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Low-temperature electron mobility in a 5-doped semiconductor
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The low-temperature electron mobility in 5-doped GaAs is calculated by using the Boltzmann equa-
tion and the relaxation-time approximation. It is assumed that the electrons are scattered from ionized
impurities. Screening of charged impurities by electrons occupying several subbands is described with
the help of (i) the random-phase approximation, (ii) the Thomas-Fermi method, and (iii) the bulk dielec-
tric constant only. Among those methods mentioned above, the random-phase approximation has
proved quite successful in studying the screening while the other two methods are inadequate. The mo-

bility exhibits a drop when the excited subbands become occupied. It is shown, however, that as a conse-
quence of the parity of the subband wave functions, the drop in the mobility when the Fermi level coin-
cides with the bottom of the first excited subband is negligible.

I. I¹RODUCTION

The study of properties of a two-dimensional electron
gas (2DEG) in semiconductor structures is motivated by
both scientific interest and device applications. '

One of the effective methods for obtaining 2DEG in
semiconductors is the planar doping method (so-called 5
doping). 3 " Similarly to other two-dimensional carrier
systems in semiconductors (e.g., 2DEG in
Al„Ga, „As/GaAs heterostructures} the 5-doped epitax-
ial layer is characterized by electron mobility enhance-
ment over the corresponding three-dimensional doped
semiconductor with identical mean impurity separation.
This enhancement, which is more than a factor of 4 in
the case of 5-doped GaAs has great importance for the
applications in electronics.

A typical 2DEG concentration in 5-doped GaAs is of
the order 10' cm while in Al„Ga, „As/GaAs hetero-
structures it is only 10" cm . Thus, in contrast to
Al„Ga, „As/GaAs, where usually only one subband is
occupied, the electrons in 5-doped GaAs populate several
subbands.

In the present work we shall investigate the effect of in-
tersubband scattering on the low-temperature mobili-
ty'2 's of the 2DEG in 5-doped GaAs.

Low-temperature 2DEG mobility exhibits discontinui-
ties as a function of electron concentration each time the
Fermi level coincides with the bottom of a subband.
These anomalies reflect the steplike character of the
2DEG density-of-states function. So far they have been
studied theoretically as well as experimentally in the case
of 2D electron systems in Si/Si02 and
Al„Ga, „As/GaAs heterojunctions' ' ' and in
multiple-quantum-well structures. ' '

Our aim is also to discuss the effect of the occupation
of higher subbands on the screening of the scattering po-
tential in the case of 5 doping. This problem was already
considered in connection with semiconductor heterojunc-
tions in Refs. 12, 13, and 19.

Detailed studies have shown that the calculated mobili-
ties of a 2DEG in semiconductor heterojunctions, where
usually only one subband is occupied, are sensitive to the
model of screening one employs. In contrast to the
Thomas-Fermi (TF) approach, the random-phase approx-
imation (RPA) has proved quite successful in determining
the screening.

In our study we are going to compare results obtained
within (i) the RPA and (ii) the TF approximation and (iii)
when the screening by 2DEG is neglected and only that
of the background is taken into account.

We restrict ourselves to the low-temperature case, and
we assume that the mobility is limited by ionized impuri-
ty scattering only. To calculate the mobility we solve nu-
merically the coupled Boltzm ann equations in the
relaxation-time approximation' ' using one-, two-, or
three-subband models depending on the population of the
subbands. Numerical calculations of the mobility as a
function of 2DEG concentration, n2DEG, are performed
for 5-doped GaAs where the background net acceptor
density n~ is 5X10' cm . It turns out that for a given
2DEG concentration the number of occupied subbands
tends to decrease with increasing background acceptor
density. Hence one-, two-, or three-subband models
ought to be applicable in a wider range of 2DEG concen-
trations if n~ is higher. Note that for n „=0there are al-
ready 5 to 6 subbands occupied when n2DEG is about
5 X 10' cm (see, for example, Refs. 8 and 10}.

2DEG mobility in a 5-doped semiconductor was calcu-
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lated in Ref. 24 (see also Ref. 11); however, the one-
subband version of the TF model used there is inadequate
to describe the effects of intersubband contributions on
the screening.

