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Variational studies of D and D centers in magnetic fields
in bulk crystals and in parabolic quantum wells

J. Blinowski* and T. Szwacka
Departamento de Fs'sica, Facultad de Ciencias, Universidad de Los Andes, Merida, Venezuela

(Received 5 June 1992; revised manuscript received 30 April 1993}

A linear combination of a few Gaussian functions of variable widths and anisotropy was used as a trial
function for D centers in bulk crystals and in parabolic quantum wells in the presence of a magnetic
field. The same types of functions with an additional correlation factor were then used for D ions in
the bulk and in parabolic quantum we11s. A11 integrals including the electron-electron interaction were
calculated analytically. The results obtained for the bulk are very accurate for D centers and quite
close to the experimental data for D ions in GaAs. The impurities in parabolic quantum wells were not
yet experimentally investigated but the present results indicate that even in the case of a uniform spatial
distribution they should lead to we11-defined infrared absorption maxima.

I. INTRODUCTION

The experimental evidence for the existence of ionized
donor centers D (neutral shallow donors D that bind
an additional electron), first in multivalley semiconduc-
tors Si and Ge, ' and afterwards in single-valley ones, '

gave reason for the theoretical study of D centers in
bulk materials. These have been done by Natori and
Kamimura, and Larsen. Considering the D center as
an analog of the H ion, they studied the bound states in
the presence of a magnetic field variationally and ob-
tained reasonable agreement with the experimental data
for D centers in bulk GaAs. ' Pang and Louie calcu-
lated the ground-state binding energy of the D center
for bulk GaAs in a magnetic field by the diffusion quan-
tum Monte Carlo method. They obtained excellent
agreement with the experimental data of Ref. 6. Recent-
ly Larsen and McCann' have made variational studies of
two- and three-dimensional D centers in magnetic
fields. Their results for the D ground-state energy in
bulk materials are as good as those of Pang and Louie.

The extensive magneto-optical studies of shallow
donors in selectively doped GaAs-Ga& Al As multiple
quantum wells" ' (MQW's) undertaken in the last de-
cade have shown the importance of D centers in these
structures. Observation of the optical spectra of two-
dimensional (2D) D centers in 6aAs-Ga, „Al„As
MQW's was reported by Huant, Najda, and Etienne. 's

These authors interpreted a series of peaks in their mag-
netophotoconductivity spectra as photoionization transi-
tions from the ground state of the 2D D impurity to
successive Landau levels. The dominant peak, identified
as the transition to the N =1 level, was strongly affected
by the resonant polaron effect, but a weaker low-energy
peak, identified as the transition to the X =0 level and
free of any polaron effects, was also observed. Simultane-
ously Pang and Louie calculated the binding energy for
a D center in a quantum well identical to those studied
in Ref. 16 for two values of the magnetic field perpendic-
ular to the well. The calculated energies were lower than
the lowest transition energies observed in the experi-

ment. ' The origin of the discrepancy became clear when
Larsen and McCann' and Dzyubenko' pointed out that
in strong magnetic fields the final states of dipole
magneto-optical transitions from the ground state of 2D
and quasi-2D D impurities are excited singlet p-like lev-
els with energies above the next Landau levels. The
correct identification of the final states, and detailed ex-
perimental and theoretical studies of the tilt-induced line
splitting in a magnetic field, allowed for definite
identification of the D center in a GaAs-Ga& „Al„As
MQW by Mueller, Larsen, and Waldman. '9

The purpose of the present paper was first to test rela-
tively simple trial functions for D and D donors,
which would give analytical expressions for energies in
bulk GaAs in a magnetic field without losing too much
accuracy, and then to apply the same trial functions to
donors in parabolic quantum wells. Such structures have
been recently grown by molecular-beam epitaxy by
varying the Al composition x quadratically from x =0 at
the center to some finite xo at the edges of the well. In
this way one obtains a parabolic-shaped potential well
which is still sandwiched between two barrier layers of
composition y & xo.

