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The first-principles transformation of the linear muffin-tin orbitals (LMTO) into a tight-binding
(TB) basis provides a reliable and very efficient method of obtaining the so-called Slater-Koster (SK)
parameters, which can be used to gain insight into the electronic structure of complex systems, where
conventional ab initio methods become too computer intensive. In this work we study the usefulness
and the reliability of the SK parameters obtained from the TB-LMTO method, by examining their
(i) transferability with changes in structural and chemical environments and (ii) applicability over
a wide range of interatomic separations through explicit charge self-consistent LMTO calculations
using Ni and Ni-Al systems as examples. We further test these parameters by comparing the densities
of states and the effective pair interactions of Ni-Al system with the results of the more accurate
Korringa-Kohn-Rostoker—coherent potential approximation method. We also compare our results

with the SK parameters obtained empirically.

I. INTRODUCTION

Modeling of materials processes and properties is be-
coming more and more important in the field of materi-
als science. Many properties of the perfectly crystalline
ordered materials such as the lattice constants, elastic
constants, heats of formation, etc., can be calculated ac-
curately and reliably using ab initio electronic structure
methods. However, many important physical properties
are critically dependent on extended defects in crystalline
or configurational order, such as, e.g., mechanical behav-
ior, which is dictated largely by the generation and mo-
bility of dislocations, and electrical conductivity, which
is dependent on the state of short- or long-range order.
These defects, which may exist only in low concentra-
tions in an otherwise perfect crystal, pose a serious com-
putational challenge because the conventional electronic
structure methods become unwieldy when the number of
atoms in the unit cell becomes large. It is here that el-
egant parametrizations of the electronic structure, such
as the one provided by the tight-binding (TB) parame-
ters, have great appeal. Such a parametrization reduces
the computational effort by orders of magnitude, and can
provide useful insight into the electronic structure of com-
plex systems.

Traditionally, the TB parameters have been regarded
as adjustable parameters which are determined by fit-
ting to calculated energy eigenvalues at various points
in the Brillouin zone. Such Slater-Koster (SK) pa-
rameters for elemental solids have been published by
Papaconstantopoulos.! Another approach, followed in
this paper, for obtaining the TB parameters uses the
tight-binding formulation of the linear muffin-tin orbital
Hamiltonian developed by Andersen et al.2 The ab ini-
tio nature of the TB-LMTO approach makes empirical
fitting unnecessary for obtaining the SK parameters.

The SK parameters must meet several conditions in
order to describe the electronic structure of the distorted
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atomic configurations that occur in actual materials: (i)
parameters must be valid for a wide range of atomic coor-
dinations and environments, (ii) parameters must apply
over a range of interatomic separations, and (iii) chem-
ical effects between unlike atomic species must be ac-
curately described. It is the purpose of this paper to
demonstrate the usefulness and the reliability of the SK
parameters obtained with the TB-LMTO method by ex-
amining their transferability with changes in structure
and chemical environments, and their applicability over
a wide range of interatomic separations. In the follow-
ing we will regard the LMTO and the Korringa-Kohn-
Rostoker coherent potential approximation (KKR-CPA)
(Ref. 3) results as “exact.”

The choice of Ni-Al alloys as examples was motivated
by the availability of extensive first-principles electronic
structure calculations for this alloy, and also by the fact
that as an alloy of a transition metal and a normal metal
it is not a priori obvious that a TB approach can provide
an accurate electronic structure description.

The rest of the paper is organized as follows. In Sec.
II we briefly describe the formalism for obtaining the SK
parameters using the TB-LMTO method, and the effec-
tive pair interactions. Our results are described in Sec.
111, followed by conclusions in Sec. IV.

II. FORMALISM

For obtaining the SK parameters using the TB-LMTO
method, we start out with the Lowdin orthonormalized
LMTO Hamiltonian,?? H(?) expressed in terms of the
tight-binding first-order Hamiltonian h?,

H® =E, + h®(1+ o’hP)!
=E, +h? —hPePhn?P +--. | (1)

where boldfaced symbols are matrices in site and angu-
lar momentum indices, 3’s are the screening parameters,
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and the diagonal matrices E, and of are the potential pa-
rameters determined self-consistently from the electronic
structure calculations. In our calculations we keep terms
that are correct only up to (F — E,)), which results in the
first-order Hamiltonian H(®),

HY =E, +h°. (2)

In terms of the potential parameters C and A, which are
defined in Ref. 2, and the tight-binding structure con-
stants SP, the Hamiltonian can be written as

HM) = C + AY28PAY2, (3)

The potential parameters, C and A, to be used in
Eq. (3) are obtained from the self-consistent LMTO
calculations.?

