which arises using the slave boson ' or Gutzwiller ap-
proaches where it is given by (1—( n f ) ) with
(nf&=y &nf &.

Since we are interested in paramagnetic solutions
(n ) = (n ). Due to a special symmetry of the bands
we shall consider here and the fact that we have one elec-
tron f per unit cell, the largest value these averages can
assume is —,. In this case the contraction factor is given

by (1—(nf ) )=—,
' and the effective hybridization

remains finite at all temperatures.
The new excitations of the system are given by the

poles of the propagators, that is they are obtained from
the equation

(co—e', )(to—Zf )
—V'(1 —&nf &)=0,

where

af.=~)(1 &nf. )) . —

The equation above has the following roots:

j 2(k)= 2 [2k+1k V (Eg —
Zk ) +4V (1—(n ))]

we also get for the s-electron propagator

Gk' (to)

co ef(1—(n—f ) }

2n. [[co E$(1—(n— ))](co—e'k) —V (1—(nf ) }]

We can see from the above equations that the main role

The propagators can also be written in terms of simple
fractions as

A f(k) Af(k)
G f(to)=

2m. co —co,(k ) co —to2(k)

where

~ J'(k) = fk[to;(k)]
co((k) to2(k)—
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and

fg(co)=(1 —(nf ) )(co—e'k ) . (10)

[co—co,(k) ][co—co2(k) ]=a[g, (co) —e„][g2(co)—e„],
(15)

For the s electron we find

A', (k)
Gk' (co)= 2' co —co i( k)

A2(k)

co—co2(k)

we get, in terms of these new functions, the s and f con-
tributions to the density of states of the new hybrid
bands. For the f contribution to the first hybrid band we
find

where

and

fk[~; k ]

co,(k}—coi(k}

(12)

If [co,g~(co)]l
nf, (co)=, , g 5[g, (co)—ek],

algi co —
g2 co

I

and for the second

Iff[~,gz(~ }]I

nf.,(~)= ', y 5[g,(~)—e„] .
alg& co —

g2 co
I

(16)

The next step to calculate the density of states of the hy-
brid bands is to obtain the quantities ( nk ) and ( ng ) .
These can be found from the discontinuity of the respec-
tive Green's functions along the real axis, i.e.,
( nk' ) =7 [Gk' (co) ], where

For the s density of states we get

If '[co,g i(~) ] In'. , (~)=, ', y5[g, (~)—e„]
algi co g2 co I—

and

P„[Gk'f(co)]=ilim [Gk f(co+i ri) Gk f(—co i ri)] —. (13)
If '[~,g2(~) ] In', (co) = g 5[g,(co) e„] . —

alg, co —
g2 co

I

(19)

In the case off electrons we obtain

fg(co)
P [GP(co)]= 5[co—coi(k)]

co —coi(k )

(co)+ 5[co—coi(k)]
co coi k

and a similar equation for (nk ) by substituting fI', (co)
for f$(co}. Using the properties of the 5 functions we ob-
tain the expressions for the density of states n'(co) and
n (co) in the following form:

n' (co)=glfkfl5[[co —coi(k)][co—co2(k)]] .
k

(14)

III. THE HOMOTHETIC BANDS MODEL

=aEk+P ~

The quantity a may be interpreted as taking into account
the different effective masses of the f and s electrons, i.e.,
(m, /mf')=a. We have included in the parameter a the
renormalization of the f-electron mass due to the con-
traction factor (1—(nf }) arising from the Coulomb
repulsion between electrons of opposite spins in the same
site. The quantity P gives the shift of the f band with
respect to the large s band and also includes the contrac-
tion factor. Introducing two new functions g, (co} and
g2(co) through the following equation,

In order to obtain explicit results for the density of
states we introduce a model of homothetic bands' which
consists in taking

