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Fluctuation and instability of steps in a difFusion field
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Fluctuation and morphology of steps growing in a surface diffusion Seld are studied theoretically
and by the Monte Carlo simulation. Owing to the asymmetry in step kinetics (Schwoebel efFect),
a morphological instability takes place for advancing steps at a critical impingement rate f, of
gas atoms. The iiuctuation of a step is reduced for receding steps with f ( f,~, and enhanced
for advancing steps with f ) f,q The. width of a single step shows critical divergence at f,
Above the instability f ) f„the step motion exhibits spatiotemporal chaos, in which the crystal
anisotropy infiuences the morphology. For a vicinal face, when the step advancement rate increases,
the motion of consecutive steps is strongly correlated and the terrace width becomes stable although
the Quctuation of each step is enhanced. When steps recede in sublimation, bunching of the steps
is observed, which is analyzed as an instability of antiphase oscillation.

I. INTRODUCTION

Control of atomic processes is the key factor of modern
crystal growth technology such as molecular- or atomic-
beam epitaxy. In order to achieve good control one needs
information on the structure of the crystal surface far
from equilibrium as well as in equilibrium. In equilibrium
the crystal surface changes its roughness with increasing
temperature. For the realization of layer growth, the
temperature should be kept below the roughening tem-
perature to maintain an atomically smooth surface. In
this case it is the motion of steps that determines the
growth of the crystal, either on a facet or on a vicinal
face. Microscopic observation of the crystal surface and
steps at an atomic scale has become possible with the
invention of the scanning tunneling and atomic force mi-
croscopes (STM, AFM) as well as the recent development
of various electron microscopes. There are comprehen-
sive studies on the equilibrium Huctuation of steps and
microscopic understanding of step tension and a step-step
interaction is obtained.

Out of equilibrium the step morphology is inBuenced
not only by the static properties but also by dynamical
processes. In crystal growth &om a vapor, the exchange
of atoms between the crystal and the ambient vapor con-
trols the spatial uniformity of the system. On the other
hand, surface diffusion of adsorbed atoms on an atomi-
cally smooth surface is essential in determining the step
shapes, and the quality of the crystal as a result. The
linear stability analysis by Bales and Zangwill shows
that straight steps become unstable in a surface diffusion
field when they advance faster than a critical velocity.
The step Quctuation is also inQueneed by the kinetics: it
increases drastically on approaching the critical velocity,
while it decreases as the step recedes. We studied a step

model on a lattice with a solid-on-solid (SOS) restriction
by means of a Monte Carlo simulation. The SOS
condition states that the step position y(z) is a single-
valued function of the coordinate along the average step
orientation z [as a result, the height of the surface z(x, y)
is also a single-valued function of (z, y)]. Hence the step
neither folds back to form an overhang nor tears off. This
condition is valid for a step with a small deviation from
the straight line, but near the instability point it becomes
inadequate for representing a real system. In the present
paper we perform simulations without the SOS restric-
tion and confirm the previous results for the fiuctuation
of a moving step. Without the restriction, we can study
the morphology of an unstable step as well. We Gnd that
steady growth is not possible in this system. The struc-
ture we get shows spatiotemporal chaotic behavior, and
is very different &om the array structure of cells or den-
drites observed in unidirectional solidification.

For a vicinal surface with equidistant steps, step inter-
action via the diffusion Geld carries novel features in the
global morphology of the step system. When steps are
advancing, in-phase Buctuations of neighboring steps are
enhanced compared to the equilibrium state and morpho-
logical instability takes place similarly to that of a single
step. On the contrary, we show that during growth the
Quctuation of step separation is suppressed by the inter-
ference of the diffusion Geld. When the steps are receding,
on the other hand, antiphase Buctuation of neighboring
steps are enhanced to produce a bunching instability of
neighbor step pairs.

II. STABILITY OF A STRAIGHT STEP

We consider crystal growth from a vapor. A gas atom
impinges on the surface of a growing crystal, diffuses on
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the surface, and evaporates back into the ambience after
a certain lifetime. Assuming that the temperature of the
crystal is lower than the roughening temperature of the
surface concerned, crystal growth takes place at steps on
the surface, and steps act as sources or sinks for the dif-
fusion field of the adsorbed atoms (which will be abbre-
viated adatoms hereafter). As in the standard Burton-
Cabrera-Frank model, concentration of the adatoms,
c(r, t), on the crystal surface varies according to the diffu-
sion equation, with impingement from an ambient vapor
and evaporation from the substrate, as

Oc c—= D, V' c+ f ——.
Ot 'T

Here D, is the surface difFusivity, f is the impingement
rate of atoms on a unit surface area per unit time, and 7

is the lifetime of an adatom until evaporation.
We consider a descending step on a crystal surface. Far

from the step, the impingement and the evaporation are
balanced and the concentration is expected to become
constant as c = sf At th.e step, the adatoms solidify
and the mass deficiency produced should be supplied by
the dift'usion flux as

supersaturation c~ —c, , as

vo = BK~ir(c~ —c )) (6)

with the efFective kinetic coeKcient

K.& = (K+'+x./D, ) '+ (K '+x./D. )
'

The step stops growing when the impingement rate f
takes the equilibrium value f,q

——co /w.
The growth rate v can also be expressed as a func-

tion of the chemical potential difference 6( between the
adatom and the solid atom. Assuming the adatoms
to be an ideal gas, its chemical potential is written as

= k~Tlnc . The chemical potential of the solid
is the same as that of the equilibrium adatom, (, ~

=
kBT inc, . Thus the chemical potential difI'erence is ob-

tained as 6( = k~Tln(c /cs ) = k~T(c /c, —I). For
a small b,(, the step velocity is proportional to the driv-
ing force b,(/0 with the proportionality coefficient po,
the mobility. In the present case of Eq. (6), the step
mobility is obtained as

0 v„=D, (O„ci+—B„ci ),

where 0 is the atomic area, v„is the normal step ve-

locity at the interface, and B„c~~(B„c~ ) is the normal
derivative of the concentration in front (in the rear) of the
step. Another boundary condition is a linear response of
the growth rate to step supersaturation. By taking into
account the asymmetry in step kinetics (the Schwoebel
efFect2 ), the growth rate is expressed as,

0 v„=K+(c;+ —c,q) + K (c, —c,q).

