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Generalized single-spin-flip dynamics for the Ising model and thermodynamic properties
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We propose two different unifications of the Metropolis, the Glauber, and the heat-bath dynamics for
the Ising model. Both generalizations satisfy detailed balance. Computer simulations for the d =2 Ising
ferromagnetic exhibit, in all cases and for relatively small lattice sizes and simulation times, the expected
tendency towards the correct magnetization, specific heat, and susceptibility. The fundamental implica-

tions of these results are discussed.

The thermostatistical approach of the dynamics to be
associated with the Ising model has attracted the atten-
tion of researchers for almost half a century. This in-
terest has been greatly enhanced nowadays. This is due
to both the dissemination of computational facilities and
the usefulness of this model for studying a variety of sys-
tems (spin glasses and other magnetic models, neural net-
works, immunology models, cellular automata) and con-
cepts (spread of damage, dynamical critical phenomena).
Quite a large number of different microscopic dynamics
have been especially devised for the Ising model, essen-
tially because of its simplicity. However, in some sense,
this model is a peculiar one. Indeed, classical systems are
characterized by two basic properties; namely, that all
the observables (i) commute and (ii) are continuous vari-
ables. The Ising model satisfies (i) but not (ii). This pecu-
liarity is at the basis of the above-mentioned proliferation
of associated microscopic dynamics. These dynamics can
be stochastic or deterministic, single-spin flip or multispin
flip. To the stochastic single-spin class belong the
Metropolis,! ~? the Glauber,* and the heat-bath® dynam-
ics. To the stochastic multispin class belong the
Kawasaki dynamics,5 the Swendsen, and Wang dynam-
ics,® its generalizations by Kandel and co-workers,’ and
the Wolff dynamics.® To the deterministic single-site
class belong the Q2R (Ref. 9) and the Creutz'® dynamics,
and finally, a deterministic multispin-flip dynamics has
been obtained by Creutz,!! through a convenient general-
ization of his single-site dynamics. Let us finally mention
that (i) each one of these dynamics refers to a specific en-
semble (microcanonical, canonical) and (ii) the spin up-
dating within all these dynamics can be sequential or
parallel. One should say, at this point, that it is possible
to define generalized dynamics which unify some of those
defined above, either within a given class (e.g., Glauber
and heat bath!?), or else, belonging to distinct classes
(e.g., Glauber and Kawasaki'?).

In this paper, we focus our attention on the three most
frequently used dynamics, namely the Metropolis (M),
Glauber (G), and heat-bath (HB) dynamics. Let us first
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introduce these three dynamics for the Ising model,
defined through the Hamiltonian,
H=—3hnsS; (h,=3J;S; S;==x1). (1)
i J

g~

(a) Heat bath: We consider,
pHB={1+exp(—2hi/kaT)}" ) (2a)

as the probability that the ith spin becomes +1 at time
t +1, independent of its value at time ¢.

(b) Glauber: We define the flipping probability associ-
ated with the ith spin as

pe={1+exp(AE; /kyT)} !, (2b)

where AE; is the energy change due to the spin flip.
(c) Metropolis: Analogous to the Glauber case, with

puy=min{l, exp(—AE; /kpT)} . (2c)

As usual, in each case, a chosen random number in the
interval [0,1] must be compared with the corresponding
probability, for updating the ith spin variable.

We propose two different unifications [referred to as
the arithmetic (a) and geometric (g) dynamics], both
preserving detailed balance. Our primary aim is to see
how these two generalized dynamics lead to the correct
thermodynamics of the Ising model. To check this we
calculate, through L XL-sized computational simula-
tions, the spontaneous magnetization m, specific heat C,
and susceptibility y of the square-lattice Ising ferromag-
net. Our results exhibit, in all cases and for relatively
small lattice sizes and simulation times, the expected ten-
dency towards the correct thermodynamics.

