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Theoretical study of friction: One-dimensional clean surfaces
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Another method has been proposed to evaluate the frictional force in the stationary state. This
method is applied to the one-dimensional model of clean surfaces. The kinetic frictional force is seen to
depend on velocity in general, but the dependence becomes weaker as the maximum static frictional
force increases and in the limiting case the kinetic friction becomes only weakly dependent on velocity as
described by one of the laws of friction. It is also shown that there is a phase transition between a state
with vanishing maximum static frictional force and a state with finite static frictional force. The role of
randomness at the interface and the relation to the impurity pinning of the sliding charge-density wave

are discussed.

I. INTRODUCTION

The study of friction has been carried out for a long
time. ' Recently, developments of new technologies en-

able us to investigate the friction in a situation that was

not considered before. ' It is well known that the
three laws of friction hold well in a usual situation (i)

The frictional force does not depend on the apparent area
of contact surfaces. (ii) The frictional force is proportion-
al to the normal load, where the proportionality constant
is called the coeScient of friction. (iii) The kinetic fric-
tional force does not depend on the relative velocity of
the contact surfaces and is less than the maximum static
frictional force. It is also known that there are cases
where these laws of friction no longer hold. The limita-

tion of the laws and the possible new laws which hold

beyond such limitation have, however, not been clarified

to the best of our knowledge. Actually, even though there
exist attempts at the theoretical explanation of the laws

of static friction as discussed below, a concrete explana-
tion of the laws of kinetic friction is lacking. This paper
is our first step to study these basic questions on friction
theoretically.

Theoretical explanations of the laws of static friction
have been as follows. ' Due the the surface roughness the
area of actual contacting points is much less than the ap-
parent contact area, and the pressure there reaches the
yield pressure. Thus the total area of actual contact
points is proportional to the normal load. The two sur-
faces adhere to each other by intermolecular forces at the
contact. The maximum static frictional force is equal to
the shear strength of the contact times the total area of
contacting points, and is thus proportiona1 to the normal
load.

This view cannot be applied to a clean surface without
surface randomness. For example, as the interatomic
force between two bodies works among a11 atoms at sur-
faces, the frictional force is expected to survive even for

vanishing normal load and to be proportional to the con-

tacting area, and then the first and second laws of friction
will no longer hold.

Recently Hirano and Shinjo ' pointed out another
peculiar feature of the friction of clean surfaces. That is

the frictional transition, which is the phase transition be-

tween states with and without finite maximum static fric-
tional force. In the simplest case of one dimension (1D)
where the atoms of the one body are fixed, the model
reduces to the Frenkel-Kontorova model. " In that mod-

el such a phase transition is known to exist when the ra-
tio of mean atomic distances of the two bodies is irration-
al, i.e., in the incommensurate case. This transition is

called Aubry's breaking of analyticity transition. ' When
the strength of the interatomic potential is less than a
critical value, the spatial configuration of atoms in the
ground state is smooth and the maximum static frictional
force vanishes. Above the critical value the configuration
has a discommensurate structure and the maximum static
frictional force is finite. Hirano and Shinjo have claimed
the existence of such a frictional transition even in a 3D
model where the atoms of the lower body are fixed, and

that the static frictional force can vanish between pure
metals with incommensurate clean surfaces, e.g. , (111)
and (110)surfaces of a-iron. '

All of these studies are, however, based on the model
where atoms in one of the interfaces are held fixed.

Nothing is known about the frictional transition in a
more realistic model where both atoms can relax. The
behavior of kinetic friction has also not been explored
yet.

Deferring detailed studies on rough surfaces until fu-

ture publications, we study in this paper the static and

kinetic frictional forces of the 1D model of clean sur-

faces, where atoms on both sides of the interface can re-

lax. In the theoretical study of friction, it is not clear
even what should be calculated as the frictional force,
and a method of calculation has not been established.
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We first propose a method to calculate the kinetic fric-
tional force in a stationary state and then apply it to a 1D
model of clean surfaces. We derive the explicit velocity
dependence of the kinetic friction of the present micro-
scopic model. It is seen that the velocity dependence is
appreciable in general. This dependence becomes weaker
as the maximum static frictional force increases, and
eventually the kinetic friction becomes almost velocity in-
dependent, as described by the third law of friction. At
the same time we also find the frictional transition in the
present model.

This paper is organized as follows. In Sec. II we ad-
dress ourselves to the method to calculate the frictional
force. In Sec. III we define the 1D model of clean sur-
faces and discuss the relationship of the present model
with the Frenkel-Kontorova model. Then the numerical
results based on the model are presented. Finally in Sec.
IV we summarize the present results and discuss the
effects of randomness and the relation to the impurity
pinning of the sliding charge-density wave.

