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EfFect of bulk dispersion on the electron —optical-phonon interaction in a single quantum well
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The interaction of electrons with GaAs optical phonons is investigated for a single GaAs/A1As quan-

tum well using the hybrid model of optical phonons, which incorporates bulk-mode dispersion. We pre-
dict resonances in the individual hybrid scattering rates as a function of well width corresponding to
wave vectors where the modes anticross. Nevertheless, although the physics is quite difFerent, we find

that the total scattering rate is insensitive to the value of the bulk dispersion, and is given to an excellent
approximation by the dielectric continuum model, for both intrasubband and intersubband scattering
processes. We conclude, in accord with recent results of lattice dynamics, that for the evaluation of
scattering rates, the dielectric continuum model provides a very good approximation.

I. INTRODUCTION

The interaction of electrons with the optical modes in

quantum wells and superlattices is of central importance
for the properties of these quasi-low-dimensional struc-
tures, providing the principal mechanism for energy re-
laxation at carrier temperatures above about 40 K and
for capture of electrons into the wells. It is essential for
the accurate modeling of devices like the hot-electron
transistor, the quantum-well laser, and the quantum-well
infrared detector, that both intrasubband and intersub-
band scattering rates via the interaction with optical pho-
nons be well established. Ab initio lattice-dynamical cal-
culations of electron-phonon interactions' have been car-
ried out recently for the GaAs/AlAs system with the
main conclusion being that the dielectric continuum (DC}
model, e.g., Refs. 2 and 3, gives an accurate value for the
scattering rates, both intrasubband and intersubband
scattering. This conclusion is supported by the work of
Bhatt et al. , where a simplified microscopic model was
employed to evaluate the phonon modes. The inference
is, therefore, that the so-called hydrodynamic (HD) mod-
el is an inappropriate description of the optical modes
for calculating scattering rates.

The DC model predicts a set of confined modes (the
so-called slab modes) all oscillating at the GaAs LO fre-
quency together with two pairs of interface modes, one
pair within the GaAs reststrahl band, and the other pair
within the AlAs band. ' The problem with ab initio cal-
culations is that they are computationally prohibitive,
while the problem with the dielectric continuum (DC)
model (although it is comparatively straightforward
analytically) is that it ignores mechanical dispersion (in-
stead, employing the Einstein approximation} and
mechanical boundary conditions, relying on electrostatic
boundary conditions to achieve the well-established
phenomenon ' of optical-phonon confinement in the
GaAs/A1As system. These approximations are incon-
sistent with Raman measurements and more recent
micro-Raman studies. In particular, the DC model can-
not predict the zone-center anisotropy recently observed
experimentally. ' Nevertheless, attempts to incorporate

mechanical boundary conditions within the dielectric
continuum framework have been carried out notably by
Huang and Zhu' and Nash and Mowbray, " although
still within the Einstein approximation. It was shown re-
cently by Nash' that any such attempt will lead to the
total scattering rate being invariant to any change of
model (the rate being the same as that predicted by the
DC model} provided the set of modes are complete and
orthogonal. This is an important conclusion, and has
consequences for phonon band structure engineering as
discussed by Nash. ' It should be noted here that this
conclusion assumes that the confined modes are disper-
sionless.

In this paper we consider the electron-phonon interac-
tion in a single well, modeling the optical phonons within
the so-called hybrid model. ' ' This continuum model
has the desirable features of obeying both electrostatic
and mechanical boundary conditions, and is in effect a
fusion of the DC and HD models. It includes bulk pho-
non dispersion and agrees with both lattice dynamics'
and state of the art Rarnan measurements. ' As such
we can be confident that this continuum model is a close
approximation to reality, both for small (the Raman re-
gime) and large wave vectors (the electron —optical-
phonon scattering regime). We employ this model to
determine what effect, if any, bulk mode dispersion has
on the rates. Further, a detailed comparison of the pre-
dictions of the hybrid model with those of the DC model
(which is known from lattice dynamics' to be very accu-
rate at the large wave vectors of interest) has not been
given before, to our knowledge, although a partial com-
parison was made in Ref. 14. The effect of mechanical
dispersion on the interaction, to our knowledge, also has
not been attempted before.