K+ (K ) is the kinetic coefficient for growth from the
front (rear) terrace, c;+ (c; ) the interfacial adatom con-
centration in front (in the rear) of the step, and c,q is
the equilibrium adatom concentration for a curved step,
with Gibbs-Thomson effect included as

0K.gc,q
Po

We now consider the stability of a straight step in
steady motion. For simplicity we assume that the step
grows only from the lower terrace, and that local equi-
librium in front of the step is realized: K = 0 and
K+ ——oo. We again use the stationary approximation,
in which the dift'usion field is assumed to follow the step
motion instantaneously. (We will discuss the effect of
finite kinetic coeKcients Ky and corrections to the sta-
tionary approximation in the next section. ) By linear
analysis with a small sinusoidal perturbation of the step
position,

y(x, t) = vot + byge "' cos kx,

Ac, p
cq eq + K.

B

c,
„

is the equilibrium concentration for a straight step,

P(= P + P") the step stifFness, k~ the Boltzmann con-
stant, T the temperature, and ~ the curvature of the
step.

When the step grows, keeping its shape straight, the
concentration field depends on the y coordinate, perpen-
dicular to the step. The growth of a step is normally slow
enough for the dift'usion field to relax to the stationary
distribution, given as a solution for Oc/Bt = 0 with the
instantaneous boundary conditions. In this stationary
approximation, the concentration field is obtained as

0C~ —C"(")= '- —
D./. .K. +

i""'*'

c+ (c ) represents the field in front, y ) 0, (in the rear,
y ( 0) of the step, and x, :—QD, 7 is the surface diffu-
sion length. The growth velocity is proportional to the

the amplification rate of the perturbation is obtained as

c'
(ui, = —k PB ' D, Ai, + vp(Ag —Ap),

B

where

Ay = Qk2+ x,

c'p„=0 ' DAI„
kBT

and an efI'ective force constant

vl, (f) = p k'—
,A„)

where ( is the radius of a two-dimensional critical nu-

cleus,

This formula can be interpreted as the amplification rate
being a product of an effective k-dependent step mobility
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OP «,qP 0f qP
k~T(c cP ) k~T(f f q)

(14) where

dy = D, /Ky (20)
This quantity becomes negative if f ( f,q, that is, insub-
limation of the crystal. The mobility pp is independent
of the impingement rate f, and in the long-wavelength
limit pA. 0 is the mobility po appearing in the growth
rate vo.

For small k, us(f) can be expanded as

characterizes the relevance of the step kinetics in the
growth. Here the k-dependent mobility is generalized
as

kgyT
' 1+d A 1+d Al, )

'

(21)

and the coefficient of the first term
and the efFective force constant as

vs(f, dp, d ) = P k (,
((f;d+, d )z, I zeAk j

may be called the effective step stiffness. For small f
where P,s ) 0, the amplification rate of the perturbation
~g is negative for all values of the wave number k, and
the perturbation dies out eventually. But when the the
radius of the critical nucleus ( is smaller than z, /2 or the
impingement rate f is larger than the critical value

2Pn &f. = f.q 1+
+Tzg )

t'
x 1+ 2+ (d++ d )As)

with the generalized (
Ac, P

k~Thc;(f; d+, d )
'

which depends on the density gap across the step,

Ac; =c, —c+

(22)

(23)

the efFective stiffness P,p is negative and the amplification
rate ~g becomes positive for small values of k between
zero and k, /4/3(z, /2( —1)z, . Thus the step can-
not keep its straight shape for f ) f, due to the pointing
effect of the difFusion field. The growth rate of the per-
turbation ~I, is maximum at

(
(1+d+/z,

(c —c.' ),

(24)

and no longer has the meaning of the radius of the two-
dimensional critical nucleus. For small k, ~A, can be writ-
ten as

2(z,
3 2 xs

(18) -(,
2((f, d+, d )

(25)

which is approximately k, /~2, and the mode with k =
k is the most unstable mode. Note that well above the
critical point the wavelength of the most unstable mode
is proportional to the geometrical average of the surface
difFusion length and the radius of the critical nucleus:

= 2n i/3(z, . The morphology of a step in this case
is studied later, in Sec. VI.

III. ASYMMETRY IN STEP KINETICS

We first examine the validity and limitation of the sim-
plification and the approximation we have made in the
previous section. In order to emphasize the Schwoebel
efFect we adopted the simplification of the extremity of
the asymmetric model, that is K = 0 and K+ ——oo,
and obtained the simple formulas (12) and (13). With
arbitrary values of K and K+, the growth rate cuA., of a
sinusoidal perturbation becomes

with pp defined by Eq. (8). Thus the qualitative features
do not change as long as the asymmetry in step kinetics
exists with nonzero Ac;. It is the density gap across
the step Ac; that determines the nonequilibrium efFect
of surface difFusion.

For symmetric step kinetics, K = K+, stability seems
to be recovered in the stationary approximation, because
Ac; = 0, ( = oo, and erg remains always negative. But
with a better approximate treatment of the difFusion
equation, we find that the instability can still take place.
There is an asymmetry in the forward and backward di-
rections of the step since it is in motion. In the steady-
state approximation of the difFusion field, we assume that
the density pro6le is stationary in the kame of a mov-
ing step. In the case of fast kinetics K = K+ ——oo,
the characteristic lengths of the density variation in front
and in the rear of the step are the reciprocal of the wave
number

(ug(f;d+, d ) = ps(d+, d )vt, (f;—d+, d ), &s + lD + lD (26)
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Here lLi = 2D, /uo is the ordinary difFusion length, and
vo is the growth velocity of a straight step, given now by

0
ceqD,vp=2

0 —c~ —c
(27)

The density gradient is always larger in the direction of
movement of the step. When the step velocity is fast
enough, this asymmetry becomes another source of in-
stability. The growth rate of a step perturbation is cal-
culated as ~I, ———pI, vI, with

(l~»l') = k~&/»(&) (S4)

By imposing the condition that at f = f,~ the steady-
state correlation function should take the equilibrium
value which satisfies the equipartition law as (byi, b'yi, ) =
(T/Pk )br, +I, , we obtain the noise spectruzn Gg as Gi, =
2k~T/IJi, . With the same noise spectrum, the nonequi-
librium correlation function in the steady state becomes

and

COC

B
(28)

For f ( f, where P,ir is positive, the step width ur defined
by w2 = ([by(z)]2) behaves as

1 ~ 2 LT LT p pq

12P.ir 12P f.—f

vi, =P k (29)

with f defined by Eq. (14) to be finite even for K+ ——

K = oo, and

Ag= k +z, (30)

For small k, v~ can be expanded as

Since ((t'ai) oc (f —f,q)2, the instability takes place for
both advancing and receding steps in this better approx-
imation. However, if there is an asymmetry in kinetic
coefBcients, for instance E+ ) K, then the stabiliza-
tion due to the Schwoebel effect on the receding step is
stronger than the above instability, and the straight step
can recede stably.

