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Theory of the magnetic properties of isotropic ladder-type double chains with classical spins
at the bunch-upright intersections: Application to Gd(III)-Cu(II) compounds
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A general method is proposed for computing the susceptibility of a large category of regular magnetic
double chains in which more or less complex quantum spin systems, occupying the uprights and the
bunches, are linked through the nodes by magnetic cations. Only two conditions are required: (i) the
magnetic cations at the intersections of the uprights and the bunches must exhibit large enough spin
quantum numbers to allow a classical treatment and (ii) the overall zero-field Hamiltonian must be iso-

tropic. The main applications of the model are listed. More specifically, results are given for the case
where the quantum spin systems are empty, and the neighboring classical spins directly interact through
Heisenberg exchange. The model is also used with particular success to interpret the observed magnetic
properties of the compound Gd, (ox) [Cu(pba)], [Cu(H20), ] 20H20, which enters the general framework,
with each quantum system reducing to a single —, spin. It is also applied tentatively to the related com-

pound Gdz[Cu(pba)], 23H,O.

I. INTRODUCTION

The potentialities of molecular chemistry in terms of
the design of exotic systems is almost limitless. ' Three
decades ago, or so, the first regular, or equally spaced,
magnetic chain compounds were described. ' Shortly
after, the first alternating chain compounds involving a
unique type of spin carrier, but with two types of ex-
change pathways, were reported. More recently, during
the 1980s, the synthesis of equally spaced bimetallic chain
compounds was achieved. Alternating bimetallic
chain compounds in which there is alternation, not only
of the spin carriers, but of the exchange pathways as well,
have also been characterized.

In the beginning of the study of low-dimensional mag-
netic materials, the compounds synthesized by the chem-
ists were used to test models proposed by the theoretical
physicists. This was, for instance, the case for the equally
spaced copper(II) chains, the magnetic properties of
which were successfully interpreted with the Bonner-
Fisher model. ' ' The situation was changed when the
objects designed by the chemists became more and more
sophisticated. The object was first described, then a
theoretical model to understand quantitatively its ther-
modynamical properties was built. What happened as far
as the bimeta11ic one-dimensional systems are concerned
is quite characteristic in this respect.

Recently, chemists have reported even more
complex low-dimensional magnetic compounds. Among
them, we may mention the ladder-type compounds.
For instance, two of us described several families of
rare earth(III)-copper(II) molecular materials resulting
from the reaction of the copper(II) precursor

[Cu(pba)] shown in Fig. l, with lanthanide(III) ions
[pba stands for oxamido-bis(oxamato)]. '~ Two com-
pounds involve Gd(III) and Cu(II) ions. The former
(hereafter referred to as compound I) of formula
Gd2(ox)[Cu(pba)]3(Cu(H20)5) 20H20, with ox=oxalato,
has a two-dimensional structure. Gdz[Cu(pba)]3 ladder-
like motifs shown in Fig. 2 are linked together by oxalato
groups forming a dianionic frame formulated as
[Gdz(ox)[Cu(pba)]3] . Dications [Cu(H~O)s] + are in-

terspersed in the gap between the layers, anchoring the
slabs to each other. In addition, noncoordinated water
molecules provide hydrogen bonds between the layers. '

The zero-field magnetic susceptibility of compound 1 was
investigated down to 1.3 K. The product yM T of the mo-
lar magnetic susceptibility by the temperature increases
more and more rapidly as T is lowered, which was quali-
tatively interpreted as resulting from Gd(III)-Cu(II) fer-
romagnetic interactions through the oxamato bridges
within the ladders. Indeed, it was known from the mag-
netic properties of Gd(ox)3. (H20)95 that the Gd(III)-
Gd(III) interaction through the oxalato bridge is very

0 0 0 0
FIG. l. View of the anionic precursor [Cu(pba) ]'
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FIG. 2. View of the ladder type motif in

Gd2(ox)[Cu(pba)], [Cu(H20), ] 20H20 (1).

small. Finally, the magnetic contribution associated with
the isolated [Cu(HzO)5] + units may be reasonably as-
sumed to follow a Curie law.