We shall consider only the interaction of electrons with
the well modes. The interaction of the carriers with the
A1As interface mode, although important, ' should not
be too greatly inAuenced by dispersion since dispersion is
small in A1As and not enough to hybridize all the modes
within the A1As reststrahl band. This is in contrast to
GaAs, where the dispersion is greater and hybridization
occurs throughout the reststrahl band. Any effect on the
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scattering rates due to bulk dispersion would therefore be
more readily apparent in the interaction with the well
modes, and we therefore only consider these in this pa-
per.

II. THE DISPERSION OF OPTICAL HYBRID MODES

We consider a single GaAs well of width d ( ~z~
~ d/2)

surrounded by A1As ( ~z~ )d/2), the coordinate system is
such that the z axis is normal to the layers and the direc-
tion of propagation can be taken without loss of generali-
ty to be the x axis. The GaAs material parameters are la-
beled by 1, and those of A1As by 2 (their values are as
given by Adachi' }. The reduced ionic displacement field
u satisfies the following wave equation ' ' ' ' which
was first proposed by Babiker:

u=b»u+b, zE—
vL V(V u)+vz V X(V Xu),

P=b)2u+b22E . (2)

In the above, E is the electric field, P the polarization
field, and the b coefticients are the usual Born and Huang
coeScients which are not repeated here for brevity, but
which may be found elsewhere. The parameters UL and

Uz describe the bulk dispersion of LO and TO modes, and
are in principle determined by comparison with experi-
ment. ' '

In this work we shall only consider the GaAs modes,
and these are confined within the layer and the electro-
static and mechanical boundary conditions appropriate
for this system, are as follows

E and D, continuous,

u=o,
(3)

(4)

where D is the electric displacement field. A unique
linear combination (triple hybrids} consisting of a pure
LO mode, a pure interface mode, and a TO mode is re-
quired in order for all of the above boundary condition to
be satisfied. ' ' This triple hybrid scheme when applied
to the superlattice system leads to excellent agreement
with lattice-dynamics calculations, as regards the mode
frequencies. ' It was pointed out' that the relaxation of
the mechanical boundary condition (4) to the requirement
that only the normal component of the ionic field van-
ishes at the boundaries:

uP'=AL ' cos(kLz), 0, sin(kLz)

u'I"'= AL"' sin(kLz), 0, — cos(kL z)

u'I '= Al' '[cosh(qz), 0, i sin—h(qz)],

ur'"'= Al'"'[sinh(qz), 0, i cosh—(qz) ),
(8)

where AL
' ' and AI ' ' are mode amplitudes, q is the

in-plane wave vector, and the factor exp(iqx —rot} is
dropped throughout for convenience. The confinement
wave vector kz is given by'

co =c0L ) vr ( kL +q ) (9)

Equation (9) embodies the assumption of parabolic bulk
dispersion, which, although not above criticism, yields re-
liable results for the GaAs/A1As system. ' ' The elec-
tric fields associated with the hybrid components in the
well are given by

Ek'= —pand'

where po is related to the effective charge density' '
(10)

MAL &

2

p:=, v&o o

1 1

~s&

with M the reduced mass, and Vo the volume of the unit
cell (the other symbols have their usual meaning and are
those appropriate for GaAs). The frequency-dependent
factor s is expressible as

dize with an interface mode, and the ionic displacexnent
for the resultant mode is then a linear combination of the
two, viz.

u=uL+uI (VXul =0; V.ur=O, VXul=O)

(retardation eff'ects are ignored). From symmetry, the
modes can be labeled as symmetric (S) or antisymmetric
(A) with respect to the plane z=O, where the symmetry
relates to that of the in-plane component of the modes
(the x component}. The components of the ionic dis-
placement field within the well for the S and A hybrids
are (using the notation u=[u„,O, u, ])