IV. FLUCTUATION OF A STEP

(32)

The random force is assumed to have the spectrum
(RA, (t)R&1(t')) = Gzhr, +I,lb(t —t'). The linear equation
(32) can be solved easily and the correlation function
can be calculated for an initially straight step

We now continue our investigation with the most
asymmetric one-sided model, E = 0 and K+ ——oo.
Even in the region f ( f, where a straight step is stable,
the instantaneous shape of a step is not strictly straight
but fluctuates because of the thermal noise. We here
summarize our previous investigation on the effect of
diffusion kinetics on the step fluctuation.

A sinusoidal perturbation of the interface is written
as 'ii(z t) = vpt + bye(t) cos kz The effect of. thermal
noise may be described by a random force R~(t) with
zero mean (RI, (t)) = 0 in the Langevin equation for hyA, ,

Here L is the size of the system in the z direction where
a periodic boundary condition is imposed. The effective
stifl'ness (16) increases as the impingement frequency f
is decreased, and, as a result, a receding step is smoother
than an equilibrium one. On the contrary, as f is in-

creased, P,s decreases, and an advancing step fluctuates
more than an equilibrium step. Since the effective stifF-

ness Ig,ir vanishes on approaching f„the width diverges
near f, as ur2/L oc (f, —f) i. This critical divergence of
the fluctuation is similar to that in a static phase transi-
tion. We study this suppression and enhancement of the
fluctuation by Monte Carlo simulation of a lattice-gas
model in the next section.

V. MONTE CARLO SIMULATION

Our simulation system is a square lattice of size L x 0
with the lattice constant a = 1. An integer height vari-
able z(z, y) is asigned on each lattice site, representing
the height of the crystal. Initially, the system contains
n steps running parallel to the x axis, and the height
decreases on traversing the step in the y direction. We
call this a [10] step hereafter. The boundary condition
in the y direction is thus z(z, y + I) = z(z, y) —n,
and in the x direction a periodic boundary condition
z(z + L, y) = z(z, y) is imposed. The average separa-
tion of the neighboring steps is t = H/n

Gas atoms impinge on top of the crystal with a fre-

quency f and are adsorbed on it. When an adatom
among N of them performs a random walk on the crys-
tal surface, the time increases (4N ) for each difl'usion

trial. In these units the diffusion constant D, takes the
value 1. An adatom desorbs into the ambient with a life-

time ~. During diffusion, when an adatom touches a step
from the lower terrace, it tries to solidify with a proba-
bility p, = [1+exp(b. E, —P)/k~T] i. Here E, is the
step energy, E, = ex step perimeter, P is the chemical
potential gain by solidification, and T is the temperature
of the crystal. To satisfy the detailed balance, the solid
atoms at step sites remelt to become an adatom with
a probability p = [1 + exp (AE, + P)/k~T] . From
these data one can calculate physical quantities such as
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the step stiffness p~ioJ as

(36)

and the equilibrium adatom density

1

1+~y/I BT (37)

Figure 1 shows the time evolution of a single step at
various impingement rates f Th. e solid-on-solid condi-
ton is not imposed so that step overhangs are allowed.
The system size is chosen to be L x H = 256 x 128,
but the views in Fig. 1 are extended in the y direction.
The kink energy e is taken as e/k~T=2 0, th.e chemi-
cal potential gain P/k~T = 2.0, and the lifetime of the
adatom is 7 = 256. The step stiKness is then calculated
as k&T/PpoJ = 0.362, the equilibrium density c,~=0.119,
the equilibrium impinging rate f,~ = 4.65x10, the crit-
ical impinging rate f, ~loJ

= 6.26 x 10, and the diffusion

length z, = QD, r = 16, much shorter than the system
size L = 256 or H=128. The frequency of solidification-
melting trial in our simulation algorithm corresponds to
K+ ——4. This value is much larger than D/x, = 1/16
and the simulation is considered as the case of fast step
kinetics. With f smaller than the equilibrium value, the
crystal is sublimating and the step is receding, as is shown
in Fig. 1(a). At the equilibrium impingement rate f,~
the step stops growing. For f larger than f,q the step
grows forward. Until f, J1oJ the straight step remains sta-
ble [Fig. 1(b)], whereas for f ) f, JioJ the step develops
deep grooves [Fig. 1(c)]. The analysis of the step mor-

phology for f ) f, JioJ will be described later.
Here we summarize the growth and morphology of the

stable straight step below f, poJ. The step velocity is
shown in Fig. 2(a), where our previous simulation result
of a SOS step without overhangs is also plotted. The
velocity vanishes at the equilibrium f,q, and follows very
well the theoretical curve without any adjustable param-
eter up to f, IioJ. For f ) f, ~ioJ the deviation from the
theoretical curve is evident, indicating the speeding up
caused by step fluctuation. Figure 2(b) shows the nor-
malized width as a function of the impingement rate f
Monte Carlo data points clearly indicate the suppression
of the step Buctuation in sublimation, and its enhance-
ment in growth. Theoretically, divergence of the width
m/V L is expected at f, ~ioJ for L ~ oo as indicated by
the curves, but the width simulated for a finite system re-
mains finite. One only observes that m/~L near f, poJ in-
creases on increasing the system width L. The finiteness
of the system size introduces the minimum wave num-

ber, k;„=2'/L At k;„the qu. artic term in Eq. (15)
becomes comparable to the quadratic term when f ap-
proaches f~ [yoJ. Then a deviation of m/y L from the
value of an infinite system is expected. Comparing the
two terms of Eq. (15) at k;„,we can estimate when the
deviation occurs. For our small system with L = 64,
which is only four times larger than x, = 16, the devi-
ation occurs already around f f,z, in agreement with
the plot in Fig. 2(b). For a larger system with L = 256,
the deviation is expected around f 6.1 x 10, also

(b)

(c)

FIG. 1. Time evolution of a single [10] step on a square
lattice with parameters e/knT = P/knT = 2, D, = 1, and
r = 256 (x, = 16). Impingement rate is (a) f = 3 x 10
(b) f =6x10, and(c) f =gx10 . Thestepin(a)is
receding downward, whereas steps in (b) and (c) are advanc-

ing upward. The width shown is 256, and the heights are 256
for (a) and 512 for (b) and (c). The simulated system size is
Lx H =256x 128.
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in agreement with Fig. 2(b). For a systematic study
of the 6nite-size effect on the critical divergence of the
step width w/~L, simulations for various system sizes
are necessary. Since we are dealing with diffusion dy-
namics, however, simulation for a large system requires
very long computation, which yet remains to be done.