The latter compound (2), of formula
G12[Cu(pba) ]3.23H20, can be seen as the condensation
of two puckered ladders together with quite an unexpect-
ed redistribution of the rungs, giving rise to an infinite
tubelike motif of an essentially square section and quasi
fourfold symmetry, ' as shown in Fig. 3. Again, the
magnetic properties of 2 indicate Gd(III)-Cu(II) fer-
romagnetic interactions within the tube motifs.

The synthesis and the investigation of the magnetic
properties of the ladder-type compounds, in particular,
the Gd(III)-Cu(II) systems just presented, has been a
strong incitement to develop a new model, treating a
more general configuration, and allowing to examine the
compound 1 as a special case.

II. THEORY

Various kinds of magnetic double chains have been in-
vestigated from both experimental and theoretical points

17of view. Most of time they were characterized by

essentially anisotropic properties. Furthermore, the case
of simple isotropic chains showing classical spins alter-
nating with quantum spin or quantum spin systems have
been considered in some detail. ' In the compounds
described in the previous part, the Gd(III) ions carry —'

2

spins. This value is generally thought to be large enough
to allow a classical treatment of the corresponding spin
operators. Moreover, both Gd(III) and Cu(II) exhibit
essentially isotropic characters. Thus, as far as (1) is

concerned, we need a model for an isotropic double
chain, with the nodes occupied by classical spins interact-
ing through —,

' spins. Actually, we shall develop a much

more general model in which the —,
' spins are replaced by

isotropic quantum spin systems. This model will appear
to be applicable to a large variety of configurations of ex-
perimental or fundamental interest.

We consider the general chain structure schematized
on Fig. 4. It is assumed to be fully isotropic in the spin
space, and to present a translational symmetry for the in-

teraction network. The unit cell i contains two classical
spins S, and S,

' and three more or less complex quantum
spin systems s, s, , and s . The spins S; and S'; are con-
sidered within the classical approximation. A weak mag-
netic field H (amplitude 0) is applied to the chain and
defines the z direction.

The model is based on the standard transfer matrix
method. Starting from a formal expansion, on the basis
of a suitable function set, for the partition function of a
finite length chain, we examine the recurrent way its
coefficients are affected when an extra unit cell is added.
The new coefficients will appear as linear combinations of
the previous ones, thus giving rise to the matrix transfer.

Let us start with the chain limited by the cells with in-
dices 0 and N. The Hamiltonian is

0= gH;,
i =O, N

with

S,. s ~ S,

90'
CS.

~ classical spin

V 4Evr
4E

s; S,'
unit cell Index i

quantum spin system

FIG. 3. Condensation of two ladder-type motifs to achieve
the tubelike motif in Gdz[Cu(pba)]3 23H&O (2).

FIG. 4. General structure of the chains considered by the
model.
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K.=Ka+Kb+K.c

In these expressions K (H~, H~') refers to the quantum
system s (s;, s }, submitted to the exchange field of the
neighboring classical vectors S; &

and S, (S';
&

and S,', S;
I

and S,') and to the applied field H. H also includes the
Zeeman energy term for the classical spins S; and S,', car-
rying magnetic moments of amplitudes y and y', respec-
tively. Due to the classical approximation and the result-
ing commutation properties, the partition function of the
partial chain is given by

Z~(H, T)=fdSo f dSOZ( PH—O)Z( PH—O)Z( PH—O)

X fdS; f dS,'Z( PH —)Z( PH;—")Z( —PH )

X S„„'Z—H„' Z —H„'Z —H„',
where P is Boltzmann's factor I/ks T and Z ( —PX) stands for the trace of the operator exp( —PX). In order to obtain
the zero-field magnetic susceptibility of the chain, we only require the expansion of ZN(H, T) up to second order with

respect to H.
Let us focus on the ith cell. For simplicity we introduce the unit vectors u, v, x, and y along S; &, S,