II. SUBBAND STRUCTURE
FOR A 5-DOPED SEMICONDUCTOR

The system we deal with is a 5-doped semiconductor,
say gallium arsenide, containing ionized Si donor impuri-
ties localized in one atomic monolayer [the (100) Ga
plane of GaAs]. The fractional coverage of the available
Ga sites can reach several donors per unit effective Bohr
area. Thus we model our system assuming a uniform dis-
tribution of a positive charge in a perfect plane. Attrac-
tive electrostatic forces tend to keep electrons close to
their parent ionized donors. As a result, a quasi-two-
dimensional electron gas (2DEG) is formed.

In the envelope-function description (see, for example,
Ref. 2) which we are going to apply, the electrons are free
to move in the doping (e.g., z=0) plane whereas their
motion is bound in the direction perpendicular to the
doping plane (here in the z direction). In the single-
particle picture the potential V(z) experienced by the
electrons in the z motion should be determined self-
consistently by solving simultaneously both the one-
dimensional Schrodinger equation and the Poisson equa-
tion. Here, however, for the sake of simplicity we shall
use the TF approximation which, as was shown in Ref.
10, has proved an effective method of determining V(z) in
the case of 5 doping in an otherwise intrinsic semicon-
ductor. For the reasons mentioned in Sec. I we focus our
attention on a 5 doped semiconductor with a nonvanish-
ing net acceptor density. The potential V(z) is shown
schematically in Fig. 1. By using the TF approximation
to express the charge density of the electrons, the Poisson
equation becomes (0' is the Heaviside step function)

In contrast to the n~ =0 case, where the analytical solu-
tion of (1}is available, ' we must perform simple numeri-
cal calculations to find a value of V(z) which satisfies (1).

The electronic states of a 2DEG are described by the
following envelope functions and the corresponding ei-
genvalues [p

=(x,y ), k = ( k„,k ) ]

P„z(r)= exp(ikp)h„(z),
1

(4)2'
fi kE„k=E„+
2m

where h„and E„are solutions of the one-dimensional
Schrodinger equation written in the effective-mass ap-
proximation

d + V(z) E„h„(z)—=0 .
2m dz2

(6)

Note that E„& represents the nth two-dimensional para-
bolic subband whose bottom is E„.

To determine h„(z) and E„, we use a variational pro-
cedure. We take the following trial wave functions:

ho=do

where a*=co% /me is the effective Bohr radius, and
Ry*=e /2a*co is the effective Rydberg. If the net
three-dimensional acceptor density is n ~, then

n„(z)=n„8(d —lz I),
where d is determined by the condition that for z=d,
V(z) approaches its bulk value E„i.e., the bottom of the
conduction band. The last term in (1) is due to the 5 dop-
ing. Denoting the two-dimensional donor density by ND,
one may write

d Vz
[EF V(z)] ~ 8—[E~—V(z)]

8n Ry'a 'n „(z—) +8~ Ry*a *nD(z), h2=

(8)

where, for n =0 and 2 (v„=k„tgk„a„),

A„exp( —~, lz I ) if Iz I
& a„

Ec p„(z)= cosk„z
A„exp( —~„a„)

cosk„a„
otherwise,

(10)

Eg- EA

—o-o-
C:

LLI

EF-o-o-
Ev

and for n = 1 (~, = k, ctgk, a, ), —

sgn(z) 3 &exp( —
a& lzl »f Izl & a

&

P)(z}= sink, z
A, exp( —x,a, )

sink&a&
otherwise .

Z

FIG. 1. Schematic sketch of the potential V(z) experienced
by electrons in a 5-doped semiconductor with nonvanishing

background acceptor density.

Here a„and k„are the variational parameters which

satisfy the following inequalities: n ~/2 & k„a„
((n+1)m/2. A„are the normalization factors. Note
that P„are the solutions for the square-well problem.