In real space the correlation function (34) gives the
difference of the step position as h(z)

10—

I I I I
)

I I I I
)

I I I I
)aaaIa

a
aaa

a
a

a

~(-)-=([~y(*+-',t) —~y(*', t)J')
2k~T .1 —cos kz

L „-vi, (f)
(38)

which becomes the usual parabolic form (kBT/P)z(L—
z)/L at equilibrium. If f is different from f,~, the curve
is no longer a parabola. For short distances h(z) is deter-
mined by vA, at large wave numbers and is insensitive to
the impingement rate f On . the other hand, the large-

0
0 10 20 30

0.004

0.002

FIG. 3. Correlation along the step, h(z)—: ([6y(z+
z') —by(z')] ), versus the separation z. The impingement
rates are f = 3 x 10, f = f,q = 4.65 x 10, and

f = 6 x 10, from bottom to top. The data points are sim-
ulation results for the SOS step in a system of size 64 x 64,
and the lines are the theoretical calculation.
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0.3
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I I
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feq fc[11] fc[10]
I I i I s I

3.0 4.0 5.0 6.0 7.0 x 10-4

FIG. 2. (a) Velocity and (b) width of a single step aligned
in the [10) and [11) orientations versus the impingement rate
f Simulation re. sults of non-solid-on-solid (NSOS) steps as
well as the previous solid-on-solid (SOS) steps in various ori-
entations in systems of various sizes I x 0 are shown and
compared with the theoretical result.

distance behavior is determined by vI, at small k, and

kgT
h(z) = z

efF

for the infinite system. Figure 3 shows the simulation re-
sults of SOS step for f = 3x10 4, f = f,q

= 4.65x10
and f = 6 x 10, in comparison with the theoretical
curves calculated by Eq. (38). The predicted features
are observed in the simulation although the agreement
is qualitative. Theoretical values with k summation for
the small system size underestimate the Quctuation ef-
fect. This is also the case for the width m/y L, if one
limits the k summation in (35) to finite wave numbers.

VI. MORPHOLOGY OF AN UNSTABLE STEP

A. Spatiotemporal chaos

When the impingement rate f exceeds the critical
value f, (io), a straight step is unstable for sinusoidal per-
turbations with wave vectors k between 0 and k, . What
kind of morphology then would the step take when it be-
comes unstable' Would the step take a periodic structure
with, for example, the most unstable wave vector k
The time evolution of the step profile is shown in Fig.
1(c) for f = 8 x 10 4. The morphology is characterized
by many grooves between the almost Bat fronts. The sep-
aration of grooves is of the order of the periodicity of the
most unstable mode, A = 2m/k „,which is 118 for

f = 8 x 10 . The structure is, however, not at all sta-
tionary but is very irregular in space and time. Grooves
meander transversely to the left or to the right, and col-
lide irregularly with the neighboring grooves, to be an-
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nihilated. When the separation between two grooves in-

creases, the fiat &ont becomes unstable and a new groove
is created. For larger f, such as f = 10 x 10 4 (not
shown), we also observed similar nonstationary grooves
with separations of order A „=81. This kind of cre-
ation, collision, and annihilation of grooves, irregular in
space and time, is also observed in experiments on direc-
tional viscous fingering, and the phenomenon is called
spatiotemporal chaos.

The problem then is to understand whether this
chaotic behavior is an intrinsic behavior of the system or
is an effect caused by noise. Bena, Misbah, and Valance
have studied the nonlinear evolution of a step near the
critical point with perturbation theory and predicted a
chaotic behavior. 2s Near the critical point f, we have
a small parameter e—:—P,a/P. The wave vector k

which characterizes the spatial structure is proportional
to the square root of e, and the time is characterized by
the largest amplification rate uA, which is proportional
to the square of e. Therefore, by introducing the new
space coordinate z = e~/ z/z, and the new time coordi-

nate t = e tppP/z2, and expanding the step deformation
and the diffusion field as Y(z, t) = (y(z, t) —vpt)/z, =
E'Yj +e Y2+e Y3+, and c = co+@'cy+6 c2+6' c3+2 3 2 3

respectively, one obtains the following evolution equation
for Y~ &om the solvability condition up to order 6

BYj 82Yg 3 84' (BY~ l
gt Bz2 4 Bz ( Bz) (40)

This is a form of the Kuramoto-Sivashinsky (KS)
equation.

The KS equation has been studied in the field of non-
linear dynamics, and is known as an example of a de-
terministic system which shows spatiotemporal chaotic
behavior. ' Numerical solution of the KS equation
shows creation, collision, and annihilation of bumps, sim-
ilar to our lattice-gas Monte Carlo simulation. Therefore,
the spatiotemporal chaotic behavior found in our system
is most likely to be an intrinsic phenomenon and not an
effect induced by noise. For the KS equation it is known
that the system size should be rather large to gain spa-
tiotemporal chaos, whereas our system shows the chaotic
behavior even with a small system size. This may be due
to the noise inherent in our system.

B. Effect of crystal anisotropy

In dendritic crystal growth, it is believed that
anisotropy is important to maintain the regular profile of
the interface. Without the anisotropy, the solidification
&ont in the diffusion field is unstable to the perpetual
tip splitting and this results in an irregular form. With
anisotropy of the surface tension, the tip oriented in the
direction of the minimum step stiffness is believed to be
stable.

In the previous section, we found that the step running
in the [10] direction shows spatiotemporal chaos with
random occurrence of tip splitting. This is a direction
of maximal stiffness, and the tip stabilization effect due

to anisotropy is not expected. Following the analogy to
dendritic growth, the anisotropy stabilizes the step ad-
vancing in the direction of minimal step stiffness, namely,
in the diagonal [11]direction of the square lattice. A sta-
tistical mechanics calculation of the step stiffness yields

kgT

p[11]

1 (1 + e—2e/kBT)2 + 4e 2t—/kBT

(1 e —2e/kBT)2 (41)

which gives an inverse stiffness k~T/P[zz] = 0.815, larger
than the corresponding stiffness in the [10] direction,

kgyT/P[yp] = 0.362. The perturbative calculation in the
previous section is insensitive to anisotropy up to the
order of e, but the validity of the perturbation theory
is limited near f, and the anisotropy may change the
chaotic behavior in higher order of e.

