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Elastic lattice deformation in quantum-wire heterostructures
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We report on the lattice deformation of quantum-wire heterostructures with cubic symmetry deposit-
ed on arbitrarily oriented substrate surfaces. The elasic strain and the stress-tensor components are cal-
culated by using Hooke’s law and applying the appropriate boundary conditions at the wire-substrate in-
terface. We assume that the lattice coherence at the wire-substrate interface is achieved only along the
wire direction, due to the limted lateral extension of the wires. We show that either a tetragonal or an
orthorhombic or a lower-symmetry lattice deformation of the quantum-wire structure may occur de-
pending on the coherence direction and substrate orientation. In some particular cases, even for high-
symmetry substrate orientations ([001] and [110]), it is possible to obtain one shear strain element
different from zero, leading to a monoclinic lattice deformation. Moreover, for the [111] or low-
symmetry substrate orientations a triclinic lattice deformation can also be obtained. In the case of an or-
thorhombic lattice deformation our theoretical results are found to be in good agreement with the few

experimental data available.

I. INTRODUCTION

The lattice deformation and the strain fields, generated
by the lattice mismatch between different material sys-
tems of semiconductor heterostructures, affect both the
microscopic? and the macroscopic properties of the
crystals.> Therefore, it is of great importance for the
design and development of new optoelectronic and elec-
tronic devices to determine quantitatively the stress and
the strain fields of the crystalline heterostructures. In the
case of layered structures grown pseudomorphically on
thick substrate crystals, the elastic lattice deformation is
characterized by the evidence that the in-plane lattice
mismatch between film and substrate is zero, i.e., the lat-
tice constant of the heterostructures is accommodated to
the lattice parameter of the substrate in all in-plane direc-
tions. It is well known that coherent heterostructures
can be realized as long as the thickness of the whole epi-
taxial structure does not exceed the critical thickness.*
Relaxation phenomena which modify strain fields were
also observed in semiconductor structures with reduced
spatial dimensions.>% In particular, structure relaxation
is very important for low-dimensional systems, such as
quantum wires, which are of great current interest due to
their unique physical properties and potential optoelec-
tronic device applications.

The stress and strain status of heterostructures can be
determined by solving the equations of the elasticity
theory using Hooke’s law and appropriate boundary con-
ditions. Very recently, we calculated the strain tensor
elements of strained arbitrarily-oriented cubic epitaxial
layers by minimizing the strain energy density via the
commensurability constraint.”

In this paper (Sec. II), we obtain the general expres-
sions for the strain and the stress fields of a quantum-wire
heterostructure with cubic symmetry on an arbitrarily-
oriented substrate crystal with a different lattice constant,
assuming that the coherence between the wire and the
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substrate lattices holds only along the wire direction. In
Sec. I1I, the lattice deformations have been analyzed as a
function of the substrate orientation and the wire direc-
tion. Important differences with respect to the tetragonal
lattice deformation’ are elucidated and discussed. Final-
ly, in Sec. IV, it is shown that, in the case of an ortho-
rhombic lattice deformation the theoretical results, are in
good agreement with the few available experimental re-
sults™® on the lattice deformations in quantum-wire het-
erostructures.

II. BOUNDARY CONDITIONS
FOR UNIDIMENSIONAL HETEROSTRUCTURES
AND SOLUTION OF THE ELASTICITY EQUATIONS

Let us consider a quantum wire of crystalline material
on an arbitrarily-oriented lattice-mismatched substrate
crystal, such as the one shown in Fig. 1. If we consider a
crystalline elastic medium with cubic symmetry, which
obeys Hooke’s law and is defect free, the elasticity equa-
tions can be written as

€i=Sij0j ) (1)

with i,j={1,...,6]} in the contracted matrix notation.?

Here ¢;, S;j, and o; are the strain, the compliance and
the stress matrix components, respectively, with respect
to the “interface” coordinate system x,, x,, and x; as
shown in Fig. 1. The axis x, is directed along the wire,
while the axis x; is normal to the interface between the
quantum wire and substrate. We have chosen the interfa-
cial reference system {x;} rather than the crystallograph-
ic reference system {y, }, shown in Fig. 1, because in this
way it is easier to define the boundary conditions.

