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A theory of the amplification of the polar-optical-phonon population in a quantum well of polar ma-

terial under an intense laser field is presented by taking into account the discontinuity of the electronic

effective mass crossing the interface of the quantum-well materials. We have found that for the

confined-polar-optical phonons, the number of phonons will grow with time if the laser field strength Ed
is greater than a threshold value Edl and the phonon wave vector q &2k~~. For the interfacial-polar-

optica1 {IPO) phonons, the conditions of the amplification of the phonon population are Ed &Ed„
(i =1,2) and q & 2k~~ in the well region and q & min(2k~~, kzI+k2~ ) in the barrier regions. We have also

found that the amplification of the IPO-phonon population is easier in material i than in material j if the

electronic effective mass m; & m;*. Under the conditions of the small phonon wave vector q and 1arge

quantum-well potential Vo, the number of the {a—q) IPO phonons is not amplified under an intense

laser field and the amplification of the {a+q) IPO-phonon population is mainly determined by the

amplification of the (a+q) IPO-phonon population inside the well region. The change regulation of the

rates of the phonon excitations with the quantum-well width are studied.

I. INTRODUCTION

Phonon amplification by absorption of laser field ener-

gy is a subject extensively studied in bulk semiconduc-
tors. ' The main reasons for which the subject is stud-
ied extensively are its applification to intraband absorp-
tion experiments and its significance as an independent
investigation. The main results of the research are that
in an intense-field limit only multiphoton absorption pro-
cesses are significant, and the phonon population grows
with time under some conditions.

With the development of modern experimental tech-
nology, the fabrication of quantum wells and superlat-
tices is realizable. Naturally, phonon amplification by
the absorption of laser field energy in such confined struc-
tures should show the characterization of the electron-
photon-phonon interaction in such low-dimensional
structures. Recently, Sakai and Nunes studied acoustic-
phonon and optical-phonon amplification by the absorp-
tion of a laser field in a semiconductor superlattice. Feng
and Chen studied the amplification of the interfacial-
optical-phonon population in a heterostructure system
under an intense laser field. But neither of these papers
considers the discontinuity of the electronic effective
mass crossing the interface of the materials. In this pa-
per, taking into account the discontinuity of the electron-
ic effective mass crossing the interfaces of the quantum-
well materials, we will discuss the problem of the
amplification of the quantum-well optical-phonon popu-
lation under an intense laser field.

Our paper is organized as follow. In Sec. II, we de-
scribe the electronic wave function under a laser field and
the electron-optical-phonon interaction Hamiltonian. In
Sec. III, we calculate the rates of optical-phonon excita-
tions in a quantum well of polar materials. In Sec. IV, we
discuss the conditions and regulations of the phonon

amplification. The conclusions of the paper are given in
Sec. V.

II. THE STATE OF THE ELECTRON AND THE
ELEC;TRON-PHONON INTERACTION HAMILTONIAN

The quantum well we consider, which consists of
different polar materials such as GaAs/A1As, is shown in

Fig. 1. The numbers 1, 2, and 3 in Fig. 1 express different
polar materials. Materials 2 and 3 are identical. Let
there be an electromagnetic plane wave propagating nor-
mal to the interfaces of the quantum well and penetrating
well into the sample. In order to simplify some
mathematical treatment, we suppose that the wavelength
of the electromagnetic plane wave is far greater than both
the mean free path of the electrons and the width of the
quantum well, so that the spatial dependence of the laser
wave can be neglected (dipole approximation).

—L/2 0 L/2

FIG. 1. Diagram for the quantum well of polar material.
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Here we calculate the electron wave function. Accord-
ingly, the Schrodinger equation for an electron moving in
a quantum well shown in Fig. 1 under a laser 6eld is
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and V(z) is the potential of the quantum well,
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where the vector potential A(t) can be expressed as

A(t) =e~~ do cos(tot ), (2)

e~~
is the unit vector parallel to the interface, m' is the

electronic effective mass. It is easy to obtain the solution
of Eq. (1):

lk~~, i&=q'k I(y z t)

1 ~ l
y, (z)exp ik,

~
y —— E,dr X

S

exp

exp ~—

2
l

J Ak ——A(t') dt', iz &—e L

2m; fi
2

f e L L
2m 2~$ o il c '

