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Spin dynamics in D-wave superconductors
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The dynamic spin-correlation function in the superconducting states (i.e., D wave and S wave) in the
vicinity of the commensurate point Q=(m. , n. ) is obtained within mean-field theory. As a model we take
the generalized t-J model as analyzed by Tanamoto, Kohno, and Fukuyama though we interpret the fer-
mion loop as associated with a renormalized hole. For T T, where T, is the superconducting transi-
tion temperature our result is essentially the same as Tanamoto, Kohno, and Fukuyama, but the super-
conducting correlation is easily incorporated within the present scheme. We find recent neutron-
scattering data from both La& 86Sro &4Cu04 by Mason et al. and YBa2Cu306+„by Rossat-Mignod et al.
are consistent with the D-wave model but incompatible with the S-wave model.

duces all the qualitative features of the data by Mason
et al. ' as well as by Rossat-Mignod et al. ,

' ' though
the peaks we predict are in general much sharper and
contain fine structures not revealed by experiment.
Therefore we conclude that D-wave model can describe
most of the features observed by the neutron-scattering
experiment, while the S-wave model cannot in the ab-
sence of significant pair breaking.

I. INTRODUCTION

II. THEORETICAL MODEL

The spin-spin correlation in the t-J model is calculated
s10, 11

X(q ~)=Xo(q ~)[i+J(Q+q)Xo(q ~)) '

where

J(Q+q) =J[cos(n+q„)+cos(n.+q„)]
= —J(cosq„+cosq )

and xo(q, to} is obtained by analytical continuation from

Xo(q, ico„);

xo(q i~.)

dk' ~.~.+.+44 +~k~»
2 2 2 2 2 2 2(n +kk +~k }(~n+v+kk'+~k'}

and k'=k+Q+q and q is the momentum measured from
the commensurate point.

In the t-J model we have

(4)gk
= —2t *(cosk„+cosk» ) —p, ,

where p is the chemical potential and t* is the renormal-
ized t due to the interaction. In the later numerical cal-
culation we choose t*=50 meV both for La1 86Srp 14Cu04
and YBa2Cu3069& consistent with recent specific-heat
data by Loram et al. '

We can simplify the integrals in Eq. (3) by introducing
new variables by

Recently, a number of people' proposed that the D-
wave superconductor is a more appropriate candidate for
high-T, superconductors. In particular the linear T
dependence of the superfluid density observed in Y-Ba-
Cu-0 (YBCO), the angle-resolved photoemission experi-
ment Bi-Sr-Ca-Cu-0 (BSCCO), and m shift in the
Josephson interference experiment ' appear to favor the
D-wave model.

The object of this paper is to study the spin fluctuation
in the superconducting state (i.e., D wave and S wave} in
the vicinity of the commensurate point Q=(m, m ) within
the generalized t-J model. ' Indeed our result in the nor-
mal state in essence reproduces the result by Tanamoto,
Kohno, and Fukuyama' (TKF}. However, unlike TKE,
we interpret the fermion loop as due to ordinary holes"
rather than spinons albeit the hole mass has to be renor-
malized from the original t in parallel to TKF. Then in
this scheme it is easy to incorporate the superconducting
correlation within mean-field approximation. In particu-
lar for D-wave model the spin exchange term in the t-J
model provides the necessary pairing interaction, ' while
for S-wave model we have to supplement an additional
pairing interaction. We find that X(q, O) for T T, is

essentially the same as the one at T = T, for D-wave su-

perconductor while it decreases somewhat for T & T, for
S-wave superconductor where q is the momentum mea-
sured from the commensurate point. More interesting is
the presence of the energy gap E at T =0 K, which is
defined by the minimum value of 2[(p—v.q) +b,

~f ~

]'~
on the Fermi surface where p is the chemical potential, v
is the Fermi velocity and f =cos(2$) and l for D and S--
wave superconductor, respectively, and P is the angle v
makes from the a axis. In particular the presence of the
chemical-potential term in the energy gap has been noted
already by TKF. This implies first of all that the
neutron-scattering data from La& 86Srp, 4Cu04 reported
by Mason et al. ' and YBa2Cu306+„by Rossat-Mignod
et al. ' ' are compatible with the D-wave model but not
with the S-wave model. As we shall see our model repro-
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4 =4+v

4 = —0+v
where

g= —2t*[cos(—,'q„)cosk„+cos( —,'q )cosk ],
g=2t'[sin( —,'q„)sink„+sin( —,'q~)sink~] —

IM .