In order to describe the lattice distortion of the wire
structure correctly, several assumptions have to be made.

(i) If the wire width is much smaller than the wire
length, we assume that the lattice coherence between the
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FIG. 1. Schematic diagram of a quantum-wire structure de-
posited onto a substrate crystal of arbitrary surface orientation.
{y:} denotes the crystallographic reference system, while {x;}
denotes the “interface” one, individuated by the wire direction
and the normal to the interface.

wire and substrate holds only along the wire direction
(x,-axis), whereas, along the other two orthogonal direc-
tions, the wire lattice may deform elastically until the
stresses that act along these directions go to zero. It
should be noted that, in real cases, this condition should
be valid for almost all the quantum-wire lattice, but not
for a narrow region, near the interface, where the coher-
ence condition should be valid for all in-plane directions,
as in the pseudomorphic growth (see Fig. 2). In other
words, neglecting some monolayers near the interface,
the strain field should be uniform and is determined by
the unidimensional coherence condition. In Sec. IV we
will show that this assumption can be verified in real
structures.

(ii) The quantum-wire height is much smaller than the
critical thickness in order to deal with elastic deforma-
tions only.

(iii) The quantum-wire height is much smaller than the
substrate thickness and, therefore, all the strain occurs in
the wire.

Thus, we can define the following boundary conditions:

]

2C1,Cay +C(C; +2C )R
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FIG. 2. Schematic diagram of the elastic match between the
orthorhombic and the tetragonal lattice deformations, near the
interface.
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Here ¢!=(a;—a,)/a,, where a; and a, are the lattice
constants of the substrate and the wire, respectively. Us-
ing the constraints in Eq. (2), we obtain the following
solution for the elasticity equations:

! S22 ’ (3)
D
O,= &,
22

withi={1,...,6]}.

In order to obtain the compliance tensor components
in the reference system {x;}, we use the equations given
by Anastassakis and Liarokapis,” which relate them to
the corresponding components in the crystallographic
reference system {y,}. We can express the compliance
tensor components in terms of stiffness components and
Eq. (3) can be written as

€

C(C,,+2C1,)R,

- 2C;C4 +C(C +2C )Ry —(C +2C)(Cy —Cyp)

el , (4)

(Es)i

_2C44(C11 +2C'12)(C11 —Cy,)

B 2C12C44+C(C11 +2C12 )RZZ—(CH +2C12 )(Cll —CIZ)

el .

()

T 2C;,Ca+C(Cp +2C )R —(Cyy +2C,)(Cp —Cyy)

Here, the €; with j={1,3] are the no-trivial diagonal strain tensor components, (g, ); are the shear strain tensor ele-
ments with i ={4,5,6}, C; are the stiffness constants, C=C,, —C,, —2Cy, and o, is the only no-null stress com-

J

ponent along the wire direction. The coefficients R ;, are given by

Ry=TuyTpT T +TuTpT Ty +T3TeT,3Ts;

(5)

where Tz is the transformation matrix from {y,} to {x;} and j,k={1,...,6} indicate in a contracted notation the

pairs of indices af and y8={1,2,3}, respectively.®’

Equations (2) and (4) give the stress and the strain fields for a quantum-wire lattice with cubic symmetry on an

arbitrarily-oriented lattice-mismatched substrate.

Denoting with (Ad /d), the lattice mismatch in the interface plane (x;,x,), normal to the wire direction x,, and with
(Ad /d), the lattice mismatch normal to the interface plane (along the x; axis), we obtain the following relations:
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(Cyy +2Cp)[Cp,—Cyy +C(R22_R12)]
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(Ad/d )”=8"_€1=

2C12C44+C(C11 +2C12 )Rzz _(Cn +2C12 )(C“ _C12) &
(Cyy +2C12)[C12_C11 +C(R22_R32)]

(6)
el .

(Ad/d)l=£“—€3=

Obviously, along the wire direction (x,-axis) we have an
in-plane lattice mismatch equal to zero, as defined by the
constraints [Eq. (2)]. Therefore, due to the partial elastic
relaxation, only if (Ad/d)=(Ad/d), and all the off-
diagonal strain components are equal to zero, we obtain a
tetragonal lattice deformation, as we will see in the next
section.