2
Rk ——A(t') dt', z & —or z )—,

2
'

(4)

where Pt(z) is the electronic wave function moving along
the z axis, and can be expressed in the following form.
For the even-parity state,
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where the energy of the 1th subband is determined by

k„L,
tan
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V„' (y, z, q) =A, V '~ t„(q)tp„(q)e'~ ",

with

Within Eqs. (S) and (6), k t~ =(2m f /Az)Et and

kit =(2m z /R )( Vo Et ).
The polar-optical-phonon models of the quantum well

of polar materials have been studied extensively in the
past decade. The main results of this research have been
proof of the existence of con6ned bulklike phonon modes
and interface phonon modes. At the present, the
Huang-Zhu model' for the confined-polar-optical (CPO)
phonon of the quantum well can be regarded as the best
among all the models of CPO phonons. " By using the
Huang-Zhu model' for CPO phonons, the Fourier com-
ponent of the electron —CPO-phonon interaction Hamil-
tonian in a quantum well of polar materials is given by

A, =4m.e AcoTo(s ' —eo '), (7b)
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with the smallest one (pl } being omitted, and C„ in Eq.
(7c) being given by

cos z —( —1}"~, n =2,4, 6, . . . ,

t„(q)=(2I„)

and
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Several authors have discussed the interfacial-polar-
optical (IPO} phonon of the quantum well. ' ' In this

paper, we will make use of the electron —IPO-phonon in-
teraction Hamiltonian given by Lassing. ' According to
Ref. 13, the Fourier component of the Hamiltonian is
given by the following:

1/2

Pn 7T

tan
Pn 7T
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where q is the phonon wave vector parallel to an inter-
face, and r is the two-dimensional localization vector
parallel to the interfaces. The constant in Eq. (7c) is suc-
cessive solutions of the equation

V „(r,z, q)= e iq y qL 2(e—qz+e —
qz)

(8a}

The index a=a, s denotes the parity with respect to the z
axis; the index IM=+ distinguishes between the solutions
of given parity. The quantities that enter Eq. (8a) are
defined as follows:

and
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where s;„(i=1,2) is the high-frequency dielectric constant srpl cPrp2 and coLO, , coLo2 are the bulk TO-Phonon fre-
quencies and bulk LO-phonon frequencies, respectively, assumed here to be dispersionless. Index 1 refers to the well
material, and index 2 to the barrier material.

III. RATES OF THE CPO- AND IPO-PHONON EXCITATIONS

In what follows, we deduce first the rates of the CPO-phonon excitations. We express the number of CPO phonons
whose quantum number are (naq) as N„. The index a denotes the symmetry of the CPO phonons. Considering the
processes of the phonon absorption and emission at the same time, the kinetic equation may be written as

((N &+ 1 )f[ E(
l~~k+ql )][ 1 f [ E(k)~~ 1 )]] N &t 1 f[E ( 1[~k+ql )]]f[E (kllew)])T &(k~~1 1)

dt
II

where f [El(kl, l )] is the Fermi distribution function, T„~(k~~,l, l ) is the transition probability per unit time for the
electronic transitions from an initial state ~k~~ 1) to a final state ~k~~,

l') in the 1'th subband. By making use of Eqs. (4)
and (7), we can easily obtain the expression for T„q(k~~, 1',1). The calculation of T„~(kl,1', 1) is given in Appendix A.

As usual, the phonon population satisfies the condition N„»1. By using this condition, Eq. (9) may be rewrit-
ten as

d+naq
Xnaq naq sdt

where y„~ is the rate of change of the population of the (naq) phonon state, and
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'Y q= P [f[Ei(ki+q 1')] f[EI(ki 1)]]T q
k I'I

II

The semiconductor quantum well will be assumed to be in the region of low temperature so that we may simplify the
carrier distribution function by using the step function at the Fermi energy EF defined by

1 if E(kll'1) ~ E
0 if E(k~~, 1 ) & EF .

