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The van der Waals interaction between two C60 fullerene molecules is computed using a discrete-
dipole formalism in which C60 is viewed as a rigid cluster of 60 polarizable, interacting carbon atoms.
The dispersion energy is obtained from the shift in zero-point energy of the ground-state dipolar Auctua-

tions. The intermolecular attraction potential deduced from this approach is compared with the Girifal-
co potential [J.Chem. Phys. 96, 858 (1992)]which includes only averaged, pairwise additive interactions.
The results are also compared with the potential of two continuum dielectric shells of finite thickness
[Ph. Lambin et al. , Phys. Rev. B 46, 1794 (1992)]. The dispersion energy between C60 and graphite is
also computed with the same discrete-dipole molecular model and by treating the substrate as a continu-
ous dielectric medium. The adsorption energy is compared with the result of summing discrete 1/r C-C
interactions. Similar calculations are presented for a C6O molecule on semiconductors (Ge, Si, and
GaAs) and insulators (LiF and MgO). Lastly, the substrate-mediated dispersion energy between two ad-
sorbed molecules is discussed. The calculations include all orders of dipole-dipole interactions between
the molecules and with the substrate. The comparison with pairwise additive dispersion energies brings
out the non-negligible role of many-body contributions.

I. INTRODUCTION

Many thin-film studies involving fullerene layers depos-
ited on a variety of substrates have been conducted in the
last few years, as soon as C6O, C70 and other fullerenes
were discovered' and made commonly available. The
aim of such studies was manifold: imaging, spectroscopy,
structural analysis, transport measurements, etc. Most
published works so far concerned films of easily prepared
C60 fullerite. Only recently films of C70, C84, and other
fullerenes have been successfully grown and character-
ized. By contrast, the substrate materials investigated
were very diverse and ranged from metals, ' semicon-
ductors, ' layered materials, ' insulators to
organic film supports. Some studies were devoted to
very thin films, in the sub-monolayer to the monolayer re-
gime. Other concerned multilayers and thick films up to
several thousand A.

The structure of the multilayer films nearly always con-
sists of a stacking of hexagonal close-packed (111)mono-
layers parallel to the substrate and with about the same
density as in bulk C6O fullerite. The degree of long-range
crystallinity (or the defect density) depends very much on
the nature of the substrate, the structure of its surface,
the deposition and annealing temperatures, etc. In par-
ticular, the actual stacking sequence, whether ordered
(fcc or hcp) with occasional or frequent planar defects
(faulting, twinning) or completely disordered, is still un-
certain. This also reflects the uncertainty on the growth
mode, whether layer by layer or by islands. In general,
van der Waals epitaxy on weakly bonding substrates,
aided by careful annealing, favors highly-ordered films.
By contrast, the formation of stronger, chemisorption-

like (valence or/and ionic) bonds between the first layer
and the substrate (such as Si and some metals) tends to
cause the growth of highly disordered films except, possi-
bly, when fortuitously, there is close commensurability of
the substrate and the fullerite lattice constants. In any
case, it turns out that the structure of the first layer is all
important in determining the subsequent film growth. It
is, therefore, of major interest to obtain quantitative in-
formation on the fullerite-substrate interface.

The equilibrium film structure involves the interactions
between the molecules themselves and between the mole-
cules and the substrate. Whereas the former are relative-
ly well understood (from both the experimental and
theoretical results) to be predominantly of the van der
Waals type, the latter are still largely unexplored and are
likely to be highly substrate specific. If one could mea-
sure the heat of adsorption of the first molecules arriving
at the surface until formation of a monolayer, one would
be able to deduce these interactions and perhaps arrive at
a better understanding and control of the right conditions
for the formation of perfectly ordered films. Unfor-
tunately, after three years of intense fullerene research,
there is as yet virtually no experimental determination of
adsorption heats.

From the theory side, the rather large number of
valence electrons per fullerene makes it diScult to deter-
mine the adsorption energy ab initio In additio. n, the
van der Waals interaction which, even on strongly bind-
ing substrates, is expected to make a substantial contribu-
tion (on account of the molecular nature of the adsorp-
tion), is notoriously difficult to predict correctly from
ab initio methods. As a consequence, one has to consider
developing much simpler approaches. For the case of C60
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on graphite, as an example, simply adding C-C pair in-
teractions yields an adsorption energy of about 0.8 eV per
molecule, about twice the bond energy of a C6p dimer
treated on the same pairwise additive footing. While
waiting for experimental results to test the reliability of
such model predictions, it should be interesting to ex-
plore other semi-empirical, more sophicated approaches
going beyond the pairwise additivity rule.

