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Transverse nuclear magnetic relaxation rate of the cuyrate suyerconductors
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We simplify the Pennington-Slichter expression for the transverse NMR relaxation rate ( T2G ) in the
cuprate superconductors, and use our result to calculate spin-fluctuation parameters in the normal state
and T2G for the superconducting state of YBazCu307.

I. INTRODUCTION

In comparing theories' of the low-frequency magnetic
behavior of the cuprate superconductors with experi-
ment, the longitudinal nuclear magnetic relaxation rate at
various nuclear sites (Cu, 0, and Y}provides a number of
significant constraints on the imaginary part of the spin-
spin response function. Pennington and Slichter have
shown that the transverse relaxation rate provides a con-
straint on the real part of that response function. They
concluded that the experimentally measured large trans-
verse relaxation rate was due to an efFective copper
nuclear-nuclear spin coupling induced through an in-
direct interaction with electron spins. Itoh et al.
simplified the Pennington Slichter expression for T2G for
a spin susceptibility using the phenomenological expres-
sion for the spin susceptibility introduced by Millis,
Monien, and Pines' (hereby referred to as MMP), an
asymptotic expansion valid for large correlation lengths,
and a continuum approximation. More recently, Imai
and Slichter have reported on measurements made at
several temperatures in the normal state of Yaa2cu307,
and have used their results to discuss the consequences of
that constraint on the parameters which enter into the
MMP theory. In the present paper, we show how the
Pennington-Slichter expression for the transverse relaxa-
tion rate may be simplified and use this result to calculate
revised values for the parameters which characterize the
normal-state spin-fluctuation excitation spectrum in the
vicinity of the commensurate peak at (m /am a/), and

T26 for the superconducting state of YBa2Cu307.

II. K&% ECTIVE NUCLEAR-NUCLEAR
HAMILTONIAN AND TRANSVERSE NUCLEAR

RELAXATION RATE OF YBa2Cu307

As Pennington and Slichter have emphasized, the
transverse nuclear relaxation rate for Cu nuclei spins at
site i, I;, is described by the coupling to the planar elec-
tron spins S, We follow Mila and Rice and write that
coupling in the following form:

H; = y„y, fi I,(;).[A, (;)+BXS,(,. )],
where 5 is the sum over nearest neighbors. The Fourier
transform of this interaction then gives us the Mila-Rice
form factor

F(q) = 2 ii+28 [cos(q„a }+cos(q a )],
where a is the planar copper to copper lattice constant.
The coupling of the nuclear spins is mediated by the elec-
tron spins so that the Hamiltonian describing the cou-
pling of nuclear spins at positions r, and r2, I,(r, ) and
I,(rz }respectively, is given by Imai and Slichter to be

H, 2
= (y„f—i) g I, (rz}F(ri,r')y'(r', r)

XF(r, ri)I, (r, ),
where F(r, r') is the Mila-Rice form factor in real space
and y(r', r) is the Fourier transform of the real part of the
electron spin susceptibility y'(q)

y(r', r)= g e'q" 'y'(q)/N .
q

We show in the Appendix that the expression for the re-
sulting Gaussian component of the transverse relaxation
time takes the simple form

0.69("y„X)' —XF(q)'X'(q)'
T~G 8A)2 N

2

~ g F(q)'X'(q)

a result which has been independently obtained by Taki-
gawa. This expression simplifies considerably if one uses
for spin-spin correlation function the phenomenological
expression of Millis, Monien, and Pines (hereby referred
to as MMP).

XQ
y(q, to) =

1+(q—Q) g i (co/co,I)—
3t'o&P( f/a )'

1+(q Q) g i—(co/co,I—)
where go is the static long-wavelength susceptibility in
units of states/eV, yQ is the corresponding static suscep-
tibility at Q, P reflects the scale of the antiferromagnetic
enhancement, g' is the correlation length, Q is the antifer-
romagnetic wave vector (m. /a, m /a), and
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co,f=I „ /[&P(g/a) n. ] (7)

is the characteristic energy for spin fluctuations in the vi-

cinity of Q. For YBazCui07 in the expressions (6) and (7)
only g varies with temperature. As shown in the Appen-
dix, one finds in the limit of g »a, that

0.69( y iri) F(Q)
32~2

1

T2G

yq( T)
p g( T)