To take advantage of the Green’s function formal-
ism developed for empirical tight-binding approaches, we
rewrite the electronic Hamiltonian, Eq. (3), as

H= Zm YA+ 32 15 N8 Gyl (4)

1,5, 041

where |¢A) denotes a state vector associated with site 7
and orbital ), € is the site and orbital diagonal on-site en-
ergy, and (3 represents the two-center hopping integral.
The on-site energies ¢; and hopping integrals 3; ; depend
on the occupancy of the sites 7 and j. In many tight-
binding studies only the diagonal disorder, associated
with €; assuming the values €4 or €, is treated prop-
erly. Here, the off-diagonal disorder (ODD), associated
with the disorder in the hopping parameters, is treated
exactly within the single-site CPA framework according
to the method by Blackman, Esterling, and Berk (BEB)*
as formulated by Gonis and Garland.® In the BEB treat-

ment matrix locators g, Green’s functions G,;, and hop-
ping integrals are defined as
A
_ [ Tig 0
2= ("4 yon): ®)
:Giizi Gy
G. L= wi L Rt ] k2 1397 6
= (inijwj inijyj) (©)
GAA GAB
- (CHagis). ™
AA gAB
= a1 ¥ , 8
8= (plia s ) ®

where the locator g4 = (z — e4)~1, the Green’s function

= (2 — H)™1, and the projection operator z; = 1 — y;
equals unity (zero) when site ¢ is occupied by an A(B)
atom. The line under a function indicates that it is a
matrix in terms of the site occupation. Note that the
locators g , and g, cannot be inverted.

We now define an effective medium with its associated
self-energy o and coherent locator
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gCPA — (g _ g)—1 (9)

(G-

such that the single-site-occupation averaged on-site
Green’s function (G,,) is equal to the on-site Green’s
function of the effective medium GSF ™,

(Goo) = GGo ™ (11)

It must be noted that 048 = ¢B4. The CPA on-site
Green’s function is most easily obtained in reciprocal
space,

GCPA _Nk—l Z(E_g_gk)—l’ (12)
k
where k is a reciprocal space vector in the first Brillouin
zone and Ny is the number of reciprocal vectors in the
first Brillouin zone. The hopping integrals can be Fourier
transformed with

=N"! Z B e, (13)
¥

where R;; is the vector connecting sites ¢ and j, and
where N is the number of sites.

The single-site-averaged on-site Green’s function can
be computed with®

(Goo) = ({1 - g,[(¢°™") 7 = (G ) 1} *g,),
(14)
which simplifies to
(Goo)
AA I_EIPA AA 1 0
(0 Yo
BB ¢, —(GCPA.BE)—T

where ¢ denotes the concentration of the B species. The
equality of Egs. (12) and (15) implies that GSPA4B and
GCPABA yanish, which reflects the fact that a site cannot
be occupied by both an A and a B atom simultaneously.
Equation (11) is solved for the coherent locator with a
modified iteration with average t-matrix approximation
(IATA) scheme,®” where the correction to the coherent
locator AQCPA is computed from
A cPa _ _ QCPA(QQCPA

- 1+ (t)(GOPA + goPA)’

(16)

where the site-averaged ¢ matrix (t) is given by
(t)=(1-c)ty +ctp (17)
=(1—e{GZP* + 1~ g, g, )
(ggPA —1]—123}—1_ (18)

+e{GFA +[1-
The iterations are carried out over the coherent locator
rather than over the coherent potential because the latter
becomes singular at concentration approaching zero or
1. For the first iteration we guess the coherent locator
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according to g°FA = (1 — c)g, +cgp-

The generalized perturbation method (GPM) can
be applied to the CPA with ODD by using the
site-occupation matrix formulation of the appropriate
Green’s functions and ¢ matrices. The effective pair in-
teractions are given by

A A
‘/ij# ——'TI'Z ELX7 10 Vi 1_7 /\y)(X-]'z _71 ;u\)’
(19)
where X 4 GCPAt t4, and where the trace Tr refers to
a sum over the 51te -occupation matrix elements. A and

u refer to the angular momentum indices. The effective
pair interactions can be decomposed with regard to an-
gular momentum according to
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III. RESULTS AND DISCUSSION

In this section we describe the results of our study of
the SK parameters in terms of (i) scaling with interatomic
separations, (ii) on-site energies, (iii) transferability with
change in structural environment, and (iv) transferability
with change in chemical environment.