By making use of the intense laser field condition, namely AL &&Re, and assuming that laser-photon-absorption pro-
cesses dominate, ' we can obtain the final expression for the rate of change of the CPO-phonon population y„,name-
ly

T '2
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corn
&
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The expression for F„(l',1) in Eq. (12) can be found in Appendix A.
The mechanism for the phonon amplification, that is the reasons for which the phonon population increases, are the

intrasubband and intersubband absorption of light by charge carriers in quantum wells accompanied by the emission or
absorption of phonons in order for the electrons to gain the necessary momentum for the transition. For an interface
system consisting of different materials, because of the difference of the electronic effective mass in the different regions
of the system, the total energy of the electron is different in different regions of the system even though the energy of the
electron moving along the z axis is the same. This result shows that the amplification of the phonon population via the
absorption of the laser energy will be different in different material regions of the system. In that case, the kinetic equa-
tion is written to account for this fact of effective-mass difference corresponding to different material regions. Hence,
for the interface system shown in Fig. 1, the kinetic equation for the IPO phonon should be written as

N zpq = g (('N +1)f[E,:(k~(+q, /')][1 —f[E;(k((,/)]} 'N „q[1—f [E—;(km+q, /')]] f [E;(k(~,/)])T'„q(k1, /', /)
k I'1

II

(i =1,2, 3), (15)

where 'N
„q (i = 1,2, 3) is the number of IPO phonons of parity a and frequency co „in the ith region, and T'„(k~~,1', /)

is the transition probability per unit time in the ith region for the electronic transition caused by the scattering
of the (aIuq) IPO phonons from an initial state ~k~~, /} to final state ~k~~,

/'} in the 1'th subband. The expression
for T' „(ki,I', 1) is given in Appendix B. The total number of the (apq) IPO-phonon modes is
N „='N „+N „+N „.By making use of the condition'N „»1,Eq. (15) is simplified as

d'N „
~apq Napq &dt

with

fl &q: P [f[ (E~ kt+/q)] f[E (k[~ 1 )]]T &q(ki / 1 ) I:1 2 3
k /'1

II

(17)

If we make use of the same approximations and assumptions for the IPO phonons as for the CPO phonons mentioned
above, we can deduce the rates of change of the IPO-phonon population in each material regions of the system as the
following:
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where Ar & max(E+, frcoLo) (24)

IV. DISCUSSION

The mechanism for the phonon amplification men-
tioned above shows that the phonon amplification should
satisfy energy and momentum conditions so that the elec-
tron can transit from an initial state ikr, i ) to all the pos-
sible final states iki, l') in the l'th subband. In what fol-
lows we will deduce these conditions.

Equations (10} and (16) show us that if the rates of
change of the phonon population are greater than zero,
the phonon population will grow with time, whereas for
rates less than zero there is a damping of the phonon
population. Accordingly, the sign of the rates of change
of the phonon population and the sign of the term in the
square root in Eqs. (13}and (20) determine the conditions
under which the phonons can be amplified. Analyzing
Eqs. (12) and (18)—(20), we can obtain the conditions
which the laser field must satisfy for the phonon
amplification. The conditions are

Ar &ficoro

for the CPO phonons, and

(21)

A„)Ace „, i =1,2 (22)

for the IPO phonons. On the other hand, since we have
used the low-temperature condition in the calculation
above, the energy provided to the electron-phonon sys-
tem by the laser field must be greater than Fermi energy
of the electrons, so that the electron can transit from the
ground state to a higher-energy state. This means that

AL, A„-)E~, i =1,2 .

Combining Eqs. (21}—(23), we have

(23)

eA
A = qE„, i=12.

m,.*co

The expression for F'„(l',i) (i =1,2) in Eqs. (18) and
(19}is given in Appendix B.

for the CPO phonons, and

A„&max(EF, fico „), i =1,2 (25)

for the IPO phonons, respectively. Feng and Chen have
obtained a relation for a single heterostructure similar to
Eq. (25}. Equations (24) and (25) simply mean that if the
drift velocity of the electron u =eEd /(m 'co), as imposed
by an intense laser field, exceeds the phonon-phase veloci-
ty utah

(=coLo/q for CPO phonons or co,„/q for IPO pho-
nons) for AcoLo (or fico ) & EF, or exceeds (k~/(2q) )u~ for
ficoro (or fico „)&Ez, a deformation potential for multi-
phonon excitations can be generated in the well (or in the
interfaces).

