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Tetrahedral anisotropy of x-ray anomalous scattering
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Diffraction of synchrotron radiation in crystals of potassium chromate and germanium reveals a
tetrahedral anisotropy of anomalous {resonant) scattering with respect to polarization and wave vectors
that introduces a third-rank tensor into the intensity equations. This tensor arises from a mixed dipole-
quadrupole term that vanishes for forward scattering and for centrosymmetric atoms. At resonances 13
eV below the Cr K edge and 7 eV above the Ge E edge large changes of intensities with rotation of az-

imuth are observed for weak and forbidden Bragg reAections in agreement with the optical model.

I. INTRODUCTION

The amplitude and phase for elastic scattering of x rays
by an atom change with wavelength when there is pho-
toelectric absorption. This dispersion is often expressed
as real and imaginary anomalous scattering terms f' and
if" that are added to the Thomson atomic scattering fac-
tor fp (a Fourier transform of the electron density). '

Usually it is assumed that f ' and f" are scalar quantities
and that the effect of polarization on amplitude for a11

atoms is a factor P =e e' for each combination of linear
polarization vectors e and e' of incident and scattered
rays. In some materials the anisotropy of atomic envi-
ronment and chemical bonding is sufficient, for wave-
lengths near absorption edges, to give rise to significant
dichroism, birefring ence, and anisotropic anomalous
scattering. All of these properties require a more compli-
cated description with tensors to describe the effects of
polarization. Tensors of second rank have been
sufficient in most cases until now. Here we report experi-
ments that require a third-rank tensor, a type not used
before in this context, to explain the anisotropy of
scattering by Cr and Ge atoms in tetrahedral environ-
ments. This anisotropic scattering arises from a mixed
dipole-quadrupole term in resonant scattering. For Cr in
K2Cr04 it is associated with an absorption line 13 eV
below the main Cr K edge. In elemental Ge it is found at
a resonance that is 7 eV above the Ge K edge. This reso-
nance is not resolved from others in the absorption spec-
trum. In each case the tetrahedral symmetry causes the
second-rank tensor effects to be isotropic and thus
simplifies the search for anisotropic higher-order terms.

II. OPTICAL MODEL

According to second-order perturbation theory and
neglecting magnetic transitions, the amplitude of anoma-
lous scattering that is due to resonance of ground state a
with excited state b is proportional to a product of matrix
elements (plus a small nonresonant term of the same alge-
braic form) (Refs. 6 and 7)

(aie' rexp( ik' r)ib )(bie r—exp(ik r)ia)
E, —EI, +Am —iI /2

where k and k' are wave vectors (with magnitude 2n /X)
of incident and scattered rays. The total atomic scatter-
ing factor f(e, e') is a sum of A for all resonances plus
the Thomson scattering e e'fp. Expansion of the ex-
ponential factors in (l) as power series

exp(+ik r) = 1+ik r ——'(k r) +
2

(2)
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For brevity we designate the tensor terms as

f(e e')=Pfp+Qd iQdq+Qq Qd + ' ' ' (4)

The dipole approximation, using only the first term of (2),
neglects the spatial extent of the atom and gives only the
first two terms in (3) and (4). This model has been used to
interpret most of the experiments to date concerning po-
larization anisotropy of x-ray absorption and resonant
scattering. Effects of higher terms have been observed in
polarization dependence of absorption spectra ' and in
the angular dependence of the Borrmann effect. The
demonstration that anisotropy of tensors of higher rank
gives observable effects in diffraction intensities was the
discovery by Finkelstein, Shen, and Shastri' of nonmag-
netic scattering for a forbidden reAection in hematite. In
that experiment the symmetry of the iron atom on a
threefold axis ruled out dipole effects as an explanation,
and the scattering was attributed to quadrupole transi-
tions. That result stimulated us to look for the effects re-
ported here that correspond to the third-rank tensor term

Qd~ in (4). This mixed dipole-quadrupole term is absent
in forward scattering because k'=k. It also vanishes by
symmetry if the atom is centrosymmetric, as in the mod-
els that have been used in most theoretical calculations of
x-ray dispersion.

Neglecting tensors of rank higher than four, the struc-
ture factor (including polarization efFects) for any crystal
with N atoms per unit cell is

permits f to be expressed as a tensor series (summation
implied by repeated indices)

f(e, e')=e e'fp+e~e„'S " ie e„'—(k~ —k~)T "~
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N

Fh= g [Pfon+Qdn &Qdqn+Qq,
n=1 Photon energy (eV) 5991.5 5992.1

TABLE I. Dispersion parameters for chromium.