' „S,, and S,',
respectively. It has been shown that, due to the isotropic properties of K, we have

Z( PH; )=—g g g' g„' q,H P„(ux)P (u)P, (v),
m =0,2 n =0, co O~q+r ~m

(4)

where u (v) is the component of u (v) along the z direc-
tion. I', refers to the Legendre polynomial of degree s.
The coefficients g „depend on the detailed structure
of H,', i.e., on the quantum system s itself and the cou-
pling of the quantum spins it involves with S; &

and S;.
Their determination is straightforward, but may be quite
tedious if s is a complex system. Due to the assumed
translational symmetry, they do not explicitly depend on
i. Moreover, from physical considerations, it appears
that the integral of Z( 13H ) over —all of the available
directions of the neighboring classical spins must be even
with respect to applied field reversal. Then, the index
sum m+q+r must also be even. In the present ap-
proach, since we are looking for the zero-field magnetic
susceptibility, it will be restricted to the values 0 and 2.
In this respect, we shall use the notation g,'«k which
indicates that the current index j keeps the same parity as
its limiting values i and k. Of course, similar considera-
tions hold for Z ( PH, ) and Z( 13' )—. —

The partition function Zz(H, T) may then be written
in the partly integrated form:

ZN(H, T)= fdx fdyz~(x, y),

where the unit vectors x and y now refer to the spins Sz

and SN, and zN(x, y) presents the same symmetry proper-
ties as Z( PHI) (f =—a, b, c) Thus, w. e may write

zN(x, y)= g g H g' z~„„P„(x.y)
0&q+r~mn ~0m =0,2

XPq(x)P„(y) . (6)

Clearly, z~(x, y) is linked to z~, (u, v) (u and v refer to
SN, and SIv, ) by the recurrence relation

zN(x, y)= f du f dv Z( PH$ )Z( P—H~~}Z( P—HN')—
Xz~ )(u, v) . (7)

As shown by the expansion (4) [and the corresponding
ones for Z( PH~) and Z—( PHN)], and d—ue to the
properties of the Legendre polynomials, the integrand in
(7} reduces to a sum of spherical function products. Each
product involves functions of arguments x, y, u, and/or
v. On integration, taking advantage of the orthonormali-
ty properties of the u- and v-dependent ones, the expan-
sion coefficients of zz(x, y) in (6) will appear as linear
functions of the corresponding ones for zN &(u, v), thus
leading to the transfer matrix terms. Using Eq. (4), we
first get

z~(x, y) = Km +m'+m "+m'"

n, n', n",n"'&00& m +m'+m" +m'" &2

pa ~b +CX
0~ q+r ~ m 0+q'+r'~ m' 0+ q"+r"~ m" 0~ q"'+r"' ~ m"'

XI„„„-q -(x,y)P„-(xy)P (x)Pq-(x)P -(y)P„-(y),
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where I„„.„-.,„-(x,y) is given by

I„„.„-.„,(x,y)= f du f dv P„(u.v)P„.(u.x)P„.(v y)

XP (u)Pq. (u)P„(v)P„(v).

(9)

Expanding P„(u-v) in terms of the spherical functions '

F~(u) and Y„(v),we readily get

L~.Q=L1' Q= fdu Y1'(u)Y ~(u)YQ(u), (14)

with

which vanish for odd q+q'+Q values, the product
Pq(u)P«(u) in K~„~may be written as the linear com-
bination of spherical functions

P (u)Pq. (u)=4qrB g* L .
Q YQ(u),

lq
—q'I -Q-q+q'

I„„„.qq, „q,(x, y) =g( —)J„„„,„„,Y„„(x,) Y„„(y),
JI

(10)
Bqq =[(2q+1)(2q'+1)] (16)

with Due to the orthonormality of the spherical functions,
E

qq
reduces to

A„„.„=[(2n+1)(2n'+1)(2n" +1)]
K~„qq = f du Y1'(u) Y„~(u)P(u)P (u) .