In the present paper, we first deduce the van der Waals
adsorption energy of a C6p molecule from the normal
modes of 60 dynamical dipoles located at the positions of
the carbon atoms of the molecules adsorbed on a semi-
conductor or an insulator. By the use of a linear-
response formalism, we evaluate all orders of dipole-
dipole interactions induced by the substrate at the loca-
tion of the molecule. This technique only demands the
dynamical electronic polarizability of the carbon atom
and the high-frequency dielectric function of the sub-
strate treated here as a semi-infinite dielectric continuum.
These data are in common use in other contexts from
which they are available for the present treatment of the
van der Walls binding energy. For a molecule having its
center 6 A above a Qat surface, the van der Waals energy
is found to vary between 0.3—0.6 eV, depending on the
nature of the substrate.

The attractive part to the C6p-C6p interaction energy is
next evaluated by the same technique for a pair of mole-
cules adsorbed on a substrate in the parallel
configuration. By comparing the pair energy with that of
an isolated dimer, we do not find any significant inhuence
of the substrate on the binding energy of the pair. Our
dipolar model includes all the many-body terms in the
dispersion energy which, as we will see, make a small (of
order 10%) contribution to the total energy beyond the
usual pairwise additive terms.

The strongest approximation in our approach is in
treating the substrate as a continuous medium. This ap-
proximation is certainly unrealistic for a system like Si
with its dangling bonds and highly reconstructed and
corrugated surfaces but should not be too severe for the
less reactive surfaces of GaAs and MgO considered below
and even less severe for the smooth, unreconstructed met-
al surfaces. There is no intrinsic difficulties but computa-
tional ones in the linear-response formalism in including
part of the surface corrugation. This will be reserved
for a future, more detailed analysis specialized to specific
surfaces and when experimental data become available.
The surface corrugation of unreconstructed surfaces is
expected to modify our estimated van der Waals energies
by 10/o at most. However, this corrugation should affect
more importantly the repulsive part of the adsorption en-
ergies. Surface reconstructions [such as Si(111)7X7 or
Au(110)3 X I), preexisting or induced by the adsorption, '

will a8'ect both long-range and short-range interactions
but these situations fall outside the scope of the present
study.

II. van der %AAI.S ATTRACTION

It is well known that the van der Waals binding energy
arises from the lowering of the zero-point energy of
correlated ground-state fluctuations of atomic dipoles as

a result of their electromagnetic interactions. This con-
cept, which dates back to the work of London, is now
applied to a fullerene molecule in the presence of a solid
sul face. A C6p molecule is viewed as a rigid cluster of 60
polarizable C atoms. A fluctuation E(r)e ' ' of the elec-
tric field induces dipoles moments p e ' ' on the atoms
j= 1, . . . ,%. These dipoles in turn generate an electric
field whose amplitude E, on site r; is

The first term in Eq. (1) represents the bare field of the
dipoles in vacuum whereas the second tenn is the field in-
duced by the substrate. The latter is assumed to be a
linear expression of the source dipoles pJ. Due to the fact
that the size of the C6p molecule and the adsorption dis-
tances are small on the scale of the optical wavelengths,
the electromagnetic retardation can be safely ne-
glected throughout. T(r) then reduces to the tensor
(3rr r I)/r —withe the identity matrix. The field prop-
agator S induced by the substrate is evaluated in the sim-
plest possible approximation which consists in treating
the substrate as a semi-infinite, continuous dielectric
medium providing a spatially local response. In this con-
text, the image of electrostatics can be used to obtain

where s(co) is the local dielectric function of the sub-
strate, and S is the "imaging" diagonal matrix with ele-
ments (1,1,—1), the surface surface having been assumed
to be located at z=0. Equation (2) simply states that
Sp - is the electric field of an image dipole
—(e —I)/(E+1)Sp at the position J'rj symmetric of r,
with respect to the surface plane. This simple dielectric-
theory approximation is valid for the physisorption dis-
tances (at least 3 A) relevant to the present systems.