(g(T)/a )'

2'

(8)

The relaxation rate is then given by

2k ( irt)b y ~ F( )2X (q, pi)
II

q

(10)

I

It is instructive to compare this result with that for the
longitudinal relaxation time at the copper sites, Ti,
which involves many of these saine quantities. In carry-
ing out the comparison, it is useful to define the efFective
longitudinal rate with a static field applied perpendicular
to the c direction by

1 2 1 1=(2R —1) (963Te"' 63T 63T 63/
1~ 1~ 1II II

where 1/ Ti and 1/ T, are the copper longitudinal

relaxation rates for static field applied perpendicular and
parallel to the c direction and

(1/"Ti )

R, =
( 1 /63 T

cal to that of 1/( Ti T). Using 8 =40.8 KOe/pb and

the results of Barrett et al. for a temperature of 100 K,

1/( T, T)=7.13(sE)
II

and R, =3.74, we find ypiril zz -—3.5. Hence for yp=2. 6
states/eV, we find ilail zz=1.3 eV, similar to the value
found by Imai and Slichter in their previous analysis.

This value of I'zF is considerably larger than that as-

sumed by MMP, 1 „z-—0.4 eV. As may be seen in Eq.
(11), the various copper spin lattice relaxation rates de-

pend on the product, [P(g/a) /I „F]. If we substitute
the result I „F= 1.3 eV into, for example, the expression
for ( iT() ', we find

[J(l(k/a ) ]r=ipp @=153 (13)

As discussed by Millis and Monien, (g/a)z, pp z must
be &2 for a spectrum of the MMP form to explain the
large ratio ( & 20) of the copper to oxygen NMR spin lat-
tice relaxation rates measured for a magnetic field direct-
ed along the c axis (otherwise the oxygen form factor
would not produce sufficient cancellation of the antiferro-
magnetic spin fluctuation contribution). We adopt for P
the value 32, since for this choice the resulting correla-
tion length is essentially the same as that deduced in
MMP. ' A larger value of P in Eq. (13) would require a
correlation length which is too short to explain the large
ratio of the copper to oxygen NMR spin lattice relaxa-
tion rates, whereas a smaller value would lead to longer
correlation lengths. The resulting values of g(T)/a,
co,f(T), and g&(T), obtained by neglecting logarithmic
corrections and the quasiparticle contributions to 1/T„
are shown in Figs. 1 —3.

for MMP theory when g»a, one has

kb( y iii)
F(Q)

2A'

1

63Te&T
1~

Pyp(g/a)'

fiI „~
X XQ

(11)

Because I /TzG and 1/ T; T are both proportional to
the parameters P and g, one then has

III. THE TRANSVERSE RELAXATION TIME
IN THE SUPERCONDUCWING STATE

OF YBa2Cu307

To calculate the Gaussian component of the transverse
relaxation time in the superconducting state of
YBazCus07, we use the real part of the susceptibility cal-
culated by Thelen, Pines, and Lu (Ref. 10) (hereafter re-

1

T2G

2 0.69( y„l) F(Q) 2R, —1

16iriitkb T, T
II

X (gpxr QF +QfRO~f ir ) (12) O

so that in the limit of long correlation lengths, one can
determine directly from experiment the product

+(Q) /pal gb =(8&) /pal gp

on making use of the Knight shift result, A
II

= —48.
In the YBa2Cu307 material, yo is independent of tem-

perature and I „z is then found to be temperature in-
dependent from fits to the experimentally measured
values of T1. Experimentally, Imai and Slichter find the
temperature dependence of (1/Tza) to be nearly identi-
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FIG. 1. The correlation length as a function of temperature
for the normal state of YBa&Cu30& as derived from T& and

T26 relaxation rates measured by Imai and Slichter.
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FIG. 2. The characteristic energy for spin Suctuations for the
normal state of YBa&Cu307 as a function of temperature derived
from measurements of T& by Imai and Slichter.
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FIG. 3. The real part of the susceptibility at the antiferro-
magnetic vrave vector as a function of temperature for the nor-
mal state of YBa2Cu307 as derived from measurements of T2&

by Imai and Slichter. '

ferred to as TPL). TPL calculate the noninteracting sus-

ceptibility using a BCS d-wave expression with a band
structure which includes nearest- and next-nearest-
neighbor hopping; the interacting susceptibility is then
calculated within the random-phase approximation
(RPA) through the use of a momentum-dependent
efFective spin-spin interaction.