F(y, co)= '

2 & 2

4
+2 f 2 f(ri, m)) for D wave

+6 co
4

f(rl, mI) for S wave,
Q2

Then replacing the k integrals by (2n) '
NIIdgdp for

not too small p, which amounts to ignoring the van Hove
singularity, we can simplify the integral for sma11 q; rt =p, —y sin(2$ ),

(9)

(2NII ) '&II(q, t0)

4l&'I 1=f dE Re tanh( —,IPE)—F(q, co),
0 E2—g2If I2

cos(2$) for D wave

1 for S wave,

y takesy+ or y, where

y =2t "[sin( —,'q„)+sin( —,'q~ )], (l2)
where

F(q, t0) = ,'[F(y+,—co)+F(y,a))],

3.5

N0 is the density of states at the Fermi surface per spin,
f(rt, co) is the generalized superfluid density, ' and ( )
means average over II). In the following we shall consider
some limiting cases.
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FIG. 1. ReF(q, co) for two q scans at T=T, and for co=6
meV ( ), 3.5 meV (. ), and 1.2 meV {———). {a) Qz
scan and (b) Q~ scan.

FIG. 2. ImF(q, e) for two q scans at T= T, and for e's as in
Fig. l. {a) Q5 scan and (b) Q~ scan.
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A. T & T, (the normal state)

Although this case is already treated by TKF, we de-
scribe our result for completeness. When 6 tends to zero,
we obtain

expect rather extended plateau between two peaks for the

Qs scan. We note also the present result reproduces most
of the numerical result in TKF as it should be.

A, = dE—tanh —E = ln
4li I 1 P 8yIt

0 E 2 7TT
(13)

B. T =0 K (D wave)

At T =0 K and for the D wave, Eq. (7) simplifies as

1 1 +.(vt+e/2)
2 2 2mT

1 . (vt —co/2)
2 2mT

(14)

(2No) 'yo(q, co) =A, + ,' F—(q—,co),

where

(16)

(17}
where f(z) is the digamma function and y = 1.7810. . . is
the Enler constant. Further,

P

1

7T . cO N
ImF(q, c0)=—sinh

2 2T
cosh +cosh

T 2T

1/2

(15)

We show ReF ( q, co ) and ImF ( q, co } for the two q scans

[Qs scan; q=(q+ —,'qo, q
—

—,'qo) and Q scan; q=(q, q)]
for co=6, 3.5, and 1.2 meV in Figs. 1(a), 1(b), 2(a), and
2(b) at T= T, . We have chosen parameters correspond-
ing to La&.86Sro. &4Cu04' q0=0 245m @=435.5 K, and

T, =33 K. For this choice y(q, O) has peaks at the in-

commensurate point q=(qo, 0) and (O, qo) as observed'
experimentally. In Fig. 3 we show g(q, O) at T=T, to-
gether with these in D- and S-wave superconductors at
T=0 K. Here we took 4JN0=0. 25, where No is the
density of states at the Fermi surface per spin. Finally in
Figs. 4(a} and 4(b) we show Imp(q, co) for two q scans and
co=6, 3.5 and 1.2 meV. These figures reproduce quite
well the neutron-scattering data near T=T„ though we

More explicitly
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FIG. 3. 2J~(q, O) for T=T, ( ———) and for T=O K for

the D wave ( ) and for the S wave (. . ). For the D
wave at T =0 K, y(q, O) is almost the same as the one at T= T,
except the sharpness of the peak at q=qo incommensurate
point.

q/vr

FIG. 4. 2J Imp(q, co) for co's as in Fig. l at T= T, for two
scans (a) Qg scan and (b) Q~ scan.



15 308 HYEKYUNG WON AND KAZUMI MAKI 49

ReF (y, ro }=I, +I2+I3,

r}2++2!f!2—I ~2

1/2
+r} —(1/4)co

I2 = —8(ro 2I2}I )8(2&2}2+~21fI' —~ }
4 CO 7/

712+/2!f!2 I—
1/2

(1/4)a) —r}

I3= 8(co 2)/—ri +b !f! )
4 Q) 'g

I 2 +2 g2!f!2
1/2

+(1/4)ro —r}

and

2 24~
ImF(y, co) =—

22 I ~2 g2 Q2!f

1/2

8(m 2)/rI +—b, !f!) (21)

ReF(q, ro} and ImF(q, co) are evaluated for two q scans
for ran=6, 3.5, and 1.2 meV and shown in Figs. 5(a)—6(b),
respectively. Compared with the result at T =T„we
note that ReF(q, ro)'s are almost the same as the one at
T=T, if we subtract —,

' from h, , at T=O K, though
ReF(q, ro) develops fine structures. As seen from y(q, O)

3 5
. ~~~, —

T

—
T
—y-~I I I T, , T T [

T~, T
t

t T T

shown in Fig. 3, y(q, O) at T =0 K is very similar to the
one at T=T, . Finally we show Imp(q, ro) for two q scans
in Figs. 7(a) and 7(b), which describe quite well the
neutron-scattering data by Mason et al. at low tempera-
tures, ' though we predict much sharper peaks at the in-
commensurate points and the peaks have fine structures.
Further the actual peak position is shifted to the larger
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FIG. 5. ReE(q, co) for two q scans at T =0 K for the D-wave
superconductor for co=6 meV ( ), 3.5 meV ( - . -}, and
1.2 meV ( ———). (a) Qs scan and (b) Qr scan.