II. WHAT SHOULD BE CALCULATED
AS A FRICTIONAL FORCES

mbV;+mbyb(v; —(v;);)= g F&(v; —v )
j6b
+ g Ft'J'(v; —u )

j6a

+F,(v;)+FG (lb)

Here u; (v,. ) is the position vector of the ith atom of the
upper (lower) body, m ~ (a =a, b) is the atomic mass, y
is the parameter of energy dissipation, the subscript a (b)
refers to the upper (lower) body, and ( . ); represents
the average with respect to i. The four terms in the
right-hand side of Eq. (la} represent the interatomic force
between atoms of the upper body F, (u,- —u ), that be-
tween the ith atom of the upper body and the jth atom of
the lower body PI"J'(u; —v ), the external force F,„, and
the gravitational force FG, respectively. The first term

a
on the left-hand side of Eq. (la) is the inertial term. The
second one represents the effect of the energy dissipation
to the degrees of freedom, which are not considered ex-

First let us consider what we should calculate in order
to obtain the frictional force theoretically. We discuss
the static and kinetic frictional forces between two bodies
which are in contact. We assume that the contacting sur-
faces are on the average horizontal in order to simplify
the problem and the external force is applied to the upper
body. The extension of the present model to other cases
is quite easy. Each body consists of atoms considered as
classical point particles. Their equations of motion are
expressed as follows.

m, u;+m, y, (u; —(u;), )= g F, (u; —u, )
j6a
+ g Ft'J'(u; —v )

j6b

+F,„+F6

plicitly here. Such degrees of freedom belong to the same
body, so that the effect is proportional to the difference of
the velocity of the ith atom and that of the center of grav-
ity. The terms in Eq. (lb) are the same as those in Eq.
(la) except the third term in the right-hand side, P, (v; },
which represents the force between the ith atom of the
lower body and the substrate and is necessary to keep the
lower object from moving with the upper body. Hereaf-
ter we consider only the stationary state, sum up Eq. (la)
for all atoms, and average the equation with respect to
time. Then the first term in the left-hand side vanishes by
the time-averaging procedure and the second term in the
left-hand side and the first term in the right-hand side
vanish by summing the equation for i. Hence we obtain

y (Ft1(u; —vj)), =X,(F,„), .
isa j6b

Here F~~~ is the component of FI parallel to the external
force, N, is the number of atoms of the upper body, and
( }, represents the average with respect to t. With
the total external force in the right hand side of Eq. (2)
the upper body will either stop or be in constant-velocity
motion. Hence the left-hand side, the total sum of the in-
teratomic forces between atoms of the upper body and
those of the lower body, is the frictional force, which
should be calculated. It is to be noted that, under an
external force greater than the maximum static frictional
force, all the energy supplied by the external force flows
into the lattice vibrations and then dissipates via the
second terms with y, and yb in Eq. (1). Hence the sta-
tionary state is achieved. Since the dissipation is propor-
tional to the difference of the velocities between each
atom and the center of gravity, the expression of the total
frictional force in the stationary state, Eq. (2), does not
depend on y, and yb.

III. ONE-DIMENSIONAL MODEL OF FRICTION
OF CLEAN SURFACES AND NUMERICAL RESULTS

A. The model

As mentioned in Sec. I it is known that the surface
roughness plays an important role in friction under the
usual situation and makes the laws of static friction work.
Deferring studies on such realistic cases to further publi-
cations, we consider, in this paper, the friction between
clean surfaces, i.e., surface without randomness even on
an atomic scale. In that case the interatomic force be-
tween two bodies works among all atoms at the surfaces,
and the gravitational force can be neglected since it is
very small compared with the interatomic force, at least
in the first approximation. The problem is to understand
how the friction works in such a case. In order to sirnpli-

fy the problem we consider the 1D model of clean sur-
faces, where the atoms in both bodies make 1D rings and
their degrees of freedom are also 1D. The equations of
motion are given as follows.

m, ii;+m, y, (u; —&u; &;)=K,(u;+]+u;

+ g Fl(u; —
vj )+F,„,

jEb
(3a)
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mdiv;+mayg(v; —(v;);)=Kg(v;+)+v; )
—2v, )

+ g FI(v; —u, )
j6a

UI(x) =—
Cb

x
2

exp —4
2

—K, (v; i—c&) . (3b)

Fz(x) = — Ul(x),d
(4)

where the actual form of UI(x) is assumed to be

Here we have adopted the harmonic approximation both
for the interatomic force among atoms of the same body
and for the force between atoms of the lower body and
the substrate, and we take the forces only between
nearest neighbors. In Eq. (3b) cb is the mean atomic spac-
ing of the lower body. E, and Eb are the strengths of the
interatomic force within the same body. EC, is the
strength of the force between the lower atoms and their
equilibrium positions on the substrate and controls the ri-
gidity of the lower body. Here we assume the same FJ
among all atoms. Periodic boundary conditions for u,
and v;, u;=u;+z, v;=v;+z are adopted. The intera-

tomic force Fz is obtained from the interatomic potential
UI as,

in order to make the correspondence with the Frenkel-
Kontorova model mentioned in Sec. I. Here Ki is the
strength of the interaction. With UI given by Eq. (5), the
interatomic force acting on u, is almost a sinusoidal func-
tion when the lower atoms are fixed. So the present mod-
el reduces essentially to the Frenkel-Kontorova model in
that case.