Now it remains to find the functions gi z(co) which can be
obtained from Eq. (15), we get

g, 2(co)= I(1+a)co—
—,'b(l —a)1

++[(1—a)co —
—,'6(1—a)] +4aV ],

(20)

b (1—a) 4V2
G 4

(21)—(1+a)—.
2

Consequently, for a two-band system the opening of a hy-

where V = V2(1 —(nf ) ). b, is the width of the large-s
band and appears in the above equation because the pa-
rameter P, which determines the position of the f band,
was fixed by the condition that the center of this f band
coincides with that of the large band at the energy b, /2
for V=O. For symmetric bands this arrangement is par-
ticularly useful since when the hybridization is turned on
and is sufficiently strong, we obtain two symmetric hy-
brid bands, separated by a gap, which can accommodate
each one exactly two electrons. Then, in the case of two
electrons per unit cell that we are considering, the Fermi
level sits in the middle of the gap and it can be easily
shown that it does not shift with temperature. Further-
more, for symmetric hybrid bands the factors (nf ) are
temperature independent implying that this is also the
case for the parameters a and P. Since the total number
off electrons, nf = 1, we get ( n f ) =

—,', for paramagnetic
solutions and the contraction factor is given by
(1—( nf ) ) = —,

' independent of temperature.
The equation for the gap can be obtained from the

difference in energy between the top of the first hybrid
band and the bottom of the second. We find

1/2
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bridization gap, contrary to what occurs for the Ander-
son lattice model, requires a critical value of the hybridi-
zation which is given by

12.0—

IO.O—

Q(. =O. I

V=—&a.
C (22)

For transition-metal compounds where the ratio
a&=(m, /md) is larger than that for rare-earth system
aI=(m, /m/ ), a larger value of the hybridization is re-
quired to open a gap. In Fig. 1 we show the gap, given by
Eq. (21) as a function of V for different values of a. A
comparison of the magnitude of the critical hybridization
parameter with the usual values of the hybridization for
Ce and U systems and for transition metals, shows that
V, is sufficiently large to make the phenomenon of hy-
bridization gaps rather unusual specially in transition-
metal-based compounds where ad is not such a small
number. Note that the many-body contraction factor,
which renormalizes both V and a, cancels out in Eq.
(22). Consequently, whenever the interacting system is
insulating the same holds for the noninteracting one
( U =0) in agreement with Luttinger's theorem.

In Fig. 2 we show the total density of states of our sys-
tem obtained from Eqs. (16)—(19). We start with two
normalized square bands of width 5 and nb, representing
the large conduction band and the narrow band, respec-
tively. When the hybridization is turned on and for
V& V, we obtain two new hybrid bands separated by a
gap. The bands are symmetric and the Fermi level rests
at the middle of the gap. The lower band accommodates
the two electrons per unit cell. As mentioned before the
Fermi level turns out to be temperature independent in
the case of symmetric bands. Using this band structure
we can calculate the thermodynamic properties of the
system. The susceptibility is shown in Fig. 3 for different
values of the ratio of effective masses a and of the

8.0—
CO

V)

~ 6.0-
V)

O
4.0—

V=0.2
V=00

0.0
0.2

I

0.0 0.2 0.4 0.6
Energy

0.8
I

I.O
1

1.2

FIG. 2. The density of states of the two-band system before
and after the hybridization is turned on. The lower hybrid band
accommodates two electrons. The Fermi level is in the middle
of the gap and is temperature independent due to the symmetry
of the bands.

effective mixing V. They show the same qualitative
behavior of the experimental data and in particular that
for FeSi where the susceptibility actually goes to zero ex-
ponentially after subtracting a tail due to paramagnetic
impurities. ' Other thermodynamic quantities can be
readily obtained using the hybrid band density of states.
The conductivity may be also found starting from the
density of states and the Kubo-Greenwood formula. "

Notice that we can expand Eq. (21) close to V, to ob-
tain

I .00—

0.80—

0.60—

0.40—

O. 20—

Consequently, the gap exponent s =vz defined by
hG =

~
V—V, ~" where v and z are the correlation length

and the dynamic exponents, respectively, ' assumes the
value s=vz=l within our approach. In fact, the ex-
ponents characterizing the zero-temperature metal-
insulator transition at V, may depend on the nature of
the decouplings used to treat the many-body interac-
tions. ' However, the general features of our calculations
as the existence of a V, AO for the two-band problem, the
typical behavior of the susceptibility shown in Fig. 3,
which is due to the large density of states close to the
edges of the gap, should be independent of any particular
approximation.

IV. THE El k KCT OF IMPURITIES

0.00 I I 1 I I I I ~ I
1

~ I 1 ' ' 1 & I I 1 I I & I I I I 1 I 1 f I I l I f I I I 1; I l I 1 t 1 I I }
O.OO 0.20 0.40 0.60 0.80 I .00

V/6

FKJ. 1. The hybridization gap 5G as a function of hybridiza-
tion V for different values of the ratio a between the effective
masses (6 is the bandwidth of the large s-like band).