5992.7
—

Qd,„]D„exp(ih.x„),
where D„ is the thermal factor and h=k' —k. Because
the tensors of even rank are invariant on inversion while

Qd changes sign, for a centrosymmetric crystal (5) can bedg
written

5' (A)
5" (A)
I~I (A)

—90
3.2

—0.086
0.114
0.143 0.22

—4.2
3.2
0.085

0.118
0.145

N/2

Fh =2 g D„[(Pfo„+Qd„+Q„—Qd,„)cos(h x„)
n=1

+Qdq„sin(h x„)] . (6)

Reflections forbidden by glide-plane rules or by
structure-factor algebra appear with intensities that are
proportional to ~5~ . During azimuthal rotations Qd
changes sign, and when it is added to a larger amplitude
the modulation of counting rates is proportional to the
first power of 5. This modulation is sensitive to the com-
plex phase of 5 and allows estimates of both 5' and 5".

III. POTASSIUM CHROMATE

Potassium chromate was chosen for the first experi-
ments because of its suitable physical properties and sym-
metry and because Cr in this chemical state has an ab-

For tetrahedral atomic symmetry the dipole term Qd
reduces to P(f'+if"). The factors k~ k~ in—(3) cause

Qd to increase with Bragg angle, and the sine factor in
dq

(6) makes the effect of this term large when the cosine is
small. Thus the anisotropy due to tetrahedral bonding is
most evident in weak reflections at high angle. We have
not identified effects of the fourth-rank tensors in these
experiments, and they are disregarded in the following.

In a Cartesian basis with axes in the directions of two-
fold axes, Td symmetry limits the tensor T to six equal
nonzero complex elements

T "~=5=5'+ i 5" ( m A n and m Ap and n Ap ) .
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sorption line near its K edge that seemed likely to cause
anisotropic scattering (Fig. 1). Its crystals are ortho-
rhombic, space group Pnma, with cell dimensions
a =7.662, b =5.919, c =10.391 A." The Cr atoms, in
sites 4(c) on the mirror planes, are at centers of nearly
regular tetrahedra of oxygen atoms. The four orienta-
tions of these tetrahedra differ by inversion or by
reflection in one of the glide planes. Reflections (hkO, h

odd) and (Okl, k+l odd) are forbidden by glide-plane
rules but permitted by the anisotropic anomalous scatter-
ing.

Integratt. d intensities for co scans were measured at
various wavelengths and at many settings of the azimu-
thal angle g for weak Bragg reflections in a search for
some that showed anisotropy. Values of the isotropic f'
and f", the tensor parameters 5' and 5", and a scale fac-
tor were determined by trial-and-error fitting of observed
and calculated intensities for six reflections measured 0.6
eV above and below the center of the pre-edge absorption
line (Table I). The intensities of reflections in this set
were observed to change with azimuth by factors ranging
from 1.1 to 3.6 (disregarding about 1% of the points
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FICx. 1. Dispersion terms (a) f" and (b) f' for Cr in K,Cr04
calculated from absorption data.

FIG. 2. Change of intensity with azimuthal angle for (533) of
K2Cr04 with photon energy 0.6 eV (a) above and (b) below the
resonance peak. Solid curves are calculated using the parame-
ters in Table I; broken curves are contributions of the real and
imaginary parts of the structure factors. The change of sign of
5' reverses the modulation of the real part.
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FIG. 3. Observed and calculated azimuthal variation of in-

tensity at the resonance peak for (a) (140) and (b) (340), two
rejections forbidden by a ghde-plane rule in K2Cr04.

FIG. 5. Observed and calculated variation of intensity with
azimuth for reflections of Ge that are forbidden (a) by a glide
rule {280)and {b)by structure-factor algebra {482).

where the Renninger effect increased the count rate by
factors up to 4). An example of the fit is shown in Fig. 2
for a reflection that shows the effect of the opposite of
sign of 5' at the two energies.

Similar measurements of glide-plane-forbidden
reflections at the peak of the absorption line showed in-
tensities that varied with azimuth in agreement with
theory with t5t =0.22 (Fig. 3). At this wavelength tht ap-
proaches 6.07 A ' at high Bragg angle, and thus Q&~ can
exceed 1.3 units, an amount more than the normal
scattering of an atom of lithium at the same angle.

IV. GERMANIUM

Germanium is cubic, space group Fd 3m, with
a =5.6577 A at 25'C. ' Atoms are in special positions
8(a) with Tz site symmetry. Refiections (Okl,
k + I =4n +2) are forbidden by the glide-plane rule.