(5)
~ri )(~l. i

2 2 2 2 —1 (12)

leads to only marginal error in the mode frequencies, '

and simplifies the problem by dispensing with the need
for a TO part of the hybrid, which in any case does not
have an electric field associated with it, and does not
therefore contribute to the Frohlich coupling mechanism.
The approximate boundary condition given by Eq. (5) is
equivalent to assuming that V Xu=0 identically. %'ith
this approximation, only the hybridization of LO and in-
terface modes need be considered, leading to double hy-
brjds 16,21

We outline the method of forming double optical hy-
brids. In order for the boundary conditions embodied in
Eqs. (3) and (5) to be satisfied, an LO mode must hybri-

In the barrier, for modes with frequencies within the
GaAs reststrahl band, we assume that AlAs is mechani-
cally rigid (u =0), although this does not preclude barrier
electric fields due to the GaAs hybrids. These fields are
given by

E( ]=A( )pae ~'~[1,0,sgn(z)i],
( )

E~"'= As"'pae i~'[sgn(z), O, i], ~z~ & —,d

where sgn(z) denotes the sign of z. The electric displace-
ment field D is provided solely by the interface com-
ponent of the hybrid (the electric displacement field asso-
ciated with the LO component vanishes, i.e., Dl =0) and
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is given by

D"'=e,e,E't ', ~z~
d
2

'

D'J'=E,e,E'j', ~z~ & —,d
(14)

0.98

0.96—

0.94
with c0 the permittivity of free space, and c, &(2) the dielec-
tric function of GaAs (AlAs), i.e.,

N NL;
2 — 2.

B~j
N NT;

i =1,2. (15)

On applying the boundary conditions [Eqs. (3) and (5)],
we obtain the following dispersion relations for the sym-
metric and antisymmetric modes

J'
092 r

0 05 I 15 2 25 3

FIG. 1. The hybrid mode frequency Q(=co/coL &) as a func-
tion of in-plane wave vector qd for d=28 A and vL =2.8X10'
ms '. The full curves correspond to the odd modes, and the
dashed curves to the even modes.

=0

symmetric modes, (16)

kL ktd qtan + tanh
q 2 sos

III. MODE NORMALIZATION
AND THE ELECTRON-PHONON INTERACTION

The mode amplitudes are related via the boundary con-
ditions thus:

kL kLd
cot

1
coth q

SEA
=0

A (S)—I

cos
L

2
A (s)

L

antisymmetric modes, (17) s cosh
2

where 5A and hs are expressible as
A (s)—

B
E

e cos
~s

L
tanh AL

(s)

5s =c,'tanh +1, AA =c'coth +1,A (18)

with e'=e, /ez. It is noted that the vanishing of bs~„~
yields the dispersion relation for the pure symmetric (an-
tisymmetric) interface modes. ' ' In what follows we

use the term pure to describe interface modes that are not
hybridized with LO modes, and their frequencies are
given by hs(A) =0.

It is worth briefly discussing the limit of zero disper-
sion (vL ~0). Two situations arise in this limit. In the
first instance we have the situation toAcvL „in which case
the pure interface modes are recovered, whereas the
second possibility gives N=NL& and we recover the
modes described by Nash and Mowbray" which are or-
thogonal and form a complete set. ' Note that it is not
the confined modes of the DC model that are the zero-
dispersion limit of the hybrid theory, but rather the
confined modes described in Ref. 11. Since the model of
Nash and Mowbray gives the same total rate as the DC
model, ' we compare the hybrid theory to the DC model
both for its simplicity and the fact that this model has
been widely employed.

We illustrate the hybrid dispersion for a well width of
28 A (corresponding to ten monolayers of GaAs grown
along the [100]direction), taking vL to be 2.8 X 10 ms
which is close to the experimental value. ' ' We note
that hybridization is very evident, and the mode behavior
illustrates the well-known anticrossings for both odd and
even modes (see Fig. 1).