Inserting p, =a (co)E into the right-hand side of Eq.
(1) leads to a set of linear equations for the amplitudes of
the fluctuating electric field:

E;—g T(r; —r )a (co)E —QS(r;, r.;co)a (co)E =0,J«J
i =1, . . . ,N, (3)

where a (co) is the dynamical polarizability of the atom
at the site j. The allowed frequencies coq of the coupled
dipoles are the zeros of the determinant A(m) of the
3N X 3N dynamical matrix defined by Eq. (3).

When the dipole eigenmodes of Eq. (3) are quantized,
they acquire a zero-point energy given by

80= —,
' g Rco = —(iri/4m. )J In[a(ig)]dg, (4)

where a well-known theorem of complex analysis has
been used to relate the sum of the positive zeros of the
analytic function b, (co) to an integral of its logarithm
along the imaginary axis. . The van der Waals energy
follows immediately from Eq. (4): the attractive part of
the adsorption energy of C6p at 0 K is the change of
zero-point energy as the molecule comes from infinity to
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III. PHYSICAL ADSORPTION OF C60 ON GRAPHITE

Graphite is an interesting substrate to begin with as it
allows us to compare the results of our calculation with
those of a less accurate approach that consists of sum-

ming over all C-C pair interactions assumed to be addi-
tive. The attractive part to the binding energy of C60 can
be evaluated by simply adding cs/r pair potentials with

the further sirnplification that the C atoms in C6o are
smeared over a sphere. Similarly, the carbons in the
graphite substrate are supposed to be distributed on
parallel sheets with a uniform planar density e. The
advantage here is that the attraction energy can be ex-
pressed analytically

3(zo+nh ) +R
U(zo)= (N/6)nc—so g

o [( z+ohn) —R ]
(5)

where h is the interlayer spacing of graphite, R is the ra-
dius of the spherical fullerene with N carbons, and zo is
the distance from the center of the molecule to the outer-
most graphene layer. This potential for C60 is plotted in

Fig. 1 against zo for two values of the C-C interaction pa-
rameter c6 equal to 15.2 and 20.0 eV A . These were de-
duced from the static properties of graphite and solid

C6o fullerite, respectively.
The full circles in Fig. 1 were obtained by applying the

0

its equilibrium distance to the surface. Note that the re-
sults obtained in this way includes the dynamical
response of the substrate (not just its static dielectric
screening) via the co dependence of the field propagator S
in Eq. (2). The same method can be used to evaluate the
interaction between two C&o's in free space [S=O and
N=120 in Eq. (3)] or near a solid surface (SPO and
N= 120}. The way the equations are solved in practice is
described in the Appendix. The results are discussed in
the following sections.

discrete-dipole formalism of Sec II. The polarizability of
the C atom in the fullerene was represented by a simple
isotropic Lorentzian model, a(co)=aocoo/(coo —co ) with
a0=1.1 A and fm0=18. 15 eV. Graphite was con-
sidered as an isotropic continuum with an effective dielec-
tric function e(co) of the Drude type. The free surface
of the dielectric medium was positioned h /2 (one half the
interlayer spacing of graphite) above the outermost gra-
phene sheet. In other words, the distance D between
the center of C60 and the continuum edge in our descrip-
tion is related to the distance zo of Eq. (5) through
D =zo —h /2. With that choice of the location of the im-

age plane, Eq. (5) with cs =15.2 eV A (solid curve in Fig.
1}reproduces remarkably well our calculated data points
at large separation distances. It underestimates the at-
traction energy as the distance to the surface decreases
and c6 needs to be raised to about 20 eV A to reproduce
the van der Waals attractive energy at the short adsorp-
tion distance zo =R +h =6.9 A (dashed curve in Fig. 1).

The discrete-dipole calculations shown in Fig. 1 were
performed for a molecule having a pentagon parallel to
the surface. By changing the orientation of the molecule
while maintaining its center fixed, the attraction energy
computed at the adsorption distance of about 7 A
changes by +1 meV only. In other words, the effect of
the atomic corrugation of C60 is very small as far as the
van der Waals attraction by graphite is concerned and a
spherical description of the molecule, in the manner of
Girifalco, is very well adapted to this particular prob-
lem, provided the pair interaction coeScient c6 be adjust-
ed to the distance, as indicated in Fig. 1.