Monte Carlo simulation of a step advancing in the di-
agonal direction is performed for a system with a square
lattice rotated by 45' into the [11] direction. The sys-
tem size L x H for the [ll]-step simulation means that
the side length in the z direction is L/y 2 and that in
the y direction is ~2H. First we investigate the orien-
tation dependence in the step velocity and width, and
the results are shown in Fig. 2. A step does not grow
at the equilibrium impingement rate f,~, indicating the
validity of our simulation to reproduce the equilibrium
state. In Fig. 2(a) the receding velocity of a [ll] step is
larger than that of a [10] step. This is because the [11]
step is rougher than the [10] step, as is evident by com-
paring Figs. 1(a) and 4(a). For an advancing step, the
[11]step becomes unstable more easily than the [10] step,
since the stability limit f, depends on the step stiffness:

f, [qz]
= 5.36x10 whereas f, [qp] = 6.26x10 . This is

evident from the width enhancement in the [11]direction
for large f in Fig. 2(b).

After the instability has taken place, a [11]step moves
steadily with a pointed tip, as is shown in Fig. 4(c). The
[11] tip at f = 8 x 10 4 looks more stable than the [10]
step at the same f, but the groove is not deep and wide
enough to produce sidebranches, since the adatom con-
centration is rather high with the present parameters.
We therefore change the parameters to P/k~T = 3.0
and &=4096, which corresponds to x,=64. With the

long diffusion length x„grooves may be separated widely
&orn each other. The equilibrium concentration and the
equilibrium impingement rate are as small as c,q ——0.0474
and f q

= 1.16 x 10 s, respectively. The stability lim-
its are f, [qp]

= 1.26 x 10 in the [10] direction, and

f, [~~] = 1.20 x 10 in the [11] direction. We hope that
the reduction of the impingement rate leads to weaken-
ing of the shot noise, and the effect of anisotropy may
be easily identified. Figure 5 shows morphologies of [10]
and [11] steps in their unstable regions. Figures 5(a)
and 5(c) show extended views of size 1024 x 1024~2 and
1024 x 1024 of the [10] step simulated in a system of size
L x H = 512 x 512. Figures 5(b) and 5(d) show extended
views of size 512~2 x 1024 and 512~2 x 512@2 of the
[11)step simulated in a system of size (L/~2) x (v 2H) =
256~2 x 512~2. The bars at the upper right of the fig-
ures indicate the wavelength of the most unstable mode,
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„.The final step configuration of each simulation cor-
responds to (a) t = 9.30 x 10s, (b) t = 7.31 x 10s, (c)
t = 5.43 x 10, and (d) t = 4.93 x 10 . To generate one
data set, diffusion trials up to 10 times are necessary.
Near the stability limit f = 2.5 x 10 [Figs. 5(a) and

5(b)], both [10] and [11] steps initially develop fluctua-
tions near the most unstable mode (A „140for [10]
and A „91for [11]). For both steps, growing tips
compete with each other and some of them are elimi-
nated at the initial stage. For a [10] step, grooves are
constantly produced on the Hat top, and thus the sepa-
ration between neighboring grooves is determined by the
diffusional instability to be about Am~„. On the other
hand, the [11]step in Fig. 5(b) develops into a needlelike
form, which seems rather stable. These needles are com-
peting with each other for the available concentration of
adatoms, and coarsening takes place as the larger ones
grow and widen at the expense of the smaller ones. This
coarsening leads to the observed elongation of the needle
period for a [11] step.

When the impingement rate is far &om the stability
limit, such as f = 8 x 10 s, the growth rate is very large
and the shot noise associated with the atomic diffusion
process is partially frozen in by solidification. Even in
this case, the characteristic period of the initial instabil-
ity seems roughly the same as that of the most unsta-
ble mode (A „=60 for [10] and A „40for [11]).
When the instability develops, however, the characteris-
tic length of the instability in Fig. 5(c) becomes smaller
than A „.Tips split perpetually for both orientations as
is shown in Figs. 5(c) and 5(d). In the early stage of step
growth in the [11]direction, dendrites with sidebranches
are formed [Fig. 5(d)], but the tip ultimately splits to
form an irregular dendrite. The structure looks similar to
the random crystal shapes observed in fast crystal growth
from a conserved field. Even with random branching of
the dendrite, the effect of the crystal anisotropy is still
visible. The dendrite branches tend to grow in (10) di-

rections, while the overall shape is pointed in (11) direc-
tions. This is because the growth in (10) directions is

slower than that in (11) directions so that the (10) faces
tend to appear in the crystal form.

In the limit of low temperature, an atom once solidi-
fied never melts again. If diffusion is still possible, the
diffusional shot noise is frozen as a random shape of the
step by the solidification. The formation of a random ag-
gregate by this irreversible solidification and its relation
to fractal aggregation are discussed in Ref. 13.

VII. MULTIPLE STEPS

A. Width of a step

FIG. 4. Time evolution of a single [11] step on a square
lattice with parameters e/k~T = P/k~T = 2, D, = 1, and
r = 256 (x, = 16). Impingement rate is (a) f = 3 x 10
(b) f=6x10, and(c) f=8x10 . Thestepin(a)is
receding downward whereas steps in (b) and (c) are advancing
upward The width .shown is 256/v 2 in units of the lattice
constant, and the heights are 256/v 2 for (a) and 512/v 2 for
(b) and (c).

We now consider a vicinal surface with an inclination 0
from a facet. There are, on the average, n = d/(a tan 8)
steps on a unit horizontal area with a being the lattice
constant in the terrace plane and d the height of the step
in the z direction. Average separation between the steps
is thus l = na. Hereafter we again use a length unit with
a = d = 1. Because of the overlapping of the diffusion
field of neighboring steps, the growth velocity of straight
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D, l
vo ——0 '

(c —c,~) tanh —,
+8 8

(42)

where the kinetic coeKcients are set K = 0 and K+ ——

oo, corresponding to the one-sided model. This reduction

steps decreases from that of a single step, Eq. (6), by a
factor tanh(l/x, ), and is given by

of the step advancement velocity for f ) f,q is evident
from the Monte Carlo data shown in Fig. 6(a). On de-

creasing the step separations, one also notices the better
agreement of the simulated velocity with the theoretical
one. This is due to the smoothing of the step as described
below.