The real part of the TPL susceptibility for very low fre-

quency is shown in Fig. 4 as a function of momentum at
T, ( =93 K) and T =40 K. The real part of the suscepti-
bility at low momentum vanishes at low temperatures
due to the opening of the gap and agrees well with the
susceptibility inferred from Knight shift experiments. At
wave vectors that connect nodes of the d-wave gap func-
tion on the Fermi surface such as (0 742m/a, 0..742m/a),
no change in the real part of the susceptibility is found.
At the antiferromagnetic wave vector, the real part of the
susceptibility increases slightly as one enters the super-
conducting state. The physical origin of this increase is a
combination of the reduction of the large quasiparticle
scattering rate and the opening of the superconducting
gap as one enters the superconducting state. Note that

( c,o) (o,o)

FIG. 4. The calculated real part of the susceptibility as a
function of momentum for the superconducting state of
YBa2Cu307 using TPL theory' for a temperature of T, =93 K
(dashed line) and 40 K ( solid line).

above T„ the large quasiparticle scattering rate acts to
suppress the susceptibility, as shown, for example, by the
microscopic strong-coupling calculations of Monthoux
and Pines. " If we take the scattering rate determined by
microwave experiments of Bonn et al. , '2 we find the re-
sults for 1/TzG shown in Fig. 5. There, we see that the
predicted transverse relaxation rate 1/TzG, which is
dominated by the susceptibility at the antiferromagnetic
wave vector, increase by some 18% from its value at T, .
Also shown in Fig. 5 is the result we obtain if we use the
TPL values for y'(q) calculated assuming that the
scattering rate is very small ( «kb T, ).

The transverse relaxation time in the superconducting
state has also been calculated previously by Bulut and
Scalapino. ' Their model susceptibility was calculated
with a band structure with only nearest-neighbor hopping
and a momentum-independent interaction for both a d
and s wave superconducting gap. In their theory, they
choose the filling of their band to be near half-filling.
This makes the antiferromagnetic wave vector connect
nodes on the Fermi surface for a d 2 & superconductor.x —y
Therefore, the real part of their susceptibility at the anti-
ferromagnetic wave vector does not see the d-wave gap,
and remains constant as one enters the superconducting
state. The resultant 1/TzG they predict for d-wave then
decreases slightly as one enters the superconducting state
with nearly the same temperature dependence as the TPL
based calculation with a small scattering rate mentioned
above. For s-wave pairing, Bulut and Scalapino find a de-
crease in the real part of the susceptibility for all momen-
ta, including Q. Their corresponding calculated 1/TzG
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FIG. 5. The transverse nuclear magnetic relaxation rates in
the superconducting state of YBa2Cu307 as a function of tem-
perature calculated using the d-wave theory of %PL (Ref. 10) for
a temperature-dependent scattering rate (solid line) and a negli-
gible scattering rate (dotted line). The dotted line is very similar
to the d-wave calculation of Bulut et al. (Ref. 13). The calculat-
ed 1/T2G for s-wave theory from the calculations of Bulut et al.
(Ref. 13) is also shown (dashed line).

state of YBa2Cu307 will provide valuable information on
the superconducting pairing state. We have used the
constraint provided by the T2G measurements of Imai
and Slichter to obtain revised values of the parameters
that characterize the spin-fluctuation excitation spectrum
in the vicinity of (m/a, n/a. } I.n a forthcoming paper,
Monthoux and Pines' use this new spectrum to calculate
T„ the normal-state resistivity, and optical properties of
YBa2Cu307,'they find that it leads to an improved agree-
ment with experiment for the later two quantities.
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APPENDIX

The effective planar copper nuclear-nuclear spin Ham-
iltonian is

H, 2= (y—„R) Q I,(r2)F(r2, r')y'(r', r)F(r, r, )I,(r, ),

for an s-wave pairing gap then decreases substantially as
one enters the superconducting state as shown in Fig. 5.