IV. C60-C60 INTERACTIONS

The attraction energy between two isolated C60 mole-
cules has also been computed using similar approaches.
The discrete-dipole model, which now includes 120 polar-
izable carbons on two molecules, yields the data indicated
by closed circles in Fig. 2 as a function of the center-to-
center distance Xo. The solid curve represents the Giri-
falco potential
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FIG. 1. van der Waals adsorption energy of C6o on graphite
as a function of the distance zo between the center of the mole-
cule and the outermost graphene layer. The closed circles are
the results of the discrete-dipole formalism on Sec. II. The two
curves were obtained from Eq. (5) with c6=15.2 (solid curve)

o 6
and 20.0 eV A (dashed curve) appropriate to graphite and solid
C60, respectively.

U(Xo) =75 +1 1 2

R Xo(Xo 2R ) Xo—(Xo+2R ) Xo

obtained by integrating the pair interaction c&/r on two
spheres of radius R =3.55 A. The interaction parameter
was adjusted so as to best fit our calculated data points
for 9.5~XO 12 A, and this lead us to c6=17.0 eVA
which is intermediate between the two extreme values ob-
tained above for the physical adsorption of C60 on graph-
ite.

The dashed curve in Fig. 2 shows the results deduced
from yet another approach in which a C6O molecule is
represented by a dielectric spherical shell of finite thick-
ness. The van der Waals attraction between two such
shells is the result of coupling their multipolar electro-
static modes and computing their quantized zero-point
energies. This approach demands a dynamical dielectric
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FIG. 3. Variation of the dispersion interaction U(D) be-

tween a single C60 molecule and a perfectly planar surface of Ge
(solid curve), Si (dashed curve), and GaAs (dotted curve). D is

the distance from the center of the molecule to the continuum

edge of the dielectric medium that represents the substrate.

FIG. 2. van der Waals attraction between two C6o molecules
whose centers are at the distance Xo. The discrete-dipole for-
malism leads to the data shown by the closed circles. These re-
sults are well reproduced by the potential (6) with
c6=17.0 eVA (solid curve). The dashed curve shows the at-
traction energy derived from multipolar charge oscillations in

two dielectric spherical shells with parameters appropriate to
C (Ref. 50).

solving for the eigenmodes of our discrete dipole model,
3be well reproduced by the simple law a,I=60a+26.4a

(in A units) for a & 1.1 A . Evaluating the London con-
stant from Eq. (7) is then reduced to a simple exercise
when a Lorentzian model is used for a(i():
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FIG. 4. Dispersion energy between a dielectric substrate and

a single C60 molecule having its center at a distance D above the
surface (solid curves): (a) LiF and (b) MgO. The many-body
contributions to the van der Waals energy are visualized by the
dashed curves.

function appropriate to the valence-electron cloud of ful-

lerene, which in the present application incorporates two
resonances at the excitation energies of the m and o.

plasmons of sp carbon. These energies were taken, re-
spectively, at 5.0 and 15 eV. The other parameters of the
model are the inner and outer radii of the shell, respec-
tively, 2.7 and 4.4 A. It was necessary to include mul-

tipolar modes of order as high as l =13 for the shortest
separation distances considered in Fig. 2. At short dis-
tances, the potential derived from the multipolar polar-
ization modes of the two shells is harder than those ob-
tained by the two other methods because the shells ex-
tend outside the carbon skeleton. This requires the in-
clusion of higher and higher l values which eventually
leads to a diverging potential as the gap between the two
shells closes while the carbon frames remain at a finite
separation.

When the distance between the two molecules is much
larger than the radius of the carbon cages, the attraction

6
energy between them behaves like U(XO) = L/Xo. The-
London constant L deduced from the additive approxi-
mation of Eq. (6) is obviously X c6 with N =60 being the
number of carbons per molecule. On the other hand, L is
also related to the polarizability of the molecule a,I

through the Lifshitz formula '

L =(3A/2~) J [a,(i()] d~ . (7)

Within our discrete-dipole model, a,I depends on the
individual polarizability a of carbon in a complicated
way. For a sufficiently small a, one can use a power
series: a &=Na+T&a +T2a + . - . . The first term is
the additive value leading to Girifalco's L =N c6. In the
second tenn, the coefficient T, is the sum over all the
pairs (ij) of the dipolar tensors T(r, —r ) and this van-
ishes in C6o for symmetry reasons. The T2 coefficient in
the series was adjusted numerically so that the exact
many-body polarizability of C60, which is obtained by