In Fig. 2 we present the resulting eigenvalues E„as
functions of 2DEG concentration when n &

=5 X 10'
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n (10 cm )

0.36 1.29 2.31 5.20 4.22 5.20 6.150-

T=O is given by (see also Ref. 13)

II„„(q}= [1+A„„(q)+A„„(q)
7TA2

+i[8„„.(q}—8„„(q)]],
where

{17)

2kF„
A..(q)=-,'& lu..(q}l-

q
sgn[a„„.(q) ]

-200
1

(10 cm )

X a„„.(q)—

2 Fn

q
B„„.(q) = —

—,'8

' 2 1/2
Fn

q
(18a)

FIG. 2. Subband separation E; —E+ vs electron concentra-
tion of the 5-doped GaAs with background acceptor concentra-
tion n& =5X10"cm '.

cm . It turns that the first, second, and third excited
subbands appear for n2DEG equal to 1.09, 3.23, and
6.54 X 10' cm, respectively. The following GaAs pa-
rameters were used: m=0. 067mo, so=12.5, a'=98.7
A, and Ry* =5.83 meV.

III. SCREENING OF IONIZED IMPURITIES

Fn2
2

—a„„.(q)

I /2

(18b)

2me
~o&«', tI'+ z 5«5a when Ez &EI =E~

e~F, «(q)= R q

eo5««when E+ ~ E~ =EI .

and a„„(q)=2m(E„E„)/fi q
— 1—and

k~„=[2m(E~ —E„)/R ]'
In the TF approximation (the small-q limit formula of

the RPA expression} the dielectric matrix is reduced to'z

V„„(q)=fd p V„„.(p)exp( iq p)— (12)

of the matrix element with respect to z of the potential
V(p, z) in 3D:

V„„(p)=f dz h„'(z) V(p, z )h„,(z) . (13)

The eS'ective potential V,z experienced by an electron,
i.e., the screened potential, and the impurity potential
V

p
are related by an inverse dielectric matrix

v„(q)=ye„„',«,(q)v, , (q) .
11'

The RPA dielectric matrix is of the form'

(14)

2%8
e«' '{q)=so5« ..+

q
7

(15)

where co is the background dielectric constant. The
formfactor F is defined by

=f dz f dz'g«. (z)exp( —
q lz —z'l )g„*„.(z'), (16}

To calculate the mobility, it is necessary to take into
account the screening of the scattering potentials. Ac-
cording to the linear-response theory the relation be-
tween screened and external potentials can be expressed
by a dielectric function which in a many-subband system
is given by a matrix e„„«. Let V„„(q) denote the two-
dimensional Fourier transform [q=(q„,q„);p=(x,y)]

Finally, when the screening by a 2DEG is neglected,

', «'(q)=so&..', «' ' (20)

Note that in the TF method the screening is overestimat-
ed, whereas in the last approximation it is underestimat-
ed.

In our case the unscreened scattering potential V; ~ is
the Coulomb potential.

IV. MOBILITY LIMITED
BY IONIZED IMPURITY SCATTERING.

INTERSUBBAND EFFECTS

g n, p,(E~).
nj.

(21)

We restrict ourselves to the T=O case, and we calcu-
late the mobility limited by Coulomb scattering. We con-
sider a highly doped n+ layer in a weakly p-type GaAs.
The ionized Si donors are located in a single atomic layer,
while charged acceptors are distributed over a distance d
(see Fig. 1). Since the ratio of the charged acceptors to
the ionized donors is small, and since the electrons are
close to their parent donors, we ignore the scattering
from the acceptors and take into account the scattering
from the donors only.

The low-temperature mobility p is given by

where g«.{z)=hI (z)hI. (z). The polarization part II at where p,. is the mobility in the ith subband, and n; is the
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concentration of electrons in that subband. The mobility
p; is related to the relaxation time ~, in the ith subband
by

12 -2
nznEG (10 cm )

0.36 1.29 2.31 3.20 4.22 5.20 6.15
I I I I I

p;(E)= r;(E) . (22) 10—
The relaxation times ~ s satisfy coupled linear equa-
tions

P„(E)w„(E) Q—P„„(E)r„(E)=1,
n'Xn

where P„(E)and P„„.(E) are (E ~ E„)
mND z„

P„(E)= f dp~ V,Ir (q) ~
(1—cosp)

Q IIII

)
E
O

10

+, g 8(E E„}—I dItI~V, Ir (q')~',
2M „~„0

(24)

l 2
I I I

3 4 5 6

ND (10 cm )
' 1/2

mN~ E—E„
P„„(E)= 8(E E„)—

2IrlrI3

2 (25)

where q=&2k(1 —cosg)', q'=(k —2kk'cosP+k' )'~

and k =[2m(E E„)/A' ]—'~, k'=[2III (E E„)IA ]-'
The mobility given by Eqs. (21)—(25) (the so-called

transport mobility) can be determined from the classical
magnetoresistence effect in low magnetic fields.