We have analyzed ' the stability of sequences of
straight steps with equal separation l. Assuming in-phase

(a) (b)

(c) (d)

Time evolution of a single step on a square lattice with parameters e/k&T = 2, p/QsT = 3, D, = ], and r = 40g6
(x, = 64). Step orientation is [10) for (a) and (c) with width 1024, and [11] for (b) and (d) with width 5]2~2. impingement
rate is f = 2.5 x 10 (a,b) and f = 8 x 10 (c,d). The bars indicate the wavelength of the fastest growing mode p
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deformation the mth step deforms as phase mode, as wI, = —
IMI, (l)Ij& (f; l) withs

y (z, t) = ml + vpt + byi, e "' cos kz. (43)

The amplification factor uI, is factorized into the mobility

pi(l) and the effective force constant v&(+)(f; l) for the in- and

c'
IIJg(l) = 0 ' D, AI, tanh(Apl)gT (44)

(+) 2 z, Aic tanh(l/z, ) tanh(A&l) —1 + sech(l/z, )sech(A&l)
(z~ A I„. tanh(A I,l )

For small k, v& (f; l) can be expanded as before as(+)

v&(+)(f;l) = P,s(f;l)k + O(k ) with the efFective step
stiKness now modified as

The instability then takes place at P,Ir ——0 or

20P
kBTz, tanh(l/z, )

P,s(f;l) = P 1 — ' tanh— (46)

20P
wfq 1+ for t &p x„

k~Tz, )
(47)
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f

FIG. 6. (a) Growth velocity snd (b) the width of a step
in s multiple [10] step system versus the impingement rate
f The system siz.e is L x H = 64 x 64. Parameters are
&/kaT = ItI/ksT = 2, D, = 1, and w = 256 (z, = 16), and
the average step distances are l = 64 (~), 32 (o), ].6 ( ),
8 (A), snd 4 (o). The simulation data show qualitatively the
same tendeacy as the theoretical curves.

When the separation between steps, t, is large compared
with the diffusion length z„eachstep is apparently in-
dependent and the critical point f, is the same as that
for a single step. When the separation l is smaller than
z„onthe other hand, the di8'usion field of neighboring
steps overlaps to suppress the instability, and the critical
impingement rate f, increases compared with that of an
isolated step. This eKect has been studied by Bales and
Zangwill. 9

Associated with the above instability we expect an en-
hancement of the step width as before. Assuming that
a small deviation SyI„. from the straight step follows the
same evolution equation (32) but with the modification
of p, s and vq given in Eqs. (44) and (45), the width
of each step takes the form uI2 = L P&(~hys~2)
LkgyT/12P, s(f; l), with the effective step stiffness given
by Eq. (46). For a fixed f between f,q and f„the step
width vI/~L of multiple steps is suppressed compared
with that for an isolated step. Monte Carlo simulation
for SOS steps has shown this tendency of width sup-
pression on increasing the step density for f ) f q, as
is shown in Fig. 6. However, for f & f,„weencounter
another step instability which leads to bunching of steps.
%'e describe it later, in Sec. VII C.

Even for f ) f,~ the width analysis with Eq. (35) is
not correct for a large system. In Eq. (35) the interaction
of steps via the diffusion 6eld is included, but direct inter-
action of steps via a hard core or the prohibition of step
overlapping is neglected. Steps separated by a distance
I can fluctuate freely up to a step length of order l, but
for a longer scale collision of steps suppresses the fl.uc-
tuation. Since the height fi.uctuation of a vicinal rough
surface for a system with size L is known to be propor-
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tional to ln L, the step Huctuation may well be limited by
ln L asymptotically for L )) l, at least in equilibrium.

B. Fluctuation of step separation
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A novel aspect of a multiple step system is the corre-
lation among steps. One may intuitively expect that the
correlation of neighboring steps becomes strong when the
separation between the steps l becomes small, or when
the impingement rate f increases. This correlation is
reflected in the Buctuation of the separation of consec-
utive steps: l(z, t) = y (z, t) —y i(z, t). In Fig. 7,
where snapshots of a multiple step system are shown, the
Huctuation of each step looks larger for f = 6.0 x 10

[Fig. 7(c)] than that for f = 4.65 x 10 [Fig. 7(b)],
but the fluctuation of the separation of steps (or the ter-
race width) looks smaller for f = 6.0 x 10 . This vi-
sual impression is confirmed by taking statistics of the
distribution of the step separation as shown in Figs.
8(a) and 8(c). At the equilibrium impingement rate
f = 4.65 x 10 4, the distribution is asymmetric and
agrees with that of the free-fermion model calculated by
Joos, Einstein, and Bartelt. This is natural because equi-
librium Buctuation is independent of dynamics as long as
the energy associated with the Buctuation does not de-
pend on the dynamics. On increasing the impingement
rate the distribution becomes similar to the Gaussian and
the standard deviation decreases drastically. Although
the width of individual steps increases in growth, the ter-
race width becomes homogeneous with small Buctuation.
In order to understand this nonequilibrium phenomenon
we develop a mean-field theory.

The effect of neighboring steps on the Buctuation of
a central step is twofold: the equilibrium interaction
and the interference of the diffusion Beld in growth. In
the mean-Beld picture, we consider a step on a vicinal
surface as one fluctuating under the influence of other
steps which are fixed at their average position. The con-
dition that the steps cannot cross gives rise to a sta-
tistical interaction. s4 For an array of steps this leads
to an increase in the kee energy per unit area by '

(z' /6)(k~T)2/Pl . We will find an effective one-body
potential which produces the equivalent free-energy in-
crease. If a two-body potential between steps separated
by a distance l has the form U(l) = Al ", the displace-
ment of a central step, b'y(z), yields the effective one-
body potential
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V(by) = ) [U(ml + by) + U(ml —by)]
m=1

= 2((n) —+ n(n+ 1)((n+2), (by)',
A A

(49)

where ((n) is the Riemann zeta function. The first term
gives the interaction per step with the separation l. Com-
paring this term with the increase in the free energy we
conclude that the statistical interaction corresponds to
an effective potential with n = 2 and A = (k~T) /P.
Near the equilibrium position by(x) = 0, the harmonic
potential V(by) = (1/2)V"(0)by2 yields a restoring force
—V'(b' y) = —V"(0)by(x), which changes the local equi-
librium density as

150

100

50 0

100 200 300 500

FIG. 7. Snapshot configuration of 16 [10] steps on a square
lattice with parameters e/knT = p/keT = 2, D, = 1, and
r = 256 (x, = 16) for a system size L x H = 512 x 256.
Impingement rates are (a) f = 0, (b) f = f,~ = 4.65 x 10
(c) f = 6 x 10, and (d) f = 10 x 10 . In (a) only 10 steps
can be identi6ed because of the multiple bunching.