FIG. 6. ImF (q, co) for two q scans at T =0 K for the D-wave
superconductor for co's as in Fig. 5. (a) Qz scan and (b) Qr scan.
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FIG. 8. The energy gap E~ is shown as a function of y for D-
wave ( ) and S-wave ( ———) superconductors. Here we

took 6/p =0.25.
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For the S-wave superconductor, we have

(2Nc ) 'y(I(q, co }= in F(q, co)—
KT.

with

(24)

0 .1 .2 .3 4

'
~2+ g2 ) 2 1/2

F(y, m) =
'g N4

2 f 2

(25)
FIG. 7. 2JIm (y(q, co) at T =0 K for D-wave superconductors

for co's as in Fig. 5. (a) Qq scan and (b) Q~ scan.

momentum q(I -=qc+0. 3896(to/p). We may conclude
that the D-wave model describes quite well the neutron-
scattering data by Mason et al. contrary to their claim. '

b
As mentioned in the Introduction the energnergy gap is given

E =' 2+((M —y} +b for (0&y &p)
2h for y) p, (27)

In particular
'
~2+ g2 ] 2 1/2

ImF(y, ru)= —e(~ —2V vP+6'(
)'g —N4

(26)

This implies that the S-wave model has a large ener
gap

rge energy

E =
g

where

2

2S 1—,"
y2 Q2

for y )y, ,

21@—yl ««&y &y,
' 1/2 (22)

which is also shown in Fig. 8. Therefore at T =0 K there
should be no scattering intensity for the experiment b

ason et al. Even if TAO K, the intensity is of the or-

which is clearly negligible.

D. TOOK (D wave)

y, =
—,'(p+'h/(It, +46 ) . (23)

In particular at y =p the energy gap vanishes as shown in
Fig. 8.

For TAO K the generalized condensed density is rath-
er a complicated function. However, we have alread
seen that ReF( coq, } has little temperature dependence
T& T . Furt~ther ImF (q, co) at an arbitrary temperature is
given y

2 g 2

ImF(q, co) =—sinh
4

2 2T vl +g IfI

1/2

.cosh
T

—1

+cosh
2T

vl +/h2 IfI 'a)——

'g —CO4

(28}
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FIG. 9. 2JImy(0, co) for T=2T, (
———), 1.5T, (---), T,

(. . .), and 0 K ( ) for D-wave superconductors are
shown for @=2 meV and T, =47 K.

FIG. 10. 2J Imp(O, co) for T=-2T, (
———), 1.5T, (---),

T, ( . . ) and T=O K ( ) for D-wave superconductors
are shown for p = 14 meV and T, =91 K.

where b =b, ( T) the temperature-dependent order param-
eter. But we shall explore the temperature dependence of
y(q, co) elsewhere.

III. YBa2Cu306+„system

So far we have concentrated on the La, 86Srp ]4Cu04
experiment. A similar model applies to YBCO as well
with a slight modification. ' In particular the theoretical
analysis is simpler, since most of data are taken at the
commensurate point (i.e., q=0). First, at the qualitative
level, the spin gap, which we call simply the energy gap,
found by Rossat-Mignod et al. ' ' is incompatible with
the S-wave model but is fully consistent with the D-wave
model, since for all the concentration observed Eg are
smaller than the corresponding 2h. Indeed E scales
with 2p as already noted by TKF, which is also true for
the D wave when y =0 (i.e., at the commensurate point).
Further since Eg =2@ and p~(x —0.42)', the Eg-T,
curve should exhibit a plateau for 55 K& T, &92 K.
More quantitative level we analyze Imp(0, co ) for
YBa2Cu306+„with x =0.51 (with T, =47 K) and
x =0.92 (with T, =91 K). For p we used one half of the
values quoted as the spin gap' ' (i.e., 2 and 14 meV, re-
spectively). The results are shown in Figs. 9 and 10, re-
spectively, where we used (4JN, ) '=0.22. We note that
these figures describe qualitatively the experimental data,
though Im y(0, co) measured is much suppressed when
~ ~4p than our theory predicts. But we believe that this
suppression is due to the quasiparticle damping which we
have not considered in the present analysis.

IV. CONCLUDING REMARKS

We obtain a simple expression of the spin-spin correla-
tion function where the superconducting correlation is in-

eluded within mean-field approximation. We show that
the neutron-scattering data of both Mason et al. ' and
Rossat-Mignod et al. ' ' are consistent with the D-wave
model but incompatible with the S-wave model. Also the
present theory predicts fine structures in the spin-
Auctuation spectrum, which has not been resolved experi-
mentally. In any case we believe that the neutron scatter-
ing will provide unique insight on the symmetry of the
underlying superconductor. After completing the
present work we learned that Tanamoto, Kohno, and
Fukuyama' had done a similar analysis within the RVB
scheme. However, though their result appears to be simi-
lar to ours in general, it di8'ers in details. For example we
predict the gapless region in the vicinity of the incom-
mensurate antiferrornagnetic points, while they predict a
nonvanishing energy gap everywhere.
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