III. LATTICE DEFORMATION

The deformation of the unit cell of the quantum wires
caused by the lattice mismatch depends on the substrate
surface orientation as well as on the wire direction. It is
interesting to note that in the case of strained epitaxial
layers, we have obtained a tetragonal lattice deformation
for all high-symmetry substrate orientations ([001], [110],
and [111]), being all the off-diagonal components of the
strain tensor (g;), equal to zero.” Moreover, in the case
of strained epitaxial layers, for low-symmetry substrate
orientations the lowest-symmetry lattice deformation is
monoclinic. In fact, in this case £=0 is a boundary con-
dition, and one of the principal axes of the strain matrix
always belongs to the interface plane (x,,x,).” This leads
to the possibility of choosing an opportune pair (x,,x,) of
axes for which only one off-diagonal strain component is
different from zero for any substrate orientation.

On the contrary, we will show, that for lateral confined
heterostructures the situation is much more complicated
in the case of high-symmetry substrate orientations.

2C12C44+C(C11 +2C12 )R22 _(Cll +2C12 )(Cll -CIZ)

A. [001]-ORIENTED SUBSTRATES

If the substrate surface is normal to the [001] direction,
we can choose the three coordinate axes {x;} as follows:
x,|[jk0], x,||[[kjO], and x;=[001], where j and k are in-
tegers. Thus, from the Eq. (5) it follows that

Ryp=0,R5;=0,Rq < kj’—jk*, (7a)

R3,=0,R, «j%*k?. (7b)

Therefore, a sufficient condition for having null off-
diagonal strain tensor components (g;); is R4 =0. This
can be achieved by putting in the Egs. (7a) and (7b) either
j=k=1or j=0 or k=0. In this way, the lattice defor-
mation is either orthorhombic (R ,#R;,=0, for
Jj=k=1) or tetragonal (R, =R, =0, for j=0 or k=0),
depending on the particular wire direction. For example,
if x,=[100] from Eq. (6) we have a tetragonal lattice de-
formation:

(Cy; +2Cy,)

I
(C +Cy) & (®)

(Ad/d),=(Ad /d),=

This is due to the fact, that both the lateral and normal
lattice relaxations occur along equivalent crystallograph-
ic directions. However, if x,||[110] we have an ortho-
rhombic deformation:

TABLE I. Lattice deformation as a function of the wire direction for high-symmetry ([001], [110],

and [111]) substrate orientations.

Lateral
Substrate Wire direction of
orientation direction partial elastic Lattice
(x3) (x3) relaxation (x;) deformation

[001] (100] [010] tetragonal
[001] [}_10] [110] orthorhombic
[001] [kjO] [jk0] monoclinic
[110] [001] [T10] tetragonal
[110] (110] [001] orthorhombic
[110] (111] (112] tetragonal
[110] Ljjk ] [kk2j] monoclinic
[111] [101] [121] monoclinic
[111] [011] [211] monoclinic
[111] [112] [170] monoclinic
[111] U,k,—(h+k)] [2k+j,—(2j+k),j—k] triclinic
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(Ad/d )”=E“—'El

(Ad/d)l’—‘E"—E3=

B (Cu+2CpNC, —Cyy 12C4)—4C,Cyy £
(Cp +2CH (C —Cp +2C )

I

On the other hand, if j%k (with k50 and j+0) the
strain tensor, as a function of the coherence direction,
can have £,70, leading to a monoclinic lattice deforma-
tion, contrary to the case of strained epitaxial layers.’
These results are summarized in Table 1.

In Fig. 3(a) we can see the normalized lattice deforma-
tions (Ad/d), /¢! and (Ad/d), /€, for two families of
quantum-wire_orientations: [k,1,0] with k integer if
0=T,= 1/V2 and [T1,k,0] with k integer if
1/V2<T,, <1. Here, simply we used the GaAs stiffness
constants.'® It should be noted that in this way the nor-
malized strains are independent of the lattice mismatch
el Therefore, the normalized strains for different materi-
al systems depend only on the stiffness constants. From
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FIG. 3. (a) Normalized lattice deformations (Ad/d), /¢!