Oc'...=.:,+ „T'[P+V"(0)b
B

x,A~ tanh(l/x, ) tanh(Ai, l) —1

(x2Ag tanh(Apl)

2~4 @2 T2B
15 l4

(51)

As for the dynamical effect of the diffusion field, we cal-
culate the growth rate of the step Buctuation similarly as
in Sec. VII A, but toith fixed neighbors. The mobility is
the same as Eq. (43) and the restoring force is
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The third term in the bracket is due the the mean-field
statistical repulsion. The diffusion field provides an ad-
ditional force, the second term. It is attractive when

( ( 0 and is repulsive when ( & 0. We can calculate
the standard deviation o of the terrace distribution us-

ing the same formula (35) with Eq. (51), replacing tv by
cr. The result is shown in Figs. 8(b) and 8(d). Com-
pared with the simulation result, Figs. 8(a) and 8(c), the
mean-Geld approximation with fixed neighbors obviously
produces a sharper peak in the terrace width distribution
due to overestimation of the correlation, but the qualita-
tive tendency of the fluctuation suppression for large f
is well reproduced.

One can understand the result easily. If l (( x, the sta-
tistical repulsion and the interference of the diffusion Geld

produce the effective dynamical potential in the limit of
km0as

P(1)

0.2 Then the Hamiltonian for small-amplitude fluctuation
BvjA,. is

& = Q(2&k'+ 2V~"(0)—ll»~l' (53)

0
'

0 10 Thus the distribution of by(z) is Gaussian, and the stan-
dard deviation o. is calculated as
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I pk + Vq'(0)

kgT
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where the range of integration has been extended kom
0 to oo. In equilibrium, Eq. (54) becomes o

(15/8)~~4m ~l = 0.372l, which is independent of P and T
and proportional to /, in qualitative agreement with the
rigorous behavior. Only the coefBcient is a little smaller
than the exact value for the free-fermion model, 0.424.
When the step is advancing, the diffusion field produces
additional repulsion in growth (( & 0), and o. becomes
smaller as the impingement rate f is increased (i.e. , ( is
decreased) .

C. Step bunching

The repulsive interaction which stabilizes the step sep-
aration turns into an attractive interaction when steps
are sublimating for f smaller than f,q with a negative

This attractive interaction causes bunching of steps.
The relevant mode of fluctuation now is the antiphase
oscillation of consecutive steps:

y (x, t) = ml + vot+ ( 1) byge "—coskm. (55)
FIG. 8. Comparison of terrace width distribution P(l) ob-

tained by simulation (a), (c), and by the theory (b), (d), in
a multiple step system with average step separations l = 4
(a,b) and l = 8 (c,d).

From the linear analysis we obtain the dispersion uA, ——

—y, g(l)vI (f; l) with the new restoring force
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z,AI, tanh(l/z, ) tanh(Apt) —1 —sech(t/x, )sech(Apl) - t'
2 2 &v„(;l)= k

(x2Ag tanh(Apl)
(56)

If we do not include the statistical repulsion, which
would appear as 7r4k&T2/8Pt4 for this mode, the long-
wavelength Buctuation is always unstable as soon as
f & f,~ or ( & 0. The most dangerous mode with the
largest ~g is the uniform mode with k = 0, and thus
neighboring steps approach and separate Rom each other
alternately. This represents the instability of neighboring
steps against pairing. Even with repulsive step interac-
tion, the same step pairing occurs if the impingement
rate is smaller than a critical value. ~s

In the simulation, we observe bunched steps which
move very slowly. If there were no thermal Buctuation,
steps would stop moving with our simulation algorithm.
These paired steps make a peak at zero separation in
the distribution of the step separation for f & f,~ in
Fig. 8. If a single step remains unpaired, it recedes fast,
and overtakes and collides with a slow pair to emit a
freed step from the opposite end, just like a billiard ball
collision. If the system width L is narrow, the bunch-
ing takes place for the whole width of the system, ~2 but
for a wide system the bunching will happen here and
there inhomogeneously and a connected network of steps
is formed, as is shown in Fig. 7(a).

VIII. SUMMARY

Steps growing in a diffusion field show a diversity
of morphologies and dynamics. We have shown that
the Buctuation is reduced when the step is sublimating,
whereas it is enhanced when the step is advancing in
growth. This effect is observable by direct methods such
as the STM, AFM, or electron microscopes. The change
in the surface roughness also affects the scattering inten-
sity such as that in reflection high-energy electron diffrac-
tion or ion-beam scattering experiments. Calculation of
the scattering intensity I(q) with a momentum transfer
q is briefly summarized in the Appendix. For step se-
quences with separation 1 in the y direction, scattering
consists of peaks at q~ = 0, lq& + q, d = 2am with inte-
ger values of m. The decay of the peak intensity in the
q„direction is characterized by fluctuation of the terrace
width a., whereas the width in the q direction is char-
acterized by the Buctuation of a single step m. There-
fore, reBecting the value of m, the peak becomes sharp
for a sublimating step, and becomes diffuse for growing
steps. The change will be drastic near the morphological
instability at f, Since the .radius of the critical two-
dimensional nucleus g is a half of the surface diffusion
length x, even at the critical point, this kinetic roughen-
ing should not be hidden by two-dimensional nucleation
on terraces as long as the Schwoebel effect dominates.
The detailed features of the scattering peaks, however,
require more study since the assumption (A4) in the Ap-
pendix is correct only at short distances, as explained
at the end of Sec. VII A. For equilibrium steps, the

scattering intensity has been calculated with a correct
asymptotic formula. 5

In addition to the steady-state behavior, one can also
study relaxation or transient behavior with our time-
dependent correlation function of Eq. (33). Recently
Salditt and Spohn studied the initial increase of rough-
ness (step width) m with a similar equation analytically
and by a Monte Carlo simulation, and found three differ-
ent regimes: ur t ~ for diffusion control, m ~ t~/ for
kinetics control, and m t ~ for a nonlinearity control
regime. Their result for the steady-state step width is,
however, difFerent &om ours. The origin of their noise
is nonthermal in the impingement rate f and they ne-
glected thermal fluctuations due to melting and crystal
lization at the step. As a result the step fluctuation is
simply proportional to f, vanishes at f = 0, and does not
show any critical behavior at f, The.refore we believe
that our Langevin-type theory satisfying the fluctuation-
dissipation relation is more realistic in this respect.