A (A)I

kL
sin

2

s sinh
2

A(A)
L

(20)

A (A)
B e~~ sin

ktd
coth

2 L

U(r, t)= g(uaz+u'a~) .
q

(22)

In the above, a (a ) is the annihilation (creation) opera-
tor, and to obtain the mode amplitudes we equate Eq.
(21) with the standard expression for the energy of the os-
cillator:

8= gfuu(ata + —,') .
q

(23)

This procedure 1eads to the following result for the am-

We need to determine the unknown amplitudes AL ', and
this is achieved by equating the mode energy to that of an
equivalent harmonic oscillator. The mode energy is given

by the following Hamiltonian:

f & (r, t}dr+to fU (r, t}dr, (21)
0

where U(r, t) is the displacement operator for the hybrid
modes:
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plitudes:
1/2

a Ij'= —eeint j (31)

&(p
kL MNa/f

(24) The electrons are assumed to be confined by an infinite
potential, and the electronic states are therefore

where N is the number of unit cells in the well, and

sin(kL d) 4 2 kI d
fs =1+3 + sin coth

kLd qd 2 2

1/2
2 lkx

n V

n7Tcos, n =1,3,5. . .

nm.sin, n =2,4, 6, . . . ,
sin(kLd)

kLd

q+
sin(kLd)1—

k, d

sin(kL d) 4 2
kLdf„=1 —3 + cos tanh

kLd qd

(2&)

(26)

2@2 2

E„=
2m *d2

(32)

where k is the in-plane electronic wave vector, E„ the
subband energy, and V( =NVO) is the volume of the slab.
The scattering rate is obtainable via Fermi's golden rule
(we consider only the low-temperature emission rates):

4~ = g (P a +P'a ),
q

where

(28)

In obtaining the above normalization of the mode ampli-
tudes, we ignored the small electrical component of the
energy which resides in the A1As region. The energy of
the optical mode is dominated by the mechanical part. '

With all the mode amplitudes now determined, we may
proceed to describe the interaction of the electrons with
the hybrids. We chose to work entirely with scalar po-
tentials, as this has been shown to be appropriate for
evaluating the rates. The electrostatic potentials associ-
ated with the hybrids are given by

EJ= —V@j, j =S, A . (27)

Explicitly, the potentials are given by the following ex-
pression:

r= y y [&f~N,'/,'~i) ['s(E,—z, ),
kL q

(33)

where i (f) refers to the initial (final) combined electron-
phonon state.

A. Intrasubband rates

ko=
1/2

2m coL 1

(34)

We first consider scattering processes within the first
subband. From symmetry considerations only the sym-
metric hybrids contribute. In general, the rates have to
be computed numerically. We will, however, focus atten-
tion on threshold rates in which the electron has just
enough energy to emit a mode. For parabolic bands this
implies that the in-plane wave vector of the electron is
given by

.Pa~I.(S)

Ps= i-
q

cos(k, z)

kL sin(kl d/2)
+s

q sinh(qd /2)

with m' the GaAs effective mass (k0=2.4X10 cm '}.
It is instructive to investigate the hybrid frequencies as a
function of well width for fixed q ( =ko); this dependence
is illustrated in Fig. 2. We find a rich structure in the hy-
brid dispersion. Concentrating on the even modes, the

Xcos(qz} ', ~z~
d
2

ys =—'A~~'p, e &"
/zf )—,

(29a)

(29b)
1 1 I

.PO L
A(A)

1

q
sin(kL z)

kL cos(kLd/2)

q cosh(qd /2)

X sinh(qz), (z( ~—d
2

(30a)

Q 0.96

0.92
10

0.94

20 30
d(A)

50

P„=—As"'poe /'sgn(z), ~z~ )— (30b)

The interaction Hamiltonian is then of the usual Frohlich
type:

FIG. 2. Hybrid mode frequency Q( =co/coL
& ) as a function of

well width d for fixed threshold wave vector q =2.4X 10 cm
The full curves correspond to the odd modes, and the dashed
curves to the even modes. The arrows indicate the points at
which the resonances occur in Fig. 3.
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first point to notice is that the number of modes depends
on the well width; the larger the well width the larger the
number. The second point is that the regions of the vari-
ous curves marked by an arrow correspond to the range
in which the hybrid is most like the pure interface mode,

I

i.e., to the anticrossing region. The same observations
apply to the odd-order hybrids, although of course they
do not participate in intrasubband events.