We denote by P~ the probability that the ith spin be-
comes +1 at time ¢ +1 if it was — 1 at time ¢; we define
analogously P*~, P**, and P~ ~. These quantities
satisfy Pt ~+PTtT=P~t+ P~ ~=1. Werecall that

Pyi” =min{]l, exp(—AE; /kzT)} , (3a)
Pyt =min{1, exp(AE; /kpT)} , (3b)
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for the Metropolis dynamics, and
Pl =P{y ={1+ exp(AE;/kzT)} ', (4a)
PGt =Ppy ={1+ exp(—AE;/kzT)} !, (4b)
for both Glauber and heat-bath dynamics, with
AE,=E; —E;, (5)

where E;” (E;*) is the energy of the system with the ith
spin down (up).
Let us now unify these three dynamics as follows:

P~ =xPy~ +yP{ ™ +zPyy , (6a)
Pyt =xPyt +yPgt +zPgy (6b)
where a stands for arithmetic and x+y+z=1

(0=x,y,z<1); see Fig. 1. We can straightforwardly veri-
fy that Eqgs. (3), (4), and (6) lead to
Pt

P—+

=exp(—AE; /kgT) , (7)

i.e., detailed balance is satisfied for arbitrary (x,y,z).
Since Egs. (4) hold for both Glauber and heat-bath dy-
namics, it is clear that, at this level, there is no need to
work with a ternary composition (a binary composition
with weights x and 1—x suffices). Nevertheless, we shall
maintain the (x,y,z) notation for reasons that will be-
come clear later on.

Along the same lines, a second unification can be pro-
posed. Suppose we have D different dynamics character-
ized by (P ,P7"), (PS—,P;Y),...,(PF~,P;")
such that detailed balance is satisfied for all of them, i.e.,

Pl = /P; T =exp(—AE;/kyT) (k=1,2,...,D).
We define

D
P =TI (P, (8a)
k=1
D X
Pg_+= I (P ™%, (8b)
k=1
where g stands for geometric and IP_,x,=1
(0=x,,x,,...,xp =1). Itis trivially verified that

G ) HB

FIG. 1. Triangular representation of the arithmetic and
geometric dynamics (M, G, and HB, respectively refer to
Metropolis, Glauber, and heat-bath dynamics).
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+ -

Pg_ —=exp(—AE, /kT) , )
g

i.e., the geometric dynamics also satisfies detailed balance
for arbitrary {x;}. By choosing D =3, we have

P~ =(Py (P&~ V(Pfs )V,

Py =Pyt (PGt P(Pyg )7

(10a)
(10b)

In our numerical simulations of the Ising ferromagnet
we have used an L XL square lattice with periodic
boundary conditions, and the updating has been done in
the typewriter sequence, i.e., spins are visited in a well-
defined order (e.g., for increasing site indexes). The en-
semble averages have been performed by repeating
Np~100 independent realizations of the system
(L =20,40). In order to accelerate the thermalization
process, we have chosen, for all temperatures, initial con-
ditions (z =0) such that the magnetization is close to a
reasonable expectation. Before measuring any thermo-
dynamic quantities, we have dropped a transient time of
the order of L2 The time averages have been performed
on a scale of the order of L2/2 after the transient. Final-
ly, the approximate spontaneous magnetization has been
obtained through the usual procedure, i.e., by averaging
|m ()| instead of m(z). It is important to stress at this
point that this (standard) procedure makes the finite-L
Monte Carlo thermodynamic results resemble the L — o0
limit results, which is the only limit where, strictly speak-
ing, symmetry can be broken. In other words, one has to
keep in mind that only the L — « extrapolated numeri-
cal results are physically meaningful.

In Fig. 2 we present our results for m, C, and y for
both L =20 and L =40 for six different dynamics, name-
ly x =0 (i.e., Glauber or, equivalently, heat bath), x =1
(i.e., Metropolis), arithmetic x={ and x =3, and
geometric x =1 and x =1. We remark (i) for fixed L, the
magnetization is practically independent of x and from
the dynamics being either arithmetic or geometric, (ii) for
fixed L, the specific heat and susceptibility exhibit a
moderate trend to monotonically increase while x varies
from O to 1, and this for both a and g dynamics, and (iii)
for increasing L, the already small discrepancy between
the curves associated with the six different dynamics de-
creases. These remarks, together with the well-known fact
that the Metropolis, the Glauber, and the heat-bath dy-
namics yield [in the (L,¢)—( 0, o) limit] the correct Is-
ing thermodynamics, very strongly suggest that the same
happens with the intermediate dynamics [i.e., arbitrary
(x,y,z)] for both arithmetic and geometric unifications.
The large set of dynamics shares one important fact: The
dynamics all satisfy detailed balance. It is well known
that this condition suffices for recovering the correct
equilibrium thermodynamics'® (at least for sequential up-
dating of the dynamic variables), in the (L,#)—( o0, )
limit. However, in numerical simulations (performed for
limited values of L and ?), finite-size effects and relaxation
times could differ when we change the dynamics. Our re-
sults suggest that equilibrium thermodynamics properties
are quite insensitive to variations in the (x,y,z) parame-
ters (i.e., different dynamics), even for small L and t.