For a given optical-phonon mode, the conditions
AL max(EF &coLo) and As =max(EF ~ q) (i = 1,2)
define the critical field strength EdL for the IPO phonons
and Ed„. for the IPO phonons, respectively. These criti-
cal strengths are

and

m&N
EdL = max(EF, ficoLo)

eqA
(26)

m; op

Ed„= max(EF, fico „) (i =1,2) .
eqrri

(27)

Equations (26) and (27) express that (a) in material 1, the
amplification of the IPO-phonon population is easier to
attain than that of the CPO-phonon population if
ficoLo& fico „&Er; (b) the CPO and IPO phonons will be
excited at the same time if fico„o & E and fico „(E);and (c)
the amplification of IPO phonons is attained more easily
in the we11 than in the barriers.

As a numerical example of the value of E', we consid-
er a GaAs/A1As quantum well. The material constants
for GaAs are taken to be m

&
=0.067mo and

Acu~o=36. 25 meV; for A1As, m2 =0.15mo. The Fermi
energy is related to the carrier concentration, and taken
here to be 0.05 eU. For an intense CO2 laser, we take the
wavelength to be A, =10.6 pm. From Eqs. (26) and (27),
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the critical laser field strength can be obtained as
EdL =Ed„=1.9488X10 (V/m) and Ed, 2=4.3637X10
(V/m) for q =2. 11X10 (m '). By making use of the ex-
pression for the critical laser intensity I, =C(Ed ) /(8ir),
we can easily find that I, is of order 10 W/cm, which is
well within present experimental capabilities. These data
on the critical field strength show that if we express the
critical laser intensity which can excite the IPO phonon
in the barriers as I,'2, and those in the well as I,'„ then
I,'2-5I,', . When the laser intensity I we used in the ab-
sorption experiment satisfies I,', &I & I,'2, the kinetic
equation for the IPO phonon population can be written
as

dNa„q
~l q ~l q

'

75

38

0
15

We will only discuss this case in Fig. 2.
It should be noted that Eqs. (24) and (25) are not the

only necessary conditions for the phonon amplification.
The momentum conditions must also be satisfied. We
have obtained the momentum conditions for the phonon
amplification at the same time we obtained Eqs. (12), (18),
and (19). The conditions are

0
150 200

I (

250 300 350
well width (g )

400 450 q &2kll

for the CPO phonons,

q &2kll

(28)

(29)

FIG. 2. Rates of the interfacial-polar-optical phonon excita-
tion (IPOPE) shown as a function of the quantum-well width L.
The parameters used were q =2. 11 X 10' (m ') and

Ed =2.317X10 (V/m). The rate curves for the excitations of
the phonon with different parity but same values of p are over-

lapped.

for the IPO phonons in the well region, and

e &min(2k~~, k21'+k2I } (30)

for the IPO phonons in the barriers. The momenta kll in

the above equations satisfy the following relations:

, 1/2
2m 1

(EF Ei) &kii &—

1/2
2m 1

(E~ EI ficoLo+ A—I)—
for the CPO phonons, and

1/2

&kll &
2mi

(E~ EI)— 1/2
2mi

f2 (EF Ei &coLo+/t—l.},i =1,2

for the IPO phonons.
The terms in the square roots impose the following re-

striction to the initial and final energies of the electron
for the phonons to be amplified:

2/2 2

(E —E )
m,

*

(31}

The term m, ~ (i = 1,2) in Eq. (31}equals m i when we dis-

cuss the arnplification of the phonon population in region
1, and m 2 in regions 2 and 3. %co~ equals ~„ofor CPO
phonons and fuu „for IPO phonons.

Proceeding further we consider the amplification of the
IPO population in the following analysis. From Eqs.
(16)—(19), we write the kinetic equation of the total pop-
ulation in the following form:

and

Z, &EF . (32)
~Pq 2 2, 3 1 1

Yayq( +apq+ +apq }+ 1 apq apqdt
(33)
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Under conditions q «1 and qL «1, we see from Eqs.
(B10}—(B18)that 'y q= y =0, and hence

16
dN =0

dt
(34)

4

( k 2I + 2I' }

k„. k, t
— k„.+k„

sin L sin L
2 +

k, (. +k, l

~ CI.C(F + (l', I ) ~

2-

~F,'+ (1', /) ~—
k, r. —k, I

for the IPO phonons of frequency co for a given parity,
that is, the population of the IPO phonons whose fre-
quencies are m is not amplified under an intense laser
field.