Returning to the actual intrasubband threshold rates,
the following analytic result is obtained:

'2

I =2(2m)61 0 E

1/2
sin (kL d/2)

k (kl. d )'fs
kr.

4n (ki—d) ko

S

4n' +(kod)
(35)

with I 0 (=8.7X10' s ' for GaAs) related to the
Frohlich coupling constant a via

' 1/2
2m cOL1

fi

2

I P
—2coL1Cx=

4~@A
(36)

~oo1 ~s1

The above intrasubband rate is depicted in Fig. 3 as a
function of well width. As a comparison we also plot the
predictions of the DC model (the relevant scattering rates
for the DC model are listed in the Appendix). We see
that the total rates are practically identical for the two
models, with only a very marginal difference at small well
widths. The contribution to the total rate of the DC
model arises via scattering by confined (slab) modes and
the symmetric GaAs interface mode. The contribution
from the individual hybrids shows some interesting prop-
erties. First, the number of hybrids varies with well
width for the reasons outlined previously. Hence, as the
well width increases, an additional mode becomes avail-
able for scattering. Further we predict resonances at well
widths corresponding to the flat parts of the curves in
Fig. 2. Finally, we find that the total intrasubband hy-
brid rate is insensitive to the value of vL. The variation

B. Intersubband scattering

For intersubband scattering, we consider an electron at
the bottom of the second subband (zero initial in-plane
wave vector), which then scatters to the first subband by
emitting an antisymmetric hybrid. Conservation of
momentum then entails that the resultant electronic in-
plane wave vector is given by

1/2
E2 —E —1ko=ko (37)

L1

We note that this wave vector is quite large for small well
widths, and approaches zero as E2 E, ~%co , .LT—he
scattering rate for this intersubband process is given in
closed form by the following expression:

I

in the scattering rate with uL for a fixed well width (=28
0
A) is illustrated in Fig. 4. For a value of vL greater than
2.8 X 10, the number of modes within the reststrahl band
of GaAs decreases (for example, a value for vL of
3.8X10 ms ' corresponds to a rill] growth direc-
tion' ). Hence a plot analogous to Fig. 3 would result in
fewer resonances, since the number of even modes within
the reststrahl band is reduced, although as illustrated in
Fig. 4 the total rate hardly changes. For values less than
vL around 2X10 ms ' the dispersion may be too small
for hybridization to be effective across the entire
reststrahl band, and the interface mode will be pure in
this case with the contribution given accordingly from a
nondispersive model (see the Appendix). Even in this
case, the scattering rate will not change. The point vL =0
in Fig. 4 corresponds to the DC value, as of course it
must.

4- 4-
%1 ( )P I & g I ~n—

10 25 40 55 70 85 100
d(A) 05—

d=28A

FIG. 3. The threshold intrasubband scattering rate as a func-
tion of well width d. The solid curve corresponds to the total
rate calculated via the hybrid model with vL =2.8X10 ms
and the dashed curves are the contribution to this from the indi-
vidual hybrid modes. The dot-dashed curve marked by circles
corresponds the total rate calculated via the DC model; the con-
tributions to this are made up of confined slab modes (dot-
dashed curve with squares) and the pure GaAs interface modes
(dot-dashed curve with triangles).

0
0

I I

2 3
v (10 m/s)

FIG. 4. The threshold intrasubband scattering rate as a func-
0

tion of vL, for d=28 A.
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RcoL )r =2'~'r 0 Ei

1/2

kL

cos (kLd/2)

f~
1

[n. —(kLd) ][9m. —(kLd) ]

S

[vr +(kod) ][9m. +(kod) ]
(38)

Figure 5 illustrates the intersubband rate as a function of
well width (the smallest well width considered is 50 A, in
order to ensure a second confined state and the validity of
the infinite well approximation, which breaks down for
small well widths). Again the agreement for the total
rates obtained from Eq. (38), and that given by the DC
model (see the Appendix) is excellent. It is noted that the
contribution given by the pure antisymmetric interface
mode to the DC rate is rather small for intersubband
scattering. Nevertheless, it can be seen from the inset to
Fig. 5 that the corresponding contributions from the hy-
brid theory again show resonances analogous to those in
the intrasubband rate. In both the hybrid and DC mod-
els, the dominant contribution to the intersubband rate is
due to the highest energy antisymmetric hybrid, and the
n =2 slab mode (see the Appendix).