Low-temperature mobility limited by the Coulomb
scattering is calculated numerically from formulas
(21}—(25) and plotted in Fig. 3 as a function of the 2DEG
concentration. The effective scattering potential is ap-
proximated by (a) the TF method, (b) RPA, and (c} by

12 -2
nzoEG (10 cm )

0.36 1.29 2.31 3.20 4.22 5.20 6.15
I I I I I I

FIG. 4. Calculated subband mobilities p; (i =0, 1, and 2) in
5-doped GaAs with background acceptor density n„=5X10"
cm ' as a function of 2DEG concentration in the RPA model.

neglecting the screening by a 2DEG. When the effect of
a 2DEG on the screening is neglected [e(q}=so], the cal-
culated mobility is the lowest. In contrast, in the TF ap-
proximation the role of the screening is overestimated,
and thus the calculated mobility is the highest.

Low-temperature subband mobilities p, , limited by the
Coulomb scattering are calculated from formulas
(22)—(25). The results are shown in Fig. 4. The rapid
growth of the calculated p; with 2DEG concentration
when the ith subband becomes populated cannot be attri-
buted to the improvement in screening only, since it is
also observed when the screening is ignored. This indi-
cates that the effective potential scatters mainly with
small wave vectors, which re6ects its relatively slow de-
cay with the distance (well-localized Fourier transform).
Note that the electrons in a given subband are character-
ized by a small kF when nzDzo is such that the Fermi lev-

el is close to the bottom of this subband.

10—4

10 I
I
I
I
I
I
I
I
I

4 5

ND (10 cm }

FIG. 3. Calculated electron mobility in 5-doped GaAs with

background acceptor density n~ =5X10"cm ' as a function
of 2DEG concentration. (a) Thomas-Fermi model. (b) RPA. (c)
Without 2DEG contribution to the screening.

V. DISCUSSION

We calculated the low-temperature 2DEG mobility in
the 5-doped semiconductor taking into account the
screened Coulomb scattering from ionized donors.

As was expected the mobility examined exhibits drops
as a function of the electron concentration when the ex-
cited subbands become occupied. It turns that the drop
in the mobility appears when the Fermi level coincides
with the bottom of the second excited subband, and it is
negligible when the first excited subband becomes occu-
pied. This is a consequence of the parity of the subband
wave functions, and can be explained as follows.

The form factors F, k& given by formul"a (16) vanish
when i+j+k+l is equal to an odd number. Thus
EIj kI 0 when i +j +k +1 equals an odd number, and
the only nonvanishing matrix elements of V,z are V,z,
V,ll, V,Ir, and Vdr . Now (P„and P„„, are taken at

11 02 ' 22

E =E~=0)
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p, = (one-subband model),
m Pp

(26)

~e( 1 Eo EiP= +
m Ep+E] Pp P~

(two-subband model), (27)

m E +E,+E
EO(P2+P02 }+E2(PO+P20 } El+

PoPz —Pox Pep P)
(three-subband model) . (28)

when E,~E~+0=+0, then the one-subband model is
valid and

lim p=
Ei —++p m Pp

(29)

and

lim IM= +
Ez ~+p m EO+ E1 PO P1

I~

(31)

~e~ 1 Eo(P2+P02 } El
lim p= +

E~~ —0 m Ep+E] PpPp PpgPpp P~
(32)

Mobility data for some values of 2DEG concentrations
in difFerent samples have been given in Refs. 25-33; how-
ever, to the best of our knowledge, so far there has been
no experimental evidence for the .discontinuities in p in
5-doped semiconductors. For that reason a more detailed
experimental investigation of the dependence of IM on
n»«would be very helpful.