Let us analyze the magnitude of the quantities in the
sum of Eqs. (18) and (19). Because the difference of the
electronic effective mass in a quantum-well system, such
as GaAs/A1As, is not very large, we have K„-K,2. On
the other hand, considering k2&»k» under the condi-
tion of large Vo (quantum-well potential}, we have from
Eqs. (B10)and (B18),for small q,

R

CO

10

8

6

2 n=5

Obviously, ~CI.C&F +(1',I )~ is a small quantity as com-
pared with ~F'+ (I', 1 )

~
for all the possible 1' and 1. Tak-

ing into account the results mentioned above, we have
the following result:

1 2
Va+q ++ Va+q '

Hence, Eq. (33) can be simplified as

0
150 200 250 300 350

well width (g )
400 450

FIG. 3. Rates of the confined-polar-optical phonon excita-
tion (CPOPE) shown as a function of the quantum-we11 width L.
The parameters used were q =2.11X 10' (m ') and
Ed =2.317X10' (V/m).

c+q
}'~+q N, +q (35)

for the IPO phonons of frequency coz+q for a given pari-
ty. Equation (35) can be understood physically by consid-
ering that the electrons are located mainly in the quan-
tum well under the condition of large Vo.

We now discuss the relationship between the rates of
change of the phonon population and the quantum-well
width under a defined q and a defined laser field strength.
In order to make the problem definitive, we consider a
GaAs/A1As quantum well. The material constants are
all taken from Refs. 15 and 16. Let q =2.11X10 (m ')
and Ed =2.317X10 (V/m). The change regulation of
the rates of the phonon excitons with the quantum-well
width are shown in Fig. 2 for the IPO phonons, and in
Fig. 3 for CPO phonons. Figure 2 shows, first, that the
rates increase with the increase of the well width, which
is the result of an increase in the number of levels (below
the Fermi energy) with an increase of the well width, fol-
lowing which more electrons can transit to higher levels;
second, the rates are not related to the parity of the IPO
phonons but to the frequency of the IPO phonons; and
third, the rate of the co + IPO-phonon amplification is
greater than that of the co phonon amplification when
L (251 A, but less than that of the co phonon
amplification when L )251 A. Figure 3 shows the
amplification curves of the n =2, 3, 4, and 5 mode pho-
non population. From Fig. 3 we can see that the rate for

the n =2 mode phonons is greater than those of the other
modes, and that the rates of the even-parity phonons are
greater than those of the odd-parity phonons. With the
increase of the quantum-we11 width, the height of the res-
onant peaks in Fig. 3 increases and the intervals between
two adjacent peaks decrease. The increased height of the
resonant peaks for the amplification curve of the n =4
mode phonon population is seen to be greater than that
of the arnplification curve of the n =2 mode phonon pop-
ulation, where the number of resonant peaks for the pho-
non with a given parity is not related to the value of the
phonon mode number n. Finally, comparing Figs. 2 and
3, we see that the rates of interfacial-phonon excitation
are much greater than those of confined-phonon excita-
tion.

The results mentioned above can be observed by a
pulsed-intense-laser Raman experiment under low-
temperature conditions. At low temperature (T & 10 K),
the number of optical phonons is infinitesimal and, thus,
the observed signal originates from a nonthermal phonon
population, that is, the amplified phonon population. In
order to observe the results mentioned above, several re-
quirements for the samples used in the experiment should
be satisfied. First, the in-plane momenta of the phonon
should satisfy Eqs. (28)—(30). This requirement can be
achieved by using samples whose (110) cleavage planes
are polished at certain angles. Second, one of the sides of
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the quantum-well system into which the laser beam is to
be injected should be masked, and then the masked layer
of the well or the barrier regions of the quantum-well sys-
tem be removed by an electron beam lithography facility
according to the requirement of the experiment.