A. Scaling with interatomic separations

It is well known that the SK parameters depend on in-
teratomic distance.” The most common relationship em-
ployed to take this distance scaling into account is the one
derived by Andersen et al.® from the LMTO formalism:

d I+1'+1
Bum = Purm(do) [EE} ) (21)

where (3 represents a hopping parameter and d represents
distance between the two nuclei. The validity of this ex-

FIG. 1. Hopping parameters in the
nearest-neighbor shell in fcc Ni as a function
] of interatomic distance as computed with Eq.
(3) (dashed line) and as computed directly
from the LMTO potential parameters (solid
line).
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pression was evaluated by performing LMTO calculations
on fcc Ni at various lattice parameters and using the
potential parameters to obtain SK parameters. These
directly calculated SK parameters were compared with
those extrapolated from the equilibrium lattice parame-
ters using Eq. (21); the results are displayed in Fig. 1.
As expected, Eq. (21) is especially accurate in the atomic
limit (large d/do) and for large angular momentum I +1'.
In previous work® it was concluded that Eq. (21) is valid
for up to about 5% interatomic distance changes. Here,
we find that the expression holds for essentially arbitrar-
ily large expansions but breaks down at more than about
10% compression.

B. On-site energies

Usually, the change of the on-site energies with the
Wigner-Seitz (WS) radius is ignored. Here, it is found
that the on-site energies can shift significantly with re-
spect to each other (see Fig. 2). Therefore, when the WS
radius changes, not only the hopping parameters but also
the on-site energies must be adjusted. This can be con-
veniently accomplished within the TB-LMTO method by
means of the potential parameter derivatives listed in Ta-

ble VII of Ref. 2.

C. Transferability with change in structural
environment

To examine the transferability of the SK parameters
obtained with the TB-LMTO method we calculated the
electronic structure of Ni in fcc, bec, and A15 crystal
structures at a Wigner-Seitz radius of 2.60 a.u. using the
LMTO method. These three structures were selected
because they reflect a wide variety of atomic environ-
ments. The fcc and the bec are simple structures with
12- and 14-fold atomic coordinations, while A15 is one
of the simplest complex structures with 12-fold coordi-
nation on some sites and 14-fold coordination on other
sites. The potential parameters of relevance to the TB
parametrization are given in Table I. It is clear that the
variation in atomic environment has little influence on
the potential parameters. As a consequence, when the
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FIG. 2. On-site energies in fcc Ni as a function of WS

radius as computed from the LMTO potential parameters
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TABLE 1. LMTO potential parameters (in Ry) of Ni with
the fcc, bee, and A15 crystalline structures.

l E, C A 5

fcc 0 -0.4711 -0.3180 0.1862 0.4265

1 -0.3118 0.7343 0.1739 0.1135

2 -0.2104 -0.1821 0.0119 -0.0025

bcc 0 -0.4707 -0.3185 0.1858 0.4265

1 -0.3133 0.7323 0.1736 0.1135

2 -0.2096 -0.1815 0.0119 -0.0026

Al5 0 -0.4806 -0.3207 0.1863 0.4267

1 -0.3207 0.7325 0.1741 0.1135

2 -0.2164 -0.1887 0.0119 -0.0025

potential parameters of bcc and A15 structures are used
to compute the SK parameters of, say, fcc Ni only small
variations are found, typically less than about 4 mRy in
the on-site energies and less than 0.5 mRy in the hopping
parameters (see Table II). This means that SK parame-
ters for complicated structures with large unit cells can
be computed with potential parameters from LMTO cal-
culations on much simpler structures.

There are some noticeable differences between the TB-
LMTO and the fitted SK parameters. The s and p on-site
energies are much farther above the d on-site energies in
the fitted SK parameters. Moreover, some hopping pa-
rameters have significantly different values or even differ-
ent signs (ppr in first shell, ddr and pdr in second shell).
It appears that the higher s and p on-site energies in the
fit are compensated for by larger hopping parameters.
To some extent the larger hopping parameters in the fit
result from the smaller WS radius (2.56 a.u.).

D. Transferability with change in chemical
environment

It is by no means obvious that TB parameters obtained
from pure elements would still be applicable within a con-
centrated alloy. As a check the LMTO potential param-
eters of both Ni and Al were computed for the pure fcc
elements and for the B2 NiAl intermetallic compound;
the results are listed in Table III. Clearly, at the same
WS radii the potential parameters from the pure element
and from the B2 NiAl calculation differ significantly. The
differences are much reduced when the B2 NiAl potential
parameters are evaluated in the vicinity of its own equi-
librium WS radius. Nevertheless, it is clear that the po-
tential parameters are much more sensitive to the chem-
ical environment than to the crystalline structure.