In the calculation we modify Eq. (3a) as

m. y. u, =Z. (u, +, +u, ,
—2u, )+ yFI(u, —

v, )+G,„,
j6b

(6)

where

G,„=m,y, (u, ), +F,„.
In principle, G,„has temporally oscillating components,
whose amplitude, however, decreases with system size.
Hence we neglect this oscillatory component and solve
the above equation of motion by the Runge-Kutta pro-
cedure for a given constant G,„. In Eq. (6) we also
neglect the inertial term, which is valid under the condi-
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tion ( u, );/c, « y.
Due to the periodic boundary conditions, the system

sizes of upper and lower bodies are the same. Then the
ratio of the mean lattice spacings of the two bodies is
equal to the inverse of the ratio of the numbers of each
type of atom, c, /cb=Nb/X, . In this paper we have
chosen c, /c& =Nb /N, =34/21 = 1.6190. . . , which is
the truncated value of the continued-fraction expansion
of the golden mean (&5/2+1)/2=1. 6180. . . , at the
eighth order. In a finite-size system there is a possibility
of the appearance of commensurability pinning. In the
present system we observe no such efFect within our nu-
merical accuracy. We set m, =mb =1, y, =yb =1,
cb = 1 E,= 1, and Kb =O.

of fixed lower atoms, K, = oo, there is an Aubry transi-
tion' and the static maximum frictional force vanishes
below some critical value of El and grows gradually
above it. Such a transition really exists even in the case
of mobile lower atoms within our numerical accuracy,
but the critical value of Ki and the region where the max-

imum static frictional force vanishes decrease with de-

creasing K, . Simultaneously the maximum static fric-
tional force above the critical value grows rapidly.

As regards the kinetic frictional force, the velocity
dependence is shown in Figs. 3 and 4, where Fig. 3 (4)

represents the case of fixed (mobile) lower atoms. As

B. Numerical results

In Fig. 1 we show the velocity and the square of the
lowest phonon frequency, which is proportional to the re-
storing force, as a function of 6,„ for the two cases where
the atoms of the lower body are fixed (a) and are able to
relax (b). The maximum G,„where the velocity vanishes

is the maximum static frictional force. A remarkable
difFerence between the two cases is the magnitude of the
maximum static frictional force, which is much larger in
the case of mobile lower atoms than in the case of fixed
ones. This is due to the fact that in the former case the
system can find its stable configuration under an external
force more easily than in the latter case. Another
difference between them is the behavior of the lowest
phonon frequency. In Fig. 1(a) the frequency and thus
the restoring force decreases gradually with G,„and van-

ish at the maximum static frictional force. But the fre-
quency has an almost constant value up to just below the
maximum static frictional force and then vanishes
abruptly in (b).

Figure 2 shows the maximum static frictional force as
a function of the strength of the interatomic force be-
tween the two bodies, Ki, with several choices of the rigi-
dity of the lower body, K, . It is shown that, in the case
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shown by (a), where the value of Kl corresponds to that
just below the critical value of Aubry*s transition, the
kinetic frictional force is always finite even if the max-
imum static force vanishes. In (b) we show the case
where the value of Ei corresponds to that just above the
critical value. In this case the kinetic frictional force in-
creases gradually with velocity from the maximum static
frictional force, takes its maximum, and then decreases,
that is, the kinetic frictional force can be larger than the
maximum static frictional force. As the maximum static
frictional force increases with K~ the velocity dependence
of the kinetic frictional force becomes weaker, as seen in
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represent the upper (lower) atoms and the lines connecting the
squares and crosses represent the springs between lower atoms
and the substrate. The average velocity is 2.75X10 and the
mean displacement from the bottom to the top is about one lat-
tice spacing of the lower body.

Fig. 3(c) and 4(c) for two choices of E, . In that case the
kinetic friction shows similar behavior to that described
by one of the laws of friction, (iii) in the Introduction.
Temporally sequential snapshots of the configurations of
the atomic positions are shown in Fig. 5 for the case of
low velocity. It is clearly seen that the lower atoms jump
from one rnetastable position to the next one as time goes
on. This corresponds to stick-slip motion. As the veloci-
ty of the system increases, such motion diminishes as
shown in Fig. 6.