%e extended the idea of Yafet, Keyes, and Adams
(YKA), who proposed a two-parameter variational
wave function of Gaussian type for the ground state of
the D center, and we introduced a linear combination of
a few Gaussian functions with different longitudinal and
transverse radii which together with the linear
coeScients play the role of variational parameters. Trial
wave functions of this type give simple analytical expres-
sion for the energy for D centers, and represent a very
good choice for moderate and high magnetic fields. %'e
show that by increasing the number of Gaussians it is
possible to reproduce the best previous theoretical results
we know of for the ground-state binding energies of the
D center in a magnetic field. The same type of one-
electron trial function with simple correlation factor
proved to be effective in the case of D centers in bu1k
GaAs in a magnetic field, although with somewhat lower
accuracy than for D donors.
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The advantages of the linear combination of Gaussian
functions as a one-electron trial function still hold in the
case of D and D centers in parabolic Al Ga, As
quantum wells. In such wells, as in square wells, the opti-
cal transitions from the ground state to the singlet p-like
excited state should dominate the absorption spectra of
D centers. Apart from the ground state, we investigat-
ed the lowest excited state of D centers with the z corn-
ponent of the angular momentum M, = 1 (tending to the
2p atomic state in the low-field and to the N =0 Lan-
dau level in the high-field limit). For D we also investi-
gated the lowest excited singlet state with M, = —1 (the
electrons in 1s and 2p orbitals in the low-field and in
N =O,M, =0 and N =O, M, = —1 in the high-field limit).
In all cases analytical expressions for the energy expecta-
tion values were obtained. We selected the excited states
with M, = —1, despite the fact that at high magnetic
fields the dipole optical transitions in the Faraday
configuration from the ground states to these states have
lower oscillator strengths than the transitions to the
lowest singlet states with M, =+1 (with the excited elec-
tron in the 2p+ state in the low-field and 1V =1,M, =1 in
the high-field limit). The reason was that, in contrast to
the latter, the former are practically unaffected by band
nonparabolicity and polaron effects, as shown by Dzyu-
benko and Sivachenko for square quantum wells.

In Sec. II we calculate the ground-state energy for the
D center in bulk GaAs and we compare our result with
previous theoretical results. In Sec. III calculations of
the ground and the lowest-lying p-like excited states of
D centers in wide parabolic quantum wells are reported.
In Sec. IV we calculate the ground-state binding energy
for the D ion in bulk GaAs and in Sec. V we investigate
the two lowest singlet states of the D center in wide
parabolic quantum wells. In all cases we consider a
broad range of external magnetic fields.

II. D GROUND STATE IN A BULK MATERIAL

The shallow donor center in bulk GaAs can be con-
sidered as a hydrogenlike atom. The hydrogen ground
state in a magnetic field has been investigated by many
authors. ' ' YKA, Larsen, ' and Aldrich and
Greene have developed variational calculations for the
ground state, Praddaude has proposed an expansion of
the H wave functions in Laguerre polynomials, and Ca-
bib, Fabri, and Fiorio (CFF) have investigated the
Schrodinger equation numerically. So, nowadays, we

have very accurate values of hydrogen ground-state ener-
gies for r ~5, ' where the dimensionless parameter
y=irico, /2 Ry" expresses the strength of the magnetic
field B; co, =eB /m 'c, Ry' =m 'e /2' s ( —e, m ' are
the charge and effective mass of an electron, respectively,
and e the static dielectric constant). Unfortunately, the
procedures which gave the best results for the neutral hy-
drogenlike atom are rather difficult to adapt to the case
of the two-electron D center in a magnetic field.

Here, we choose the following trial wave functions for
the ground state of the hydrogenlike atom in a magnetic
field:

2 2
I 2 2q2 + Ir2 2 (2)

where r = [p +z ]' . The energy is measured in
effective Rydbergs Ry' and the effective Bohr radius
as =iri s/m'e is the unit of distance. The variational
ground-state binding energies ED"'(y ) are given by

(n)ED )= —mi
S S

where

(3)

&g,'"'l&lg,'"'&= g &;&k[F(a;,p;;ak, pl,
i, k =1

2