(12)

(13)

Expanding now Pq(u) in terms of Y (u), using the
Clebsh-Jordan coeScients '

Knn qq' '~ qq' X qq'Q nn'Q
Iq

—
ql -Q-q+q'

It appears that E~„qq.vanishes unless q+q' and n +n'
have the same parity, and the domains (~q

—q'~, q+q')
and ( ~

n n'
~,
—n +n ') have a nonempty intersection.

Thus

Inn'n"qq'rq"(x&y)=(4~) ~nn'n"
5

Iq q'I «Q —q+q' Ir q"I —Q' —r+q"
B L QB„~L„Qg( —)~L1'„QL1'„QY~ (x)Y„~(y),

(18)

and, finally

z1v(x, y) =(41r)
0«m+m'+m" +m'"(2

Hm + m'+ m" + m'"

n, n', n", n"' ~0 0(q+ r «rn 0(q'+ r'( m'

0(q
iI + r II (m I I 0(q

t II + r I I I (m I I i

Xg... ,., ",-B„B„,~ g' g' Lp, QL„q QS„„„-QQP„(yx)P, ( )Px(q)xP,-(y)P„(y),
Q=lq q I q+q Q =Ir —

q I
r+q"

(19)

with

S„„„-QQ.(x, y) =g( —
) L„„.QL„.„Q,Y„(x)Y„" (y) .

(20)

Due to the various selection rules, only the following nine
(nn'n "QQ') index sets are relevant: (n, n, n, 0,0),
(n, n + l, n, l, 0), (n, n —l, n, 1,0), (n, n +2, n, 2, 0),
(n, n, n, 2, 0), (n, n —2, n, 2, 0), (n, n + l, n + 1, 1, 1),
(n, n + 1,n —1, 1, 1), and (n, n —l, n —1, 1, 1).

Now we introduce the expression of Y„(u)in terms of
the Legendre functions P„(cos8„)' and the complex ex-

imP,
ponentials e ' (8, and P, are the spherical angles for
the unit vector t). Using the standard recurrence rela-
tion between the P„'sand the values of the Clebsh-

S„„+1„1p(x,y)=3'"g( —
) (n+1 —m)P„(c+os8 )

im(, g„—P, jXP„™(cos8)e , (21)

and the recurrent relation

S„„+,„1p(x,y)=3' (2n+1)cos8 P„(x.y)

n —1, nn —1, l, p(x~ ,y )

As a result,

(22)

I

Jordan coeScients, these sums may be given for more
practical forms. In order to avoid a tedious presentation,
we only examine with some details the second sum

S„„+1„,p(x, y). We successively obtain

S +1 1 p(x y) =(471)' (2k+1)P, (x)P (x y)—
k=n, n —2, . . . ~0 k=n —1,n —3, . . . ~0

(2k+1)P, (y)Pk(x y) (23)

The same process applies to the various sums appearing in z1v(x, y), and analogous expressions are obtained. It may
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be checked by direct inspection that the factor ofS„„+,„10(x,y) in zN(x, y) is

C„„+1„111 (4~) I g P„'(Xy)[(ZN —1, ,000Ãn+1, 211(n,000Ãn' 000 N —l, n, llOPn+1, 1010n, 0000n', 000
n'=0, oo

+ N —1,n, 1100n + 1,000(n, 0000n', 110+ N —1, n, 0000n + 1, 110(n00,00n 1'1,0 } 1 (X )

a b c a b c+ ( N —1,n, 1100n + 1,0000n, 1010n 00'0, + N —1, n, 110kn + 1,000(n, 0000n', 101