The "phase" in which the rnaximurn static frictional
force vanishes is a kind of "ordered phase. "' Such an
ordered phase is realized more easily in higher spatial di-
mensions of the system but is more difficult as the dimen-
sion of the degrees of freedom gets large. For example,
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the 1D Ising model does not have an ordered phase at
finite temperature but the 2D Ising model does, while the
2D XF model does not. So it is interesting to study
whether Aubry's transition' exists or not in a model with
higher dimension of the degrees of freedom. We studied
the model in which each atom has two degrees of free-
dom, i.e., can move up and down and forward and back-
ward. The interatomic potential between upper and
lower atoms is taken as

Other potentials are similar to those of the previous mod-
el, Eqs. (3)—(5}. As shown in Fig. 7 even in this model
we have observed Aubry's transition and similar
behaviors of the frictional force to those of the previous
model.

IV. SUMMARY AND DISCUSSION

In this paper we first proposed a method of calculating
the static and kinetic frictional force in a stationary state,
which is given as the total sum of the interatomic forces
between two bodies. We have applied this method to the
lD model of clean surfaces and calculated the frictional
force. A kind of phase transition, Aubry s transition, is
found to exist; there is a critical strength of the intera-
tomic force between the two bodies and below the critical
strength the maximum static frictional force vanishes.
As the rigidity of the lower body decreases, the critical
strength decreases, and the maximum static frictional
force grows rapidly above it. On the other hand the
kinetic frictional force is always finite and has a velocity
dependence in general. But the dependence becomes
weaker as the interatomic force between two bodies and
thus the maximum static frictional force increases, and
finally the kinetic friction shows similar behavior to that
described by one of the laws of friction, "the kinetic fric-
tional force does not depend on the velocity. " These
behaviors are also seen in the model in which each atom
has two degrees of freedom.

An important problem associated with the vanishing
static frictional force is the randomness, which certainly
exists in real systems. It has been shown recently that the
state of vanishing static frictional force is unstable
against randomness. ' Hence we consider that the van-
ishing static frictional force is an artifact of the model
and that there is no frictional transition and the max-
imum static frictional force is always finite for every real
system. It should be noted that even in that case the
magnitude of the maximum static frictional force will be
small for the system with weak randomness and there is a
kind of crossover behavior instead of the phase transi-
tion. Hence we expect similar behaviors to those ob-
tained here in that case.

In the usual situation the kinetic frictional force de-
creases with the velocity in the low-velocity region. As
a result, the constant-velocity motion becomes unstable
under the condition of constant external force and shows
stick-slip motion. However, the present calculation cor-
responds to the condition of constant velocity. Therefore
we obtain decreasing kinetic frictional force with the ve-
locity in a stationary state as shown in the figures. On
the other hand, when the maximum static frictional force
is small, the kinetic frictional force increases with the ve-
locity in the low-velocity region. In that case the
constant-velocity motion is stable even in the constant-
externa1-force condition. We expect that such a velocity
dependence can be observed experimentally in the case of
small maximum static frictional force. We would like to
emphasize that the velocity dependence of the kinetic
frictional force varies from case to case.

The problem of friction has a c1ose relationship to the
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problem of pinning of sliding charge-density waves
(CDW), spin-density waves, and moving vortices of the
mixed state of type-II superconductors. For example, a
CDW which is pinned by impurities and cannot move un-
der small electric field starts to move above a threshold
field and then the electric conductivity increases. '

The I-V characteristics of sliding CDW systems are
determined by the velocity dependence of the force due to
impurities. ' ' It is clear that the threshold field corre-
sponds to the maximum static frictional force and the
force acting on the sliding CDW corresponds to the
kinetic frictional force. The velocity dependence of the
kinetic frictional force obtained here becomes weaker as
the maximum static frictional force increases, and the
kinetic friction starts to show similar behavior to that de-
scribed by one of the laws of friction. We notice just the
same behavior for the sliding CDW. ' 's Actually both
the systems have frustration, which is caused by the ran-
dom distribution of impurities for the CDW and by the
incommensurate nature for the present model. We can-
not expect such behavior in the commensurate model,
where no frustration exists. ' The usual situation result-
ing in finite friction has frustration, which comes from

the surface roughness. ' We stress that there exists a
strong velocity dependence of kinetic friction when the
maximum static frictional force is small. Therefore we

expect the possibility that the velocity-independent kinet-
ic frictional force is a kind of universal nature of systems
with frustration and large maxirnurn static frictional
force. We plan to proceed with our study to make clear
this possibility.
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