According to our linear analysis, the effective stifFness
of an isolated step, P,g, Eq. (16), decreases near the crit-
ical point and the width diverges at the critical impinge-
ment rate f, in a power law w2 oc (f, —f) Near.
the criticality, however, nonlinearity of the step Buctu-
ation should be important, and a reductive perturba-
tion calculation leads to evolution of the step Buctuation
Y(z, t) = y(z, t) —vpt as

1 aY — a'Y 3-,a4Y P &W'&
= 2P,g — Px2 + —— y R(z, t),

pp Bt Bx 4 Bz z~ i Bz j
(57)

with the thermal fluctuation R(z, t). For f & f, with
positive P,p, the interface is stable and the fourth deriva-
tive may be negligible, and Eq. (57) reduces to the
Kardar-Parisi-Zhang (KPZ) equation. s The interface
fluctuation m is proportional to the system width L,
consistent with the KPZ result. Above the instabil-
ity, f & f„hwoever, the fourth derivative is inevitable
and the system is governed by the Kuramoto-Sivashinski
equation. The scaling behavior of m2 of the noise-affected
KS equation is an interesting future problem.

The dynamics and the morphology of a step are also
influenced by anisotropy. The crystalline anisotropy re-
veals itself in a difference of step stiffness, and thus in
the Quctuation or width of a stable step as well as in the
modification of the step velocity. When step instability
takes place, the anisotropy effect seems prominent. The
[10] step with a flat top shows spatiotemporal chaotic be-
havior near f„wehre sathe [11] step with a pointed top
shows more regular behavior, indicating the tip stabiliza-
tion effect of the stiffness anisotropy. However, due to
the strong and uncontrollable shot noise caused by solid-
ification as well as the incommensurability of the system
size to the period of the stable structure, the [11] step
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also sometimes shows tip-splitting instability. For large

f the step forms a dendrite with rather random branch-
ing. The morphological features seen in the simulation
may be observed in thin-film growth. Transmission elec-
tron microscope pictures of tungsten crystals of 215
structure grown on KCl show a morphology in common
with our simulation.

For a vicinal face or a multiple step system with a step
separation l smaller than the diffusion length x„the over-

lapping of the diffusion field influences the stability and
the morphology of steps. For an advancing step, the indi-
vidual step fluctuation or the width is suppressed by the
competition among neighboring steps. By increasing the
impinging Hux f, the step Huctuation increases but the
fluctuation of the terrace width decreases. This is due to
kinetically enhanced coherence among steps, which leads
to reduction of out-of-phase Huctuations between neigh-
boring steps during advancement. The antiphase fluctu-
ation, on the other hand, leads to bunching instability for
receding or sublimating steps. Bunching of sublimating
steps is often observed on Si surfaces. For a quantitative
explanation of real phenomena, one may need the re-
pulsive interaction among steps as well as the exchange
of atoms with the upper terrace. Also, our analysis of
the step correlation is based on mean-Geld analysis and
Monte Carlo simulation. The former is essentially a one-

step picture and the latter is limited by size, and thus
additional considerations are required for the asymptotic
behavior.
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APPENDIX

We summarize briefly the calculation of the scattering
intensity in the eikonal approximation. The formula may
be applicable to reflection high-energy electron diffrac-
tion or low-energy atomic-beam diffraction. By denoting
the momentum transfer q = (q, q„,q, ), the scattering
function is written as

I(q) = ) ) (exp[iq (z —z') + iq„(y—y') + iq, (z(z, y) —z(z', y'))])
r r'

1
dz tiyezp]iq, z + iq„y+iq, z(z, y)] ). (A1)

Since the crystal height is z(z, y) = zo + m for the mth terrace, with y (z) & y & y +z(z), the integral becomes

f
y +1(~)

dx dy exp iq x + iqyy + iqzz x, y = e'q'" dz
(~)

~iqz Zp
iq X g iq, rn( iq&y +1(X) iq&y (X) q

lqy
i~I ~ em ~ ~~

~
(I e

~

~
~ e

~ ~ e
e

(A2)

and the scattering intensity is calculated as

H/l —1
( z) d iq z iq, qze iqyqyql

( iqy ( y ( ) —byo(0))
)

2~1 —cos q„~

qy m, =0
(A3)

Here the location of the mth step is written as y (x) = ml+ by (z) with the average step separation l. The thermal
average is calculated by using the cumulant expansion, as

(e"""" '*' '""")= exp ——"([»-(*)—bye(0)]')
2

2

= exp ——"([by (x) —byo(x) + by() (x) —by() (0)] )2

——"(([by-(*)—b ( )]') + ([» ( ) —by (0)]'))
)

q
2
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where we have neglected the correlation between the
terrace width Buctuation and that of a single step:
([hy (z) —byo(z)][bye(z) —hyo(0)]). If we assume that
the Huctuation of the step separation is independent and
is given by rr and that the correlation within a step (38)
is approximated by its eH'ective stifFness, we obtain

(e' ~ "- * "'
) = exp ——"o.

~m~
——" ]zl

q2 q2 QBT
2 P.tr

where the lattice constants a and d are inserted. In the
limit of vanishing q„,with the use of the formula

-+ 2~h(X),X2+ q2

the scattering intensity is calculated as

I(q* 0, q. ) = (2~)'~~(q n) ) &(q.d —2vrn)

(A4)
O

2
+2m.—h(q a). (A6)

Thus the scattering function is calculated for a large sys-
tem (I m oo) as

2kBT(1 —cos q, d)Iq
eel

2 2
1 —e ~~

1 —2e ~ / cos(q, d+ q&l) + e

1

q2 +2 + (q2kBT/2P fr)2
'

The approximations we made here are not very good,
as discussed at the end of Sec. VIIA but effective for
a qualitative analysis. For a given q, the scattering
function consists of peaks at qz ——(27rm —q, d)/t with
integer values of m, representing the periodic arrange-
ment of steps with periodicity l in the y direction. The
peak intensity decays very rapidly as m increases un-
less q„is very small. The width in the q direction is

q„kBT/2/3,tt = 6q tu /L, which diverges on approaching
the instability of the straight step at f = f, (l) On t.he

other hand, for a sublimating step, P,tr increases and the
peak sharpens.
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