49 van de WAALS ATTRARACTION BETWEEN TWO C60 ~ ~ ~ 11 429

L =—'%coOaDN + 'N—T a + "+ its 2ao5 a + 63(T

With the
obt

' L/N =
e parameters

h f
1 1 ttd

in

d 's ances than th
'

ere in th
easm a

"iscussion. Th
h

i in them
ayed b th

polarizabilit h d''
er hand th d'nt eothe

ue o 60a.
p

ti
ge contributio 'g

h th

gy as com-

'mportanc
o ecular

igher mul-
field is of d-

etter.
e additivit s

'
ivity rule holds

V. C60 ON OTHER SUUBSTRATES

Calculations of the
ous su

e physisor
re carried

po

pproximation f'n orthe

Mo on
n g e dielectric'n usin th

energies obtained f miconductors Si

Ge, and GaAs are shown g
d f"'h

'"" '0

or which the v
11 th

'
h

h th'

emiconducto
equence of these

ncy roughl t
raphite (Fig. l)

'

ns.
is in betw

In order to ass

ween these

o assess the im
ribut"n t' the h

bt"'t'd f

e many-body

the disper
'

60, we have
sion term 1'

1 il"'" '"d 'h
b M Lc achlan's equation

0(D}=—(A'/4m. J tr a i . , k, g

pression is easil
Th d hd'

n q. (2} .
wit the di

OD) isare l

p «o )1

p enttal (dom-
sm

h th
o s true f

o e about 0.1

1

.l U (D)
~

at the di
b

'n t e parallel c
etween two f

configuratio'on was also c
ullerenes ab bsorbed

computed. The re-

-100—
-200

-400—

+~ -500—
8~ -600—

-700—

-1100
9

++++ DaN. SA
~ ~ ~ ~ n-sA
ooooQ~7. A
o ooo g)mi

~ ~
~ ~

o ~

~ ~

~ ~
0 ~s ~

~ ~ ~ ~

~ ~ ~

~ 4

Q6p - LiF

~ ~

12

300—
200—
100—
0—

~e
4~

—100—

~ -200—
-300—
—400

-500—
-600

—700
9 10

X.(A)

YEPYEYEEPP//A

p= 11.S A
~ ~ ~ ~ n~IA
oaaop~l. A
o ooo Qmi

4

0
4

+ ~

4
0

+
~ ~

~ ~

aooo
0

o ~

400

300

200—
100—

0—
—100

—200

-1200—
C6p - GaAs

-300

-400—
—500—
—600—

I

10 X.(A)

FIG. . n er W

11

IG. 5. van der W

12

p
rf

eparation betwe

wo Cg)

orresponds to
dsorb d t th d'e istance D.

ia of

I

X,(A)

I

13

FIG. 6. Tot l

14

otal ener

ran
i a surface of

ween two C60 m

e potential i
GaAs when a short-

, / C-C
e att

interactions. Th e-
t the dist

).
ance D from th e surface



11 430 CH. GIRARD, PH. LAMBIN, A. DEREUX, AND A. A. LUCAS 49

suits on LiF and GaAs are shown in Figs. 5(a) and 5(b),
respectively, as a function of the center-to-center distance
Xo. The potential curves obtained for several adsorption
distances look as if they were rigidly translated from each
other. With a good approximation, the dispersion energy
was indeed found to be the sum of the C60-C6o interaction
in free space and the adsorption energies of the individual
molecules. Finally, we have added to the dispersion ener-
gies an empirical repulsive potential obtained by sum-
ming c,&

jr' interactions between a pair of carbons not
on the same molecule, and using c,2=12.0 keV A' for
the interaction coefficient. The total energy curves for
Ge and GaAs substrates are shown in Fig. 6. There is a
minimum of energy around Xo = 10 A which closely cor-
responds to the C60-C60 nearest-neighbor distance ob-
served in solid C60 fullerite. The binding energy at the
equilibrium distance is about 0.3 eV, also in good agree-
ment with the experimental value in fullerite.