Experimentally, it has not yet proved possible to obtain
an accurate measurement of 1/TzG in the superconduct-
ing state. This difficulty is due to the stricter require-
ments needed to flip spins in the NMR experiment for
T2G where the interaction is nuclear spin-spin coupling
than for the T& experiment where the interaction is be-
tween a nuclear spin and electron spin. Theoretically, the
large decrease in the s-wave 1/T 2aGs one enters the su-
perconducting state would clearly distinguish between s
and d-wave states. This temperature dependence of T2G
can more clearly determine the pairing state than a T&
experiment because, in RPA, the temperature depen-
dence of T2G only depends on the real part of the nonin-
teracting electron spin susceptibility, whereas a T& exper-
iment is influenced by the real and imaginary parts of the
noninteracting electron spin susceptibility. As a result,
T2G depends less on the details of the theory but depends
principally on whether the pairing state is s or d wave.

IV. CONCLUSION

We have shown that an accurate measurement of the
temperature dependence of TzG in the superconducting

I

where y(r', r} is the Fourier transform of y'(q)

(Al)

y(r', r) = g e'~" 'y'(q}/N . (A2)

Defining a &2 by the equation

H, z =a 12I,(r, )I,(rz)

gives

(63' g)2
+z " g F(r& r )erq (r' r)—

r', r, q

Xp'(q}F(r, r, } .

(A3)

(A4)

The Gaussian component of the transverse relaxation
rate squared is then given by Pennington and Slichter to
be

1

T2G

'2
069 g( z )2
SA

(A5}

for the ( —,', —
—,') transition. The factor of 0.69 takes into

account the natural abundance of the Cu isotope. Here,
we will simplify the expressions for a|2 and 1/T2G.
Equation (A4) can be rewritten as

63 2

a fq
= — g e ' ' g'(q) g f (r2, r'}e ' g F(r, r&)e

q r' r
(A6)
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It then follows that
63 2

q (;—., )' F(q)'y'(q) .
q

To simplify the expression for (1/T2G ), one can rewrite Eq. (A5) to eliminate the restricted sum over r2 so that
'2

z )2 (
z )2

2g SA

The expression for g, (a', 2 ) can be simplified by substituting for a (2 from Eq. (A7):
2

(A7)

(AS)

g((2 (2)'= g
(63y g)2

N
' F(q)'y'(q)

q

(63y g)2

N g e ' ' F(q')'y'(q') (A9)

63 4

g(a'„) =, g F(q)'y'(q)F(q') y'(q')e ' g e
I'p

i(q —q') r
Now since g, e '=N5 q. ,

2

(63y g)4
g((2» )'= "

Q F(q)'y'(q)' .
q

Substituting into Eq. (A8) one finds

0.69( y„fi)4

T2G 8()12 N N
—g F(q)'y'(q)' — —g F(q)2y'(q)

4

(A 10)

(Al 1)

(A12}

'(q= ) = Q

1 +g2( Q)2

(A13)
3/P(g/a )'yO

1+(2(q—Q}

With this susceptibility, the calculation of 1/T2G from
Eq. (A12) is dominated by the first integral in parentheses
which involves the susceptibility squared. 1/T2G is then
approximately

0.69( y„iri}

8%2

1

T2g
2

( )4 Xg

q I:1+0'(q—Q)'1'
(A14)

a result which has been obtained independently by Taki-
gawa. One can then substitute in the real part of the sus-

ceptibility g'(q) at low frequency into Eq. (A12) for any
normal or superconducting state theory. Here, we will

substitute the real part of the normal-state susceptibility
as given by the henomenological theory of Millis,
Monien, and Pines. This theory has a spin susceptibility
near the antiferromagnetic wave vector Q= (ir/a, m. /a) of

I

This integral is dominated by contributions coming from
the vicinity of the antiferromagnetic wave vector; when
g))(2, one finds

0.69( iri) F(Q)

2G 3217k

(A15)

An expression of the form of Eq. (A15}has been obtained
previously by Itoh et a/. ; however, their prefactor difFers
from that found here, perhaps because they replaced the
latter sums by a continuum approximation.

We thus see that in the long correlation length limit,
(T2G) ' provides a direct measurement of (y&/g); while
(1/ T, T) measures y&/co, fg . Hence, from their ratio,
one may obtain co,fg, while the ratio ( T, T!T2G) yields
the product co,f ( T)yq( T).
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