+ N —1, n, 000(n + 1, 1100n, 101(n',000+ N —1,n000, (n + 1, 110(n,000(n', 101 } 1 (y ) ] (24)

This is a linear combination of Pl(x)Q„P„.(x y) and Pl(y)Q„P„(xy), the coefficients of which are, to their turn,
linear combinations of the z& 1 q

s Since a two-Legendre polynomial product may be expanded as a finite sum of
such polynomials,

P„.(t)Pk(t) = g R„.klP1(t),
1= I

n' —k ~, n'+ k

we have, for instance,

P, (y)QP„.(x y)S„„+i,n, i,o(»y)=(4n. )' — p (2k+1)[2Pz(x)+P0(x)] g R„,t„P,(x y)
1

n' k=n, n —2, . . . ~0 1= )n' —k), n'+k

(25)

k=n —1,n —3, . . . ~0
(2k + 1)P1(y)P1(y) R„.„,P, (x y} . (26}

1= (n' —k],n'+k

Xo(T)=
28 Z(eg

Zcell H=O
(27)

III. APPLICATIONS

The present model, dealing with ladder-type systems,
assumes one may compute the elements of the transfer
matrix associated with the unit cell. In principle, their
number is infinite, since the partition function expansion
requires an infinite set of Legendre polynomials. More-
over, except maybe in particularly simple configurations
of the quantum systems, it is hopeless to get an analytical
expression for the largest eigenvalue. Thus, the expan-
sions will be necessarily truncated, and we shall not avoid
some computational work. Truncating is essentially criti-
cal in the low-temperature range, where, in the classical
description, the spins are almost frozen in parallel direc-
tions, a situation which requires a large set of Legendre
polynomials to be accounted for. Actually, we observed

As could have been expected from physical and syrn-
rnetry considerations, this expression which contributes
to zN(x, y) has the same structure as zN, (u, v}. This re-
sult is valid for all such contributions. Moreover, the re-
lated coefficients are linear combinations of the pararne-
ters z& 1„.Thus, the expansion coefficients for
zN(x, y) in (19) are deduced from the corresponding ones
for zN 1(u, v) by a linear transformation. The associated
inatrix is the so-called transfer matrix. Its largest eigen-
value may be considered as the infinite chain partition
function Z„11referred to the unit cell. By convenient
partial derivations, various thermodynamical functions

may be deduced. In the present case, the applied field H
has been taken into account up to the H terms, and we
may obtain the unit cell zero-field susceptibility g«11(T)
given by the usual expression

I

that for kit T of the order of one tenth of the exchange en-

ergy parameters, neglecting the Legendre polynomials
above the fourth order introduces relative errors on the
susceptibility that are less than 10

Since the only basis conditions of the model are the
isotropy of the spin Harniltonian and the translational
periodicity of the magnetic network, it applies to a very
large set of interesting situations. It may be noticed that
the larger spin values often concern half-filled shell cat-
ions [Mn(II), Fe(III), Eu(II), Gd(III), . . .], showing con-
venient isotropic properties. Moreover, in a number of
molecular compounds, isotropic —,

' spins cations (Cu++ )

or organic radicals (nitronyl nitroxide) are inserted be-
tween them in order to convert the generally
antiferromagnetic nearest-neighbor coupling into a next
nearest-neighbor ferromagnetic tendency, without
significant overall magnetization reduction.

Among the possible ladder conformations compatible
with the present model one may point out the following
ones. The ladder may have nonequivalent uprights
and/or not symmetrical rungs. The unit cell may involve
a sequence of nonidentical elements on the model of those
described in Fig. 4. In such a case, the various element
contributing to the composite unit cell gives rise to dis-
tinct matrices, and the partition function is the largest ei-
genvalue of their conveniently ordered product. In par-
ticular, doubling the unit ce11 permits us to consider vari-
ous kinds of exchange alternance along the uprights, or
to eliminate one rung over two. Also, part of the quan-
tum systems may be empty, being replaced by a direct in-
teraction between the neighboring classical spins. In that
case, if one considers a double cell, and alternatively lets
one of the Heisenberg couplings become infinite, one
deals with the classical chain made of triangles sharing
sides, which has been discussed in the z-z coupling frame-
work only.