V. CONCLUSION

In this paper, taking into account the discontinuity of
the electronic effective mass crossing the interfaces of the
quantum well, we have discussed the amplification of
CPO- and IPO-phonon populations in a quantum-well
system under an intense laser field. Our results show that
(a) for the CPO phonon, the number of phonons will
grow if the laser field strength Ed )EdL and the phonon
wave vector q &2kii,' (b) for IPO phonons, the phonon
population will grow if the laser field strength Ed &Ed„.
(i = 1,2) and the phonon wave vector q & 2kii in material
1 and q &min(2kii, kzi +kzi) in material 2 or 3; (c) be-

~ 1 2 in a quantum well, Ed 1 Ed 2 and hence
the amplification of the IPO-phonon population is easier
in the well than in the barriers; and (d) under the condi-
tions of large Vo and small phonon wave vector q, the
number of the (a —q) IPO phonons is not amplified un-
der an intense field, and the amplification of the (a+q)
IPO-phonon population is determined mainly by the
amplification of the (a+q) phonon population inside the
well. Numerical calculations for the rates of change of
the phonon amplification show that (i) the rates for the
IPO-phonon excitations increase with the increase of the
well width L; (ii) there are some resonant peaks in the
amplification curves of the CPO-phonon population; (iii)
the height of the peaks increases with the increase of the
well width L; and (iv) the number of the peaks for the
phonons having defined parities is the same and is not re-
lated to the mode number n of the phonons.

It should be noted that a net amplification of the
optical-phonon population requires that the phonon
growth rate be greater than the linear losses rl(q) due to
processes other than phonon emission or absorption by
electrons. ' By the time an instability is obtained when
condition y )g(q) is satisfied, the phonon population
grows with time and saturates due to nonlinear relaxation
mechanisms which should be effective in stabilizing these
amplified optical phonons. " This ultimately limits the
phonon population. Since, to my knowledge, there are no
suitable experimental data to determine the order of the
linear losses g(q) in the quantum-well systein we have
used in this paper, and the numerical calculation of rl(q)
is a very tedious work, ' we cannot here compare y with

q(q) to obtain an order-of-magnitude estimate of the laser
threshold intensity for an actual optical-phonon
amplification. We will calculate g(q) and coinpare with

yq in details in a following paper.

(A 1)

By substituting Eqs. (4) and (7) into (Al), and using the
formula for the Bessel-function expansion,

exp( ix—sincot ) = g J,(x)exp( i v—cot },
where J„(x) is a Bessel function of order v. In fact, since
[exp( iv—cot)] is an orthogonal-complete function set,
Eq. (A2) can also be regarded as a Fourier expansion of
the function exp[ —ix sin(cot)]. Thus index v can be re-
garded as the times of the frequency of the laser field.
The integration of Eq. (Al) can be performed easily, to
yield

A„(kji, l', kii, l )= g A„(kji, l', kii, l), (A3)

with

(2n) 1i,
(kji 1 'kii I ) = i&2

t (q)5(kji kii q)iasv'" "

XF„(1',1)J„R„(1',1),AL
(A4)

where

F„(1',1)=f dz 4„(z)yi".(z )y, (z ),—L/2

II'
i[E(k', I') —E(k, 1 ) —hen —vfta)]~/fr —1

(A5)

R (1',1)= '~

[E(k
i,

, 1')—E(k„,1 ) —iilco~o —viilco]

(A6)

It is easy to prove that

lR (1',1 ) I
—216l5r[rE (kiii, 1')—Ei (kii, 1 )

—RNLo —vlcc]

(A7)

where

Ei(kii, l)= +Ei .
1

(A8)

Substituting Eq. (5) or (6) into (A5), we have the following
result:

F„(l',1)= ,'Bi.B,F„(1',1) . — (A9)

The function F„(l',1} is concerned with the parity of
the initial and final states of the electron. When the ini-
tial state of the electron is an even-parity state,

ment between the initial state lkii, l & and the final state
ki'i, l'& is

fdr ««&kiil'~I'. (r z q)~kii 1 & .
ll~

APPENDIX A

In this appendix, treating the electron —CPO-phonon
interaction as the perturbation, we deduce the transition
matrix elements and transition probability of the electron
acted upon by CPO phonons. The transition matrix ele-