VI. DISCUSSION AND CONCLUSIONS

The C60-graphite and C60-C60 interactions were com-
puted by using a discrete-dipole description of the
electron-charge fluctuations in the fullerene. A fairly
good agreement with the Girifalco potential was found,
but, due to many-body corrections, this simple pair po-
tential could not reproduce the van der Waals energy
simultaneously at short and large separation distances
with the same c6 interaction parameter. At short dis-'6
tances, we found that c6 =20 eV A was appropriate for a
fullerene adsorbed on graphite (Fig. 1) whereas c6 = 17 eV
o 6A better reflected our numerical data for the C6O-C6O at-
traction potential (Fig. 2). The dispersion energy between

C60 and selected substrates was computed with the sim-

plifying assumption of a semi-infinite dielectric medium.
The van der Waals attraction of a molecule having its
center 6 A above the continuum edge was found to vary
in the range 0.3-0.6 eV, depending on the substrate.
The triplet and higher many-body interactions lowered
the binding energy by approximately 10% at the equilib-
rium adsorption distances. For two physisorbed C6O's we

did not find any significant alteration of the intermolecu-
lar interaction by the substrate.

ACKNOWLEDGMENTS

This work has benefited from the financial support of
the Belgian National Interuniversity Research Program
on "Sciences of Interfacial and Mesoscopic Structures"
(PAI/UAP N' P3-049) and from the Human Capital and
Mobility program initiated by the European Union. The
authors acknowledge P. Senet for helpful discussions.
Ph. L. was supported by the National Fund for Scientific
Research of Belgium (FNRS} and A.D. by the Walloon
Ministry for Research and Technology (Brussels) to
whom A.L. is also grateful for a research grant on Ful-
lerenes. Laboratoire de Physique Moleculaire is Unite
Associee au CNRS 772.

APPENDIX: COMPUTING THE van der WAALS
DISPERSION ENERGY FOR A COMPOSITE SYSTEM

(A2)

(A4)

In this appendix, we briefly summarize how the calcu-
lation of the dispersion energy between two (or more} C6O

atoms can be efficiently computed. The technique de-
scribed below is based on the fact that the physical prob-
lem at hand does not require the full information impli-
citly contained in Eq. (3). Let us recast that equation in a
form of a Lippmann-Schwinger equation:

E;=E;+gS; a E =0, ij =I, . . . , X . (Al)
J

In the present notations S,J stands for T(r, —r )

+S(r;,r, co),N is the total number of C atoms, and E; is

a source field (that was set to zero above since our in-

terest was restricted to the eigenmodes of the system).
Let us now suppose that E, is generated by a collection of
source dipoles p . The solution of the set of equations
(A 1) writes, formally,

E;= gS;,p, ,
J

where S, is the field susceptibility of the composite sys-
tern formed by the substrate and the adsorbed molecules.
The eigenmodes of the system are the poles of any one of
the S; elements and this property establishes the link be-
tween field susceptibility and the van der Waals attrac-
tion energy.

For any fixed j, the S; elements satisfy a set of linear
equations that follow immediately from Eq. (Al) in the
form of a Dyson equation:

E
S; =S;+ QS;a„S„ (A3)

k=1
Suppose now we have m molecules adsorbed and let us

denote by S; the corresponding field susceptibility. A
molecule can represent any subset of n adsorbed atoms:
in the present context, a molecule could either be a ful-

lerene or any fraction of a fullerene as well. The impor-
tant point is that the field susceptibility of the system
composed of m molecules can be constructed from the
field susceptibility of system with m —1 molecules:

"m

Sm —Sm —1+ y Sm —1a Sm
k=1

Equation (A4) leads us to an iterative procedure for
solving Eq. (A3, which consists in adding the molecules
one after the other and computing at each step the corre-
sponding field susceptibilities S,',S;, . . ~ . The advan-

tage is that, at the mth step, one only needs to compute
the S;- elements for i and j on the mth molecule and on
the atomic sites of the molecules that remains to be add-
ed. One indeed does not need to keep track of the mole-
cules adsorbed at the previous steps: their responses are
contained in the S,-k ' elements. Moreover, computing
the S;. elements from Eq. (A4) requires inverting a ma-

trix of size 3n X3n, and this can be considerably
smaller than the size 3NX3N of the initial dynamical
matrix. How this algorithm can be exploited in comput-
ing the van der Waals dispersion interaction in a compos-
ite system is detailed in a recent paper by two of the
present authors.
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