We leave to a future article a detailed examination of
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most of the various interesting situations that the flexibi-
lit of the present model allows to treat. Here, we shall
restrict ourselves to two particular problems.

The first one deals with the simplest situation: the
quantum systems s', s, and s' are empty, and the corre-
sponding parts of the Hamiltonian reduce to direct
Heisenberg couplings between the neighboring classical
spins. Moreover, we assume that they carry the same
magnetic moment (y' =y ), and that all the coupling con-
stants have the same value J. Thus, following the general
prescriptions,

H =JS;
& S;, H; =JS,', S,'-,

H =JS; S,' yH(—u, +u,') .
(28)

+T—p= M /3zJ (29)

(X T)

5.0

Compounds showing such ladder-type exchange net-
works have already been mentioned in the literature'
and have given rise to several models. But none of them
was conveniently described by a classical isotropic Ham-
iltonian and the corresponding theory has not yet been
developed. The present analysis thus completes this field.

The calculations have been performed on the basis of
Hamiltonian (28) for both ferromagnetic and antiferro-
magnetic Heisenberg coupling. The main results are
given on Fig. 5 which shows the thermal behavior of the
product (gT)„normalized to the infinite temperature
value for the double chain as well as for the simple one as
a reference. In the ferromagnetic case, the susceptibility
is known to behave like Mg, where M is the magnetic
moment per unit cell, and g the correlation length. Since
the product yT appears to have a finite limit at absolute
zero (Fig. 6) the correlation length is shown to diverge
like T ' for both types of chain, the front coefficient be-
ing larger as the interchain coupling increases. For anti-
ferromagnetic coupling, in the low-temperature limit, the
computation results agree with elementary energy con-
siderations, which gives the absolute zero initial suscepti-
bility (per spin)

6.0

3.0

0.0
0.0 1.0 2.0

I

s.o T/J

FIG. 6. Thermal behavior of the product yT for the purely
classical ferromagnetic chains, with a common value J for all
nearest-neighbor exchange interactions [Hamiltonian (28)]. (a)
double chain; (b) simple chain.

where z is the number of neighbors with which a spin in-
teracts through J. The main features of the low-
temperature susceptibility behavior in both the ferrornag-
netic and antiferromagnetic cases are thus similar within
multiplicative factors, whatever the nature (simple or
double) of the classical isotropic chain is.

The next illustration we shall present deals with the
compound ( I ) described in the Introduction. As indicat-
ed, its chain structure enters the present framework, with
each quantum spin system reducing to a single —,

' spin,
carried by the Cu(II) of each [Cu(pba)]3 unit. The —', spin
vector operators belonging to the Gd(III) are treated clas-
sically. Finally, the intervening cations are compatible
with an isotropic Hamiltonian. We have noticed that the
extra paramagnetic contribution to the magnetic suscep-
tibility arising from the moments on the isolated Cu(II)
belonging to the [Cu(H20)~] + units follows a Curie law.

We have analyzed the experimental results concerning
the thermal behavior of the gT product. The same Lande
factor g =2.00, determined in the high-temperature lim-
it, has been attributed to all cations. As suggested by the
detailed structure of the exchange pathways, a unique
coupling constant J has been introduced for all the
Cu(II)-Gd(III) interactions. We have thus used the Ham-
itonians

4.0

3.0

2.0

H =Jcr;'(S;,+S;)—g(cr';)'H,

H; =Ja; (S;',+S,') g(a,")*H, —

H,'=Jo';.(S;+S,') —g(o';)'H —g(u, +u )—', H,

(30a)

(30b)

(30c)