1. Densities of states

Another verification of the applicability of the vari-
ous TB parameters has been performed by calculating
the densities of states (DOS’s) of the fcc equiatomic al-
loys with the CPA. The TB results are compared with
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TABLE II. Slater-Koster parameters in fcc paramagnetic Ni obtained from A15 (1), bec (2),
and fcc (3) LMTO potential parameters, and (4) as obtained from the fit to augmented-plane-wave
results by Papaconstantopoulos (Ref. 1). To facilitate the comparison the fitted on-site energies
have been shifted rigidly so as to match the TB-LMTO fcc t24 on-site energy.
fcc SK (1) (2) (3) (4)
[000] s 0.163082 0.168288 0.169437 0.44342
P 0.538837 0.544057 0.546883 0.89403
tag -0.157983 -0.150625 -0.151158 -0.15116
eg -0.166814 -0.159480 -0.160033 -0.15431
a/2 [110] sso -0.078474 -0.078795 -0.078905 -0.09525
ppo 0.139982 0.140426 0.140846 0.21708
ppT -0.017498 -0.017553 -0.017606 0.01660
ddo -0.041885 -0.041997 -0.042092 -0.03712
ddrn 0.017915 0.017963 0.018003 0.02629
ddé -0.001640 -0.001644 -0.001648 -0.00600
spo 0.104397 0.104776 0.105005 0.14003
sdo -0.055178 -0.055364 -0.055465 -0.03880
pdo -0.074883 -0.075102 -0.075299 -0.04400
pdr 0.017829 0.017881 0.017928 0.02377
a [100] sso -0.003243 -0.003256 -0.003261 -0.00065
ppo 0.006299 0.006319 0.006338 0.06220
ppT 0.000000 0.000000 0.000000 0.00682
ddo -0.002902 -0.002909 -0.002916 -0.00651
ddm -0.000252 -0.000253 -0.000254 0.00344
ddé 0.000000 0.000000 0.000000 -0.00027
spo 0.004261 0.004277 0.004286 0.01441
sdo -0.002714 -0.002723 -0.002728 -0.01015
pdo -0.004160 -0.004172 -0.004183 -0.01012
pdm -0.000297 -0.000298 -0.000299 0.00510
KKR-CPA TB1
20 ]
0 +
= TB3
o FIG. 3. DOS of fcc Nig.sAlo.5 as obtained
E 20 1 with the KKR-CPA and various TB approxi-
= mations (see text). Total DOS (solid line), Ni
@ \ partial DOS (dash-dotted line), and Al par-
- N tial DOS (dash-triple-dotted line).
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FIG. 4. First- (solid line) and second-
nearest-neighbor EPI (dashed line) in bcc
Nig.sAlo.5 as a function of the electron/atom
ratio as computed with the KKR-CPA with

EPI (Ry/atom)

.o2f

the frozen potential approximation, and as
computed with various TB parametrizations.
4 TB1: SK parameters from Ref. 1, TB2: TB-
LMTO with potential parameters from fcc Ni
1 and fcc Al, TB3: TB-LMTO with potential
parameters from B2 NiAlL

a KKR-CPA result in Fig. 3. The DOS marked TB1
has been computed using the parameters for fcc Al and
fcc paramagnetic Ni listed in Ref. 1 without any modifi-
cations. In comparison with the KKR-CPA results, the
bandwidth is much larger and the Ni d band appears too
low. These shortcomings can be somewhat mitigated by
scaling the hopping parameters according to Eq. (21) for
changes in the WS radius, and by rigidly shifting the Ni
on-site energies down by 100 mRy with respect to the Al
on-site energies. The results thus obtained are marked
TB2.

It must be noted that a rigid shift of the on-site en-
ergies of one element generally is required because the
data in Ref. 1 are given with reference to the muffin-tin

zero which is different for each element, structure, and
WS radius. The TB2 result has a slightly too narrow Ni
d band which is still somewhat too far below the Fermi
level and, related to this, there are too few states in the
bottom of the band.

In TB3 the TB-LMTO was used with SK parameters
from the pure elements rescaled with Eq. (21) for the
change in the WS radius. The Ni d band is too nar-
row and too far below the Fermi level. It appears that
the characteristic feature of the sharp peak at the upper
edge of the Ni d band is correctly described. The SK
parameters derived from the B2 NiAl structure give rise
to the DOS marked TB4. Here, the d band is again too
wide but otherwise the agreement with the KKR-CPA is
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TABLE III.
obtained from LMTO calculations on the fcc pure element
and the B2 NiAl intermetallic compound. fcc: Rws=2.60
a.u., B2 (1): Rws=2.60 a.u., B2 (2): Rws=2.683 a.u.