Again, in analogy with the intrasubband results, the in-
tersubband rates are insensitive to the value of the bulk
dispersion.

IV. CONCLUSIONS

Our aim in this paper was to investigate the role played
by mode dispersion in electron-phonon interactions. We
applied the hybrid continuum model of confined polar
optical phonons, which incorporates mode dispersion in a
natural way, to determine both intrasubband and inter-
subband scattering rates, and concentrated on the in-
teraction with GaAs modes. The main conclusion of this

0.0(2

I

work is that the rates obtained via the simple DC model
are in excellent agreement with those obtained by the hy-
brid model, irrespective of the value of the bulk disper-
sion. This result agrees with the conclusions of lattice dy-
namics, ' ' and the conclusions originally made by Nash
and Mowbray. " Nevertheless, the details are quite
different, and we predict resonances in the rates as a func-
tion of well width in the wave-vector region where the
hybrids have a substantial interface mode component.
These resonances, as far as we are aware, have not been
discussed before in detail, although Tsuchiya and Ando
show structure in the polaron damping rate which they
attribute to the change in the number of modes as the
well width changes. It is noted that the model employed
by Tsuchiya and Ando also yields results in close agree-
ment with the DC model.

Finally we discuss the relevance of our results to the
aim of modifying the electron-optical-phonon interac-
tion in layered media. It is of obvious technological ad-
vantage to be able to reduce the electron —optical-phonon
interaction. Some recent work on modifying the
electron-phonon interactions have been carried out, and
we briefly mention them here.

By the use of metal/semiconductor junctions, it
has been demonstrated that the important interface
modes are modified in such devices, and this leads to a
predicted reduction in the scattering rates. Another
interesting approach considered by Bechstedt, Grille, and
Haupt is the modification of the phonon modes in para-
bolic quantum wells fabricated with semiconductor al-

loys. All of these investigations involve the alteration of
the phonon properties. In contrast, Tsuchiya and Ando '

considered structures which resulted in a modification of
the electronic states, which in turn alters the electron
phonon interaction and hence the high-temperature
mobilities. The conclusion of our work suggest that
choosing materials in order that bulk mode dispersion is
either greater or less than that of GaAs will have only a
very marginal effect on the electron-phonon interaction,
assuming of course that all other factors remain equal
(such as the TO-LO splitting, for example).
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the resonances predicted by the hybrid model for the higher-
order hybrids.
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APPENDIX

In this appendix we quote the various scattering rates
deduced via the DC model; the details of these calcula-
tions may be found elsewhere. ' The threshold in-
trasubband rate via emission of symmetric slab modes is
given by
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' 1/2

2

and here the dominant contribution is the n=2 mode.
The analogous scattering rates via the interaction with
the symmetric GaAs interface mode is given by

n =1,3,5,

1 n 1

4 n —(kod) +(nn. )

(A1)

~=2s~6&0
co

'ffNL1 s tanh(kod/2)

(kod) [(kod) +4m ]

%COL 1

' 1/2

with the dominant contribution given by the n=1 slab
mode. The intersubband rate via antisymmetric slab
modes is

for the intrasubband rate, and

1 =2 n 1 o(kod)
ficoL1

E1

(A3)

n=2, 4, 6, . . .

1

n —92

1

n —1
2

2
n

(kod) +(nm )

(A2)

s coth(kod/2)
X

I(kod) +n I t(kod) +9m I~
(A4)

for the intersubband scattering rate via the antisymmetric
GaAs interface mode.
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