1..0
C

0.0
0.0 0.6 i.s 2 4 T/J

FIG. 5. Behavior of the normalized [yT]„product (see text)
for the purely classical chains, with a common value J for all
nearest-neighbor exchange interactions [Hamiltonian (28)]. (a)
double chain, antiferromagnetic coupling; (b) double chain, fer-
romagnetic coupling; {c) simple chain, antiferromagnetic cou-
pling; (d) simple chain, ferromagnetic coupling.

where crf(f =a, b, c) is the —,
' spin operator to which the

subsystem s; reduces. The best fitting of the experimen-
tal results in the range 1 ~ 3—21 K has been obtained for
J=—0.40 K (Fig. 7). It must be noticed that the re-
markable agreement between the experimental data and
the computed curve has been obtained using J as the sin-

gle fitting parameter. Within our conventions, the nega-
tive J value refers to a ferromagnetic exchange coupling,
in agreement with the positive paramagnetic Curie tem-
perature O~ =0.08 K. ' However, this temperature cor-
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FIG. 7. Fitting of the experimental yT product behavior for
the compound Gdz(ox) [Cu(pba) ],[Cu(HzO), ] 20 H20.

FIG. 8. Fittings of the experimental yT product behavior for
the compound Gd, [Cu(pba) ]3 23H20.

responds to a much weaker exchange value (J=—0.06
K). Actually, e~ is obtained by extrapolation from
high-temperature measurements. Such an extrapolation
may be questionable for several reasons, including the in-
cidence of the phonons on the exchange parameters.

We have also tentatively fitted the experimental results
obtained for the compound (2), ' using the same starting
Hamiltonians (36a)—(36c). Indeed, despite the fact that
this compound exhibits a more complex one-dimensional
structure, it must be noticed that the Cu(II)-Gd(III) links
are redistributed in such a way that, as for (I), each
Gd(III) has three neighboring Cu(II), and each Cu(II) has
two neighboring Gd(III) (Fig. 3). No isolated Cu(II) is
present in the structure. The best fitting is shown on Fig.
8. The agreement is rather satisfactory, although, as
could be predicted, not as good as previously. The larg-
est value obtained for the exchange coupling (J = —0.53
K), which actually deals with the same interaction path-
ways, thus appears as an artifact which accounts for the
more intricate magnetic connection network at inter-
mediate distances.

IV. CONCLUSION

In the present paper, we have developed a model for
analyzing the magnetic properties of ladder-type double
chains, the uprights of which are characterized by the al-
ternance of quantum spin systems with classical spins,
the latter being linked by quantum spin systems forming

the bunches. The only symmetry conditions are the isot-
ropy of the overall spin Hamiltonian and the translation-
al periodicity of the magnetic network, the unit cell in-
volving possibly several bunches. This results in a con-
siderable ffexibility of the model which allows the han-
dling of a very large variety of practical situations which
may merge in the literature. Only two particularly sim-

ple examples have been considered. One deals with the
fundamental case of the ladder-type chain involving only
classical spins. At low temperature, the thermal behavior
of the susceptibility in both the ferromagnetic or antifer-
romagnetic coupling cases follows the same power laws
as for the simple classical chains, with modifications of
the front coefficients. The second situation deals with the
compound Gdz(ox)[Cu(pba) ]3[Cu(HzO)s] 20HzO, which
exhibits the general structure described in Fig. 4, with
each quantum system reducing to a single —,

' spin. The
fitting of the experimental results is remarkably good
despite only one fitting parameter, namely the Cu(II)-
Gd(III) exchange coupling, has been used. Incidentally,
the compound Gd2[Cu(pba)]3. 23H20, exhibiting qua-
druple chains, was shown to give a surprisingly good
agreement with the double chain model, probably due to
the short-range similarities of the exchange networks.
However, the best fitting was obtained for a slightly too
large exchange value, which was interpreted as an artifact
accounting for the doubling of the chain.
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