LMTO potential parameters (in Ry) of Ni as

l E, C A ¥
fce 0 -0.4711 -0.3180 0.1862 0.4265
1 -0.3118 0.7343 0.1739 0.1135
2 -0.2104 -0.1821 0.0119 -0.0025
(1) 0 -0.4151 -0.2825 0.1899 0.4266
B2 1 -0.2448 0.7707 0.1761 0.1134
2 -0.1117 -0.0745 0.0131 -0.0036
(2) 0 -0.4405 -0.3256 0.1736 0.4250
B2 1 -0.2853 0.6632 0.1625 0.1128
2 -0.1516 -0.1187 0.0113 -0.0037

fairly good. It is rather difficult to evaluate which TB
DOS best approximates the KKR-CPA result and hence
examining the DOS may not be very discriminating.

2. Effective pair interactions

A more critical test is provided by computing the ef-
fective pair interactions (EPI’s) as defined in Eq. (19)
by the generalized perturbation method.!® The EPI’s in-
dicate the presence and nature of ordering or clustering
in an alloy. Before we examine the transferability of the
various SK parameters using Ni-Al, we would like to re-
mind readers that the equiatomic Ni-Al alloys form an
extremely stable bcc-based ordered intermetallic com-
pound with the B2 (CsCl-type) structure. The occur-
rence of this phase implies that the nearest-neighbor EPI
is strongly positive, as has indeed been found in KKR-
CPA-GPM calculations.!?

The question whether the various TB approaches cor-
rectly describe the nature of the chemical interactions
(EPT’s) in this alloy has been addressed in Fig. 4. It
is clear that the SK parameters from Ref. 1 do not at
all describe the EPI’s in the actual Ni-Al system, as the
computed values have the opposite sign. Moreover, the
parameters cannot be adjusted by shifting the on-site
energies of one element with respect to another, or by ju-
diciously applying Eq. (21) such that a positive nearest-
neighbor EPI comes about.

The TB-LMTO approaches successfully describe the
variation of the EPI with the e/a ratio. The SK param-
eters derived from the B2 NiAl structure give somewhat
less accurate EPI values than those obtained from the
pure element TB-LMTO derived SK parameters. The
latter give excellent agreement with the KKR-CPA-GPM
result. The poorer performance by the B2 NiAl derived
SK parameters is probably due to the strong ionicity in
B2 NiAl, which is carried over by the SK parameters into
the actually not so ionic disordered bcc structure. We
find excellent agreement between the KKR-CPA-GPM
results and the corresponding results obtained with the
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FIG. 6. First- (solid line) and second-nearest-neighbor

EPI (dashed line) in fcc Ni-Al alloys as a function of compo-
sition as computed with (a) the KKR-CPA-GPM and (b) the
SK parameters obtained from the TB-LMTO method (using
the potential parameters from pure fcc elements).

SK parameters of the TB-LMTO method for the whole
composition range, and the agreement extends to the
angular-momentum-decomposed EPI given by Eq. (20),
as is shown in Fig. 5.

The composition dependence of the EPI also is de-
scribed well by the TB-LMTO as is shown in Fig. 6. Only
toward high Ni concentration does a noticeable discrep-
ancy exist, where the results based on the SK parameters
obtained with the TB-LMTO method predict an increase
in the first-nearest-neighbor EPI with increasing Ni con-
centration. This is in disagreement with the KKR-CPA-
GPM results that indicate an essentially composition-
independent first-nearest-neighbor EPI at high Ni con-
tent.

IV. CONCLUSIONS

We have shown that the SK parameters obtained from
the TB-LMTO formalism have a number of advantages
over those obtained from fits to electronic bands. Some of
the advantages are: (i) The TB-LMTO potential param-
eters are structure independent, and hence one LMTO
calculation can yield SK parameters for a wide range of
crystal structures. (ii) The TB-LMTO SK parameters
follow the scaling law, Eq. (1), fairly well. (iii) Unlike
the fitted SK parameters, the TB-LMTO SK parame-
ters are defined with reference to the Coulomb potential
so that no arbitrary rigid shift of the on-site energies is
needed when alloys are considered. (iv) The TB-LMTO
SK parameters describe the chemical interactions with
remarkable accuracy, unlike the fitted SK parameters.
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