It is in the realm of nonequilibrium properties that the
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FIG. 2. Monte Carlo results corresponding to six different dynamics and two different sizes: (a) spontaneous magnetization; (b)
specific heat; (c) susceptibility. “Exact” refers to the results of L. Onsager and C. N. Yang [e.g., k3T, /J =2/In(1+V'2)=~2.269];
“Nearly exact” is taken from Ref. 14. L =20: x =0 (), x =1 (0), arithmetic x =1 (O), geometric x = (A), arithmetic x =1
(+), geometric x = (5¢); L =40: x =0(X), x =1 (&), arithmetic x =} (), geometric x =1 (4), arithmetic x =1 (®1), geometric
x =% (¢ ). At every chosen temperature and for all three m, C, and Y, all twelve points have been computed, even if they are not
graphically distinguishable. For fixed L, the highest relative discrepancy in both C and y for the six different dynamics occurs at their
peaks: AC/C=0.12 for L =20 and 0.11 for L =40, and Ay /x=0.27 for L =20 and 0.21 for L =40. The non-neglectable discrepan-
cy between the (nearly) exact and finite-L susceptibility in the paramagnetic region has been already discussed in Ref. 3.

present proposal of two infinite classes of dynamics could
be used to provide distinct and interesting results for
different values of (x,y,z). In what follows, we present
two possible fields of research where these generalized dy-
namics could be useful.

If we start from a given global initial condition,
different dynamics will make a physical system evolve
through different paths in phase space; such evolution is

being intensively studied nowadays. One tool for doing
this is the ‘“spread of damage” between two different
copies of the system. More precisely, the two copies are
slightly different at ¢+ =0, and, by using a given dynamic
prescription (which includes the same sequence of ran-
dom numbers), the “distance” in phase space [e.g., the
Hamming distance D (¢)] between the two copies is fol-
lowed as time goes on (with particular interest in the
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asymptotic behavior in the t— oo limit). The system is
said to be “‘chaotic” if D ( o )70, because it is sensitive to
the initial conditions. This method is well illustrated
through the Ising ferromagnet. Indeed, with the heat-
bath dynamics, chaos tends to appear at low tempera-
tures (T <T,),' whereas with the Metropolis and
Glauber dynamics, it tends to appear at high tempera-
tures (T > T.). 12,1719 A5 we see, Glauber and heat-bath
dynamics yield qualitatively different spreads of damage,
in spite of the fact that they share the same transition
probabilities [as expressed in Egs. (4)]. This discrepancy
is due to the different use that is made, in these two dy-
namics, of the random number corresponding to time ¢
(see Refs. 12, 18, and 20). Because of this subtle
difference, the Glauber and the heat-bath dynamics yield
the same result when only one copy of the system is fol-
lowed (as it is the case when we study its equilibrium
thermodynamics), but yield different results when two
copies are followed (as it is the case for the study of the
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spread of damage). It is for this reason that we main-
tained, in this work, the notation (x,y,z), thus individual-
ly treating each one of these three dynamics. In fact, the
study of the spread of damage corresponding to the
unifications introduced in this paper is in progress.

Finally, it is clear that the relaxation process towards
thermodynamical equilibrium depends upon the particu-
lar dynamics that is used. Consequently, quantities such
as relaxation time and amplitude should depend on
(x,y,z). In other words, the present unifications also pro-
vide a tool for adjusting (within certain limits) these re-
laxation quantities.
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