The hybridization gap which was found previously is
due to the translation invariance of the system and also a
many-body effect. Interactions, as we have shown, act to
decrease the gap renormalizing the bare hybridization pa-
rameter but are not expected to destroy coherence. What
happens when translation invariance is lost due to the ad-
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FIG. 3. The magnetic susceptibility, in arbitrary units, as a
function of temperature for different parameters. 6 is the band-
width of the large band.

dition of impurities or in the presence of phonon scatter-
ing? A simple although phenomenological way of taking
into account the effect of disorder and also of inelastic
scattering is to introduce a lifetime in the quasiparticles
of the bare bands. This approach was used by Doniach'
and Weger' to describe the sharp rise in the resistivity of
some intermetallic compounds with increasing tempera-
ture and gives rise to a dehybridization transition. This
occurs whenever A(,r&&' r,,—') 2V, where r&&' and r,, '

are the scattering rates of the f and s electrons, respec-
tively. Essentially the bare quasiparticles due to their
finite lifetime have their energies spread in a significant
interval compared to the hybridization gap blurring it.
This effect may be particularly important in the systems

considered here where the gap is small. Since the scatter-
ing rates are, in general, temperature dependent, as in the
case of phonon scattering, dehybridizat&on may occur as a
function of temperature. This effect is formally similar to
that which arises in the slave-boson approach although
the underlying physics is quite distinct being in that case
due to the many-body interactions. In the metallic re-
gime the lifetime of the electrons' in the large conduc-
tion band is given by r,&' = V~r&& t'ai . Then the tempera-
ture dependence of the resistivity in the metallic regime
may give information on the scattering mechanisms of
the highly correlated electrons. The formulation of dehy-
bridization as discussed above suffers the same deficiency
of the mean-field, slave-boson method in the sense that it
gives rise to a phase transition, associated with the van-
ishing of the gap, at a given temperature. This spurious
transition here is due to the way of treating disorder by
simply introducing a finite lifetime for the bare quasipar-
ticles. In spite of this formal difficulty, which should be
circumvented in a more elaborate approach, this mecha-
nism must be considered when discussing the effect of
doping and disorder on hybridization gap materials.
Also it affects the temperature dependence of the therm. o-
dynamic and transport properties since it gives rise to a
temperature-dependent gap.

The metal ytterbium has physical properties which are
useful to compare with those of the materials studied
here. For moderate applied pressured Yb has a metal-
insulator transition due to the opening of a hybridization
gap. ' This material can then be considered as a typical
case for which the condition V) V, is not fulfilled but
can be reached by applying pressure. On the other hand,
the essential difference between Yb and the Kondo insu-
lators is the strength of the many-body interactions
which should be negligible in the former system. It is in-
teresting that a large T term occurs in the resistivity of
metallic Yb which is enhanced as the metal-insulator
transition is approached even though the f electrons are
always sufficiently below the Fermi level and do not play
any role in this transition. '

V. CONCLUSIONS

We have introduced a two-band model to describe the
properties of the family of heavy-fermion materials
known as Kondo insulators. This model is also appropri-
ate to describe transition-metal compounds, such as FeSi
which exhibit similar properties. We have shown, within
an extended Hubbard-I approximation, that many-body
effects renormalize the mixing parameter reducing it
from its bare value. We also found, differently from the
Anderson lattice approach, that there is a critical value
of the hybridization parameter for a gap to appear. This
value is significantly large and may be one of the reasons
hybridization gap materials are rather unusual, in partic-
ular, when based in transition metals. Within our ap-
proach the spin gap in the Kondo insulators coincides
with the charge gap in agreement with experimental re-
sults on transport and thermodynamic properties' of
these systems.

We have calculated the magnetic susceptibility of the
two-band model showing that it has the qualitative
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features observed in the actual systems. We have argued
that the main efFect of impurities and phonon scattering
is to destroy coherence and give rise to dehybridization.
Our two-band model provides the appropriate framework
to consider these mechanisms. Other competing eSects
as the formation of impurity bands or filling of the upper
hybrid band' cannot however be ruled out.
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