4C„
F„+=

L

~11+~11' . ~11' ~1/
sin

2 + 2
L sin L

(kll+k 1/' } (kll' k 11)2
(A10)

(A 1 1)
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for an odd-parity final state, and

F„+=0,
F„= —2( —I }'~5,,,

(A12)

(A13)

due to electron —IPO-phonon scattering. The transition
matrix elements between the initial state lk~~, I ) and final
state lkj~, I') in the diff'erent material regions are

2 ~„(kj(,I';k((, I )

for an even-parity final state. When the initial state of
the electron is an odd-parity state, f araz a«, k', I'l v'„(y, z, q)lk},I &, (Bl)

gfi

4C„F +—

k, i. +k, i
sin L

(k,i+k, i )

k
sin L

(k, (
—k, i )

(A14)

where the integral on the z coordinate is in the ith materi-
al region. Substituting Eqs. (4} and (8}into (Bl},we have

A'„(k~~, l';k~(, 1)= g A'„,(kj~, l', kl, l) (i =1,2, 3),
F„=O
for an even-parity final state, and

F„+=0

F„=—2( —1}" 5I (

(A15}

(A16)

(A17}

with

2ne f„
A ' „„(kll'I';kll'I ) =

JfiS ASqco „
—qL /2e

( 1y~ )1/2

(B2)

for an odd-parity final state.
The transition probability per unit time T„(k~~,I, I } for

the electron transition from an initial state to all possible
final states in the l'th subband due to electron scattering
by CPO phonons can be written as

A;XF.'„(I',I )J. R '„(k
f1'

(B3)

f akjil ~„..(king "kii '
(2m )

A

V

Since we have assumed that the laser field strength is
large enough, that is Alki@»1, the following approxi-
mation can be employed; '

2

5(E voice)= ,'[—5(E A)—+5(E—+A)] .

where

R '„(kil'I';kll'I ) =

efiq Ed
A, = (i =1,2, 3),

m co

(i =1,2, 3), (B4)

(B5)

'[E;(k~~, I') —Ei (k~~, I )—ficoa —vhco]r/
e

[E;(kj),I'}—E;(k)(, I ) —Rco p
—vRco]

(A19)

Assuming that A&EF (Fermi energy) and that laser-
photon-absorption processes dominate, we can neglect
the contribution of the first 5 function in Eq. (A19). Put-
ting Eq. (A4) into Eq. (A18), using Eqs. (A7) and (A19),
we have

2

T„,(k~~, l', I)= (t„(q)) (B,.BI) lF„( ', l)l

x5[E,(k~~+ q, I') —E,(k, I )

F „(I',I)=

F „(I',I)=

F „(I',I)=

z$7I z$7I z e +e

ztpI zpi z e ke
L/2
L/2

zyI*. z yI z eq'ke
—L/2

F „(I',1)=+F „(I',I)

It is easy to prove with Eqs. (5) and (6) that

2F'„(I', I ), i =1
I

L ' ' C,.CtF'„(I', I ), i =2,3,

(B6)

(B7)

(B8)

(B9)

with

Aeq Ed

m& co

~LO+Ai. ] ~

AppENDIx B

(A20)

(A21}

—(k~1, +k2I+q)L/2
e

k2I. +k2I +q

—[k2I +k2I —q)L/2
+

k2I. +k2I —
q

(q &k„+k„). (B10)

Treating the electron —IPO-phonon interaction as the
perturbation, we can deduce the transition matrix ele-
ments and the electronic transition probability from an
initial state to all possible final states in the I'th subband

The expressions of the F'„(I',I ) are concerned with the
symmetry of the electron in the final and initial states, re-
spectively. When the initial state of the electron is an
even-parity state,
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F'+ (1', l ) =cosh qL

k, l. —k, l
(k]/ —k]/)»n

2

(k, I
—k, I ) +q

k1l. +k1l
(k, ( +k, I )sin

2
L

(k, t +k, () +q

k„,—k„
L

k, l+k, l.
Lcos

+sinh
2

cos
2 2

(kll'+kll ) +q (kll' kll } +q2 2 2 2

F ' (I', I ) =0

for an even-parity final state, and

F'+ (l', l ) =0,

k, (
—k, I

sin L
k1l +k1l

sin L
F (I', I ) =cosh qL 2 + q

2
2 (k»+k) +q' (k», k»)'+—

(811)