(curve 1) (Ad/d)”/s” (curve 2), for a GaAs layer grown on a
[0,0,1]-oriented lattice-mismatched substrate, for two families of
quantum-wire orientations: [k,1,0] with a k integer if
0= T, <1/V2; [1,k,0] with a k integer if 1/V2<T,, <1; (b)
normalized shear strain components (g,), /el =(g5), /e (curve 1)
and (g), /! (curve 2), for a GaAs layer grown on a [0,0,1]-
oriented lattice-mismatched substrate, for the same families of
quantum-wire orientations.
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the results reported in Fig. 3(a), we can see that
(Ad/d),/e'#(Ad /d),/e" for each low-symmetry
quantum-wire direction, as reported in Table I. The
maximum value for (Ad/d) /¢! (about 1.43) coincides
with the minimum value for (Ad /d),/€" (about 1.02),
when x,||[110].

In Fig. 3(b) the normalized shear strain components
(g;), /¢! are reported as a function of T,, for the same
families of quantum-wire orientations. From this figure
we can see that only one shear strain component can be
different from zero for low-symmetry quantum-wire
directions, as indicated in Table I, too. The shear strain
component can also reach about the 16% of the value of
el for the quantum-wire orientations [120] and [210].

B. [110]-oriented substrates

If the substrate orientation is x,||[110], we can put
x,|I(k,k,2j], x,||[j,j,k ], where j and k are integers. In
this case, the condition for having all (g;); =0 does not
change [Eq. (7a)]. However, Eq. (7b) becomes

Ry, =j2/(k*+2j%), R, =3j%k%/(k*+2j%)?. (10)

Therefore, if j=0 or j=k=1, we have R;;=R,,,
R =0 and, consequently, the deformation field is tetrag-
onal. Otherwise, if kK =0 and j70, the deformation field
is orthorhombic. Moreover, as for the [001]-substrate
case, if j%k and k#0 and j#O0, the lattice deformation
becomes monoclinic (see Table I).

These results can be seen very clearly in Figs. 4(a) and
4(b). Figure 4(a) shows the normalized lattice deforma-
tions (Ad/d), /€' and (Ad/d) /€', for two families of
quantum-wire_orientations: [k,k,1] with k integer if
0<T,;<1/V'3 and [1,1,k] with k integer if
1/V'3<T,; <1. Here, the GaAs stiffness constants are
used for the calculation. From this figure we can see that
(Ad /d), /e'#(Ad /d) /¢! for each low-symmetry
quantum-wire direction and for the high-symmetry [110]
direction, as reported in Table I. For the high-symmetry
[110] direction, we find the minimum value for
(Ad/d), /¢! (about 1.02) and the maximum value for
(Ad /d), /¢! (about 1.45).

In Fig. 4(b) the normalized shear strain components
(€;), /€ are shown as a function of T3 for the same fami-
lies of quantum-wire orientations. For low-symmetry
quantum-wire directions, only one shear strain com-
ponent can be different from zero, as indicated in Table I,
too. The maximum absolute value of (g¢) is about 22%
of ell.

C. [111]-oriented substrates

If the substrate orientation is x;||[111], it is not possi-
ble to have a tetragonal lattice deformation for any in-
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plane quantum-wire direction, due to the fact that there
is no crystallographic direction equivalent to the x; axis
which is normal to it. Thus, in contrast to the cast of
pseudomorphic growth of strained epitaxial layers,’ the
highest-symmetry lattice deformation for a [111]-oriented
substrate is not tetragonal but monoclinic. In fact, using
the conditions R, +R,;, +R; =1 for kE€{1,2,3} (Ref.
9) and the orthogonality condition of x, with respect to
the axis x; (j +k +m =0), it can be easily verified that,
for any possible quantum-wires direction x,||[ jkm] in the
interface plane, one always has R, =0, R)3 =14, R, =1,
and Ry, =1. This implies that (Ad/d),/e'=1.161 and
(Ad /d),/€'=1.302 for any x,. Therefore, we can never
obtain a tetragonal deformation. Moreover, in order to
have at least an orthorhombic deformation we should
also have R, =R, =0. These two conditions, however,
cannot be achieved simultaneously for any
%Lk, —j—k].