We now turn to a discussion of the screening effects.
As seen in Fig. 3, theoretical predictions for the electron
mobilities are very sensitive to the screening model.
Among the methods which we applied, the RPA has
proved quite successful in studying the screening. The
other two methods (the TF approach and that in which
the screening by a 2DEG is neglected} lead to substantial
discrepancies between the theory and experimental re-
sults.

The symmetry and the extent of the wave functions
h;(z) strongly influence the theoretical values of subband

If E,~Ez 0= —0—, the two-subband model should be
used, which gives

lim p= (30)
E —p m Pp

This means [compare Eq. (29)] that there is no discon-
tinuity in the mobility when E, =Ez, and the screening
by a 2DEG is neglected. Note that in the TF approach
or the RPA P0(Ez =E,—0}difFers from P0(EF=E, +0),
which is due to the fact that according, to Eqs. (14) and
(24), V~ contributes to V,s, and what follows to

Imp11 00

P0(E~ =E, +0), while it does not contribute to
P0(E+=E, —0}. However, it turns out that in the RPA
the discontinuity in p is negligible when EF=E„and is
about 0.25%%uo only when the TF method is used. The
discontinuity in p when E2=EF=0 is substantial, and
can be calculated from

mobilities I2;. Note that (1) h, has a node at the doping
plane, while h2 and h0 approach their maximum values
at z=0; and (2) that h2 is more extended than h0. For
that reason one obtains that p, & p2 & p0 (the potential as-
sociated with ionized donors experienced by the electrons
in the first excited subband is weaker than that experi-
enced by the electrons in the second subband, etc.). The
inequalities p, )po and pz & po are confirmed experimen-
tally, while p, & p,2 is not.

Transport mobilities p deduced from the experimental
data given in Refs. 27, 29, 30, and 32 are about two times
smaller than the theoretical results.

Hall mobility pH=Xn, p, /Xn p calculated by using
theoretically determined n; and p; is about 2000, 5000, or
10000 cm /V s when one, two, or three subbands are oc-
cupied, respectively. Experimental values of pH are in
the range between 1000 and 7000 cm /Vs (Refs. 25, 26,
and 29-33) and are less than predicted by theory by a
factor of almost 2. This discrepancy is caused mainly by
a very high theoretical value of p, (see Fig. 4). Only the
highest experimental values of p& reported in literature
(7000—8000, 9100, 9250, and 10900 cm /Vs; see Refs.
26, 29, and 30, respectively) are comparable with our
theoretical predictions.

We believe that the theoretical values of p and pH will

be much closer to the experimental ones if the scattering
from charged acceptors in the depletion region is taken
into account. Due to the character of the wave function
h, (z}, the mobility p, should be more sensitive to the
scattering from charge acceptors than those of p0 and p2.

Theoretical values of pp are in the same range as those
given by experiments, ' ' ' whereas the calculated
values of p2 which do not exceed 2600 cm /V s are small-
er than the highest experimental values by a factor of
about 2.

It seems that the experimental data can better be ex-
plained if we assume some broadening of the doping
profile. In that case pp and pz should increase, whereas

p, should decrease. Also, as is shown in Ref. 34,
multiple-scattering effects are important when

n»F~ &10' cm

VI. CGNCLUSIGN

Summarizing, we have calculated the low-temperature
2DEG mobility in 5-doped and in addition, a weakly p-
type GaAs, solving the Boltzmann equation in the
relaxation-time approximation. We have shown that in
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contrast to the TF method and to the approach in which
the screening by 2DEG is ignored, the RPA describes
quite well the screening of the scattering potential.

Theoretical mobilities are in semiquantitative agree-
ment with experimental data, so that further theoretical
studies are needed, especially those which take into ac-
count the scattering from. charged acceptors as well as
the broadening of the doping profile.

Calculated low-temperature mobility exhibits a drop
when the Fermi level coincides with the bottom of the
second excited subband. Such drop is negligible when the
first excited subband becomes occupied. Detailed experi-

mental investigations in order to verify these predictions
would be very interesting.
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