Refiections (hkl, h +k+1=4n+2) are forbidden by the
special-position rule if the scattering density of each atom
is centrosymmetric. Some of them at lower angles can be
observed because bonding and thermal motion cause the
atoms to be not quite centric. ' Anisotropy of scattering
allows these reflections to be observed in violation of both
rules. A search for them at high Bragg angles was fruit-
less at and below the absorption edge, but several were
found in a narrow interval of wavelength when higher en-
ergies were tested.

The intensity of (482) at /=0 as a function of photon
energy (Fig. 4) shows the location of the sharp resonance
7 eV above the I(: absorption edge. Integrated intensities
as a function of azimuth, measured at the peak of this
resonance, are shown for (280) and (482) in Fig. 5. The
scale of intensity is set by comparison of observed and
calculated structure factors for (800), a strong refiection
measured in the same experiment. The theoretical curves
in Fig. 5 correspond to t5t =0.030.

V. EXPERIMENTAL DETAILS
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FIG. 4. Absorption spectrum of Ge at the K edge {A) and the
intensity of (482) vs photon energy (B). Vertical scales are arbi-
trary and independent.

Diffraction data were recorded using the Enraf-Nonius
CAD-4 diffractometer' on Beam Line 1-5 at SSRL
(bending magnet, 50—90 mA ring current at 3 GeV, un-
focused, double-crystal Si(111) monochromator) as de-
scribed elsewhere. ' A well-formed crystal of KzCr04,
-0.07X0.2X0.5 mm, and an irregular plate of Ge,
-0.07X0.5X0.5 mm, were glued to the ends of glass
fibers. Typical gross count rates for a forbidden
refiection in K2Cr04 [Fig. 3(b)] were 16 c/s at the peak of
a scan and 6 c/s when averaged over a scan width of
0.13, with background 4 c/s. Some allowed reflections at
similar Bragg angles were more than 1000 times stronger.
For a forbidden refiection in Ge [Fig. 5(b)] a maximum
count rate was 3000 c/s, average over a 0.22 scan 350
c/s, background 250 c/s. Integrated intensities were
corrected for absorption by analytical integration. %ave-
lengths were set with a precision of about 0.2 eV (Cr) or
0.4 eV (Ge) using absorption spectra of polycrystalline
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K2Cr04 or Ge, but the absolute scales are less certain.
The energy bandwidth (fullwidth at half maximum) is es-
timated as EElE =1—1.5 X 10 . The radiation was as-
sumed to be 91.5%%uo linearly polarized, based on measure-
ments at other times on this beam line. Calculated inten-
sities contain small corrections for this imperfect polar-
ization.

VI. DISCUSSION

Chemical bonding of Cr or Ge to its four neighbors is
associated with an increase of electron density in the
bonds. In a molecular-orbital model this increase comes
from occupation of bonding orbitals. We attribute the
anisotropic resonances to transitions to the correspond-
ing antibonding orbitals that are empty and that are con-
centrated in the tetrahedral directions opposite to the
bonds. In the Cr case the signs of 5' and 5" (for a given
choice of tensor coordinates) distinguish bond and anti-
bond directions and confirm the antibond direction as the
location of maximum overlap of the wave functions in (1).
The maximum magnitude of 5 at each resonance is the
product of an oscillator strength and an effective distance
from the atomic nucleus. The effective distances for
overlap of the 1s core level with valence-band orbitals are
expected to be of the same order of magnitude as those
for 1s with 4p hydrogenic wave functions, estimated by
numerical integration as 0.07 A for Cr and 0.06 A for Ge.
On this basis we estimate oscillator strengths for the reso-
nances to be about 3 and 0.5 for Cr and Ge, respectively.
This value for Cr is the same as that derived from the ab-
sorption data for the isotropic dipole term (Fig. 1). In Ge
the antibonding states lie among other empty states, and
the oscillator strength is small enough to avoid prom-
inence in the absorption spectrum (Fig. 4).

Because the energy resolution of the experiments is
comparable to the level widths, we expect that higher
values would be found for 5 (and for the dispersion at the
Cr absorption line) in measurements with more nearly
monochromatic radiation.

Tetrahedral bonding is widespread in chemistry, and
these results greatly expand the domain of materials in
which anisotropic dispersion can be studied or applied.
The Ge experiment shows how this new technique can re-
veal a level that is not seen with simpler spectroscopy.
Since Qz is proportional to sin8, the measurement of this
tensor term is perhaps the most direct demonstration yet
that dispersion changes with Bragg angle and that the
change is too large to be disregarded in diffraction experi-
ments near absorption edges.
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