These results can be seen clearly in Fig. 5, where the
normalized shear strains (g;); for the quantum-wire
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FIG. 4. (a) Normalized lattice deformations (Ad/d);/e!
(curve 1) and (Ad /d), /¢! (curve 2), for a GaAs layer grown on a
[1,1,0]-oriented lattice-mismatched substrate, for two families of
quantum-wire orientations: [k,k,1] with a k integer if
0=<T,;<1/V3; [1,1,k] with a k integer if 1/V3<T,;<1; (b)
normalized shear strain components (g,), /el = (), /¢! (curve 1)
and (), /el (curve 2), for a GaAs layer grown on a [1,1,0]-
oriented lattice-mismatched substrate, for the same families of
quantum-wire orientations.
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FIG. 5. Normalized shear strain components (gs), /¢! (curve
1), (gg)s 7€ (curve 2), and (e,); /€l (curve 3), for a GaAs layer
grown on a [1,1,1]-oriented lattice-mismatched substrate, for the
family of quantum-wire orientations [k,1, —(1+k)] with k in-
tegerand 0<T,, <1/V2.

orientations [k,1,—1—k] with k integer and with
0<T,, <1/V2is reported. From Fig. (5) it follows that
if x,||(101] or x,||[011] or x,||[112] only one shear strain
is different from zero and, therefore, the deformation is
monoclinic. In this case, it is possible to reach the max-
imum absolute value for the shear strains, which is about
20% of €!. For any other orientation belonging to the
family [j,k, —j—k], we obtain that two shear strains are
different from zero, leading to a triclinic deformation.

D. Low-symmetry oriented substrates

From Egs. (4) and (5) we obtain that for lower-
symmetry substrate orientations the highest-symmetry
lattice deformation is also monoclinic. On the other
hand, all the shear strain elements can be different from
zero, giving rise to a triclinic lattice deformation. These
results are clearly different from those obtained in the
case of the pseudomorphic grown epitaxial layers, where
the lowest-symmetry lattice deformation is monoclinic.’

IV. THEORETICAL RESULTS
VERSUS EXPERIMENTAL EVIDENCES

Now, we will compare the results of our model with
the few available experimental data. Tapfer et al.’ re-
ported on the asymmetrical (224) diffraction pattern mea-
surements of an InAs/GaAs quantum-wire structure,
directed along the [110] direction, fabricated on a (001)
GaAs substrate. This quantum-wire structure was ob-
tained by reactive ion etching of a pseudomorphic MBE
(molecular-beam epitaxy) grown InAs/GaAs superlattice
composed of 10 periods. All the structural parameters of
the quantum wire obtained from the analysis of the x-
ray-diffraction data, are given in Ref. 5. In another pa-
per, Tapfer et al.® reported on double crystal x-ray-
diffraction measurements of an Al ;cGag ¢As/GaAs
quantum-wire structure, directed along the [110] direc-
tion, on a (001) Al 3,Ga, ¢4As buffer layer. These quan-
tum wires were obtained by an ion etching process of a
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pseudomorphic MBE grown Al ;,Ga, ¢4,As/GaAs multi-
ple quantum well (25 periods).

It is important to note that before etching the average
in-plane lattice distortion in one period is zero for both
the cases, indicating a coherent epitaxial structure-
substrate interface. The results for the average lattice
strain along the [001] axis are summarized in the third
column of Table II.

The diffraction measurements, performed after the
etching process, reveal that the average lattice strain
along the [001] axis is reduced, and the presence of an
in-plane lattice strain different from zero perpendicular to
the wire direction is evidenced. In other words, the
diffraction data reveal a partial strain relaxation of the
quantum-wire structure. The experimental values are re-
ported in Table II, where EL refers to the film before the
etching process, while QW refers to the quantum-wire
structure.

In order to reproduce the above-mentioned experimen-
tal results with our model, we have assumed the validity
of the Vegard’s law and calculated the average chemical
composition of the heterostructures from the x-ray-
diffraction data obtained before the etching process.
Thus, the so-obtained average molar fraction x of InAs in
one superlattice period for the first sample has been used
for calculating the strains after the etching process. Un-
fortunately, for the second sample, x-ray-diffraction data
before the etching process were not available. In this
case we have chosen the average molar fraction x of AlAs
which gives the best fit for the experimental average
strain data after the etching process. The obtained re-
sults are reported in Table II, where the theoretical strain
values for the film before the etching process have been
calculated by using the predictions of the deformation
model for epitaxial layers as reported in Ref. 7. Consid-
ering that, due to the particular experimental conditions,
the accuracy of the strain measurements, is of the order
of 3X107° for perpendicular strains and of 1X10™* for
parallel strains, within these errors, our orthorhombic
lattice deformation model is in very good agreement with
the experimental results. Moreover, by using Vegard’s
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law we obtain the same chemical composition for the
sample before and after the etching process, using the
tetragonal and the orthorhombic deformation models, re-
spectively.