(812)

(813)

( k, I +k, I )cos
—sinh

2 (k, I +k

k1l +k1r
L

)2+q2

(k» —k, i )cos
k1l. —l, l L

(k, (
—k, i) +q

(814)

for an odd-parity final state. When the initial state of the electron is an odd-parity state,

F' (l', I ) =cosh qL

k, l. +k, l k1l —k1r
sin L sin L

2

(k» +k») +q (k». —ki~) +q

k, l. +k
(k, i +k, I )cos

2
L

—sinh
(kil +k, () +q

ii )cos

(k„—k„) +q

k ~
—k

(k —k L
(815)

F'+(l', l)=0

for an even-parity final state, and

(816)

F'+ (I', 1)=cosh

k1l' k1l
(k, l k» )sin — L

(k„—k„) +q

, r )s

(k„+k„)'+q'

~
k, l +k, l

(k, &
+k in L

+sinh qL
2

F' (I', I ) =0

k11' k11
cos

2

(k, r.
—k„) +q

k11'+k ll
cos L

(k, I, +k, I ) +q2 2

(818)

for an odd-parity final state.
Making use of the definition of the 5 function, we have

~R', (ki~, l';k~~, l )~ -2vrfi 5[E;(ki~, l') —E;(k~(, l ) %co „v—%co j, —=1,2, 3 . (819)

The transition probability per unit time, T „(k~~,1,I ) (i =1,2, 3), for the electron transition from an initial state to all

possible final states in the I'th subband due to the electron —IPO-phonon scattering can be written as

(820}

Putting Eq. (83}into (816), making use of Eqs. (819) and (A19}and the intense laser field condition A; i%co)) 1, assum-
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ing that A; & EF and the laser-photon-absorption processes dominate, we have

T'pq(&II, l', l )=T'pq(&I~I, l', l)

4~ 2nef„
AS'qco „

16m 2n e.
T' (R, l', l ) =&pq II' ' ~ 2 fggq~ ap

where

—qL

~B(BI.CICI I'II''. (l', l)l'&[E (&„+q,l') —E «, l) —~.„+A~)

—qL

IBIBI I'I+.' (l', l)l'~[E&«II+q, l') — i«II» —&~.,+Ai)

(B21)

(B22)

'Mailing address.
O. A. C. Nunes, Phys. Rev. B 29, 5679 (1984).
O. A. C. Nunes, J. Appl. Phys. 56, 2694 (1984).
A. L. Troncini and O. A. C. Nunes, Phys. Lett. 114A, 389

(1986).
4J. W. Sakai and O. A. C. Nunes, Solid State Commun. 64, 1396

(1987).
5A. L. Tronconi and O. A. C. Nunes, Phys. Rev. B 33, 4125

(1986).
Y. I. Balkarei and"E. M. Epshtein, Fiz. Tverd. Tela (Leningrad)

15;2063 (1974) [Sov. Phys. Solid State 15, 1376 (1974)].
7L. C. Miranda, J. Phys. C 9, 2971 (1976).
J. W. Sakai and O. A. C. Nunes, Solid State Commun. 74, 397

(1990).
Feng Peng and Chen Nan-Xian, Phys. Rev. B 46, 7627 (1992).
Kun Huang and Bangfen Zhu, Phys. Rev. B 38, 13 377 (1988).
S. Rudin and T. L. Reinecke, Phys. Rev. B 41, 7713 (1990).
L. Wendler, R. Haupt, and V. G. Grigoryan, Physica B 167,
91 (1990).
R. Lassing, Phys. Rev. B 30, 7132 (1984).

' S. Frota-Pessoa and R. Luzzi, Phys. Rev. B 13, 5420 (1976).
.J. Menendez, A. Pinczuk, D. J. Werder, A. C. Gossard, and J.
H. English, Phys. Rev, B 33, 8863 (1986).
D. F. Nelson, R. C. Miller, C. W. Tu, and S. K. Sputz, Phys.
Rev. B 36, 8063 (1987).

' O. A. C. Nunes, Phys. Status Solidi B 112, K131 (1982).