These results demonstrate that, in both one-
dimensional heterostructures, the lattice deformation is
determined by the only boundary condition of coherence
along the wire direction. In this way, the stress can be
partially relaxed and, consequently, the strain energy
density is reduced with respect to the pseudomorphic
case. However, it is reasonable to suppose that the
above-mentioned boundary condition is no longer valid
near the wire/substrate interface. In fact, near the inter-
face, the strain field tends towards the tetragonal strain
values and, as shown schematicaly in Fig. 2, the deforma-
tion field is a combination of the orthorhombic (relaxed)
and the tetragonal (bulk) strain fields. This conclusion is
confirmed by the observation that the experimental aver-
age perpendicular deformation values are slightly greater
than the theoretical values, contrary to the parallel defor-
mation values which are slightly smaller.

Treacy and Gibson!! have shown that in thinned su-
perlattices the lattice tends to relax where the relaxation
degree increases with increasing distance from the inter-
face. Moreover, the distance from the interface, at which
the lattice parameter can be considered fully relaxed, de-
pends on the lateral dimension of the heterostructure.
However, comparing the theoretical predictions of our
model, which does not consider the particular lattice de-
formation at the quantum-wire—substrate interface, with
the experimental x-ray-diffraction data, we conclude that
the tetragonal contribution to the total average strain
seems to be negligible in our samples (see Table II). The
ratio width/height for the examined samples is always
less than 0.6. But, for greater values of this ratio and/or
of the lattice mismatch, the tetragonal contribution near
the interface may become not negligible. The develop-
ment of a model which describes the elastic lattice relaxa-
tion at the quantum-wire—substrate interface as a func-
tion of the distance from the interface and the width of
the wires is in progress and will be reported elsewhere.'?

TABLE II. Experimental and theoretical results for the orthorhombic deformation in quantum-wire
heterostructures. QW indicates the quantum wires, while EL refers to the epitaxial layer before the
etching process. x is the molar fraction of indium for Ref. 5 and of aluminum for Ref. 6.

(1073Ad /d), (10_3Ad/d)“ (1073Ad /d), (10_3Ad/d)“
of the QW of the QW of the EL of the EL
Experimental 2.20+0.03 1.4+0.1 2.86+0.03 0
results
(Ref. 5)
Theoretical 2.17 2.86
results (x =0.0225) (x =0.0225) (x =0.0225) 0
for Ref. 5
Experimental 0.59+0.03 0.41+0.1 / 0
results
(Ref. 6)
Theoretical 0.57
results (x =0.275) (x=0.275) / 0

for Ref. 6
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V. CONCLUSIONS

In this work we studied theoretically the lattice defor-
mation of quantum-wire heterostructures with cubic sym-
metry on arbitrarily-oriented substrates. The elastic
strain and the stress-tensor components are calculated by
assuming that the layers with different lattice constants
are coherent only along the wire direction, and applying
Hooke’s law. We show that, also for high-symmetry sub-
strate orientations when the wire direction is a low-
symmetry one, it is possible to obtain one shear strain ele-
ment different from zero, leading to a monoclinic lattice
deformation. Conversely, for the high-symmetry wire
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directions [001] and [110], the lattice deformation is ei-
ther tetragonal or orthorhombic, depending on the fact
that the axes x; and x; may or may not be equivalent
crystallographic directions. In each case, the stress can
be partially relaxed and, consequently, the strain energy
density is reduced with respect to the pseudomorphic
condition. Moreover, for [111]-oriented or arbitrarily
[jkm]-oriented substrates the deformation can be also of
lower symmetry than monoclinic. The theoretical results
obtained for the case of an orthorhombic lattice deforma-
tion ([001]-oriented substrate and [011]-oriented quantum
wires), are found to be in very good agreement with the
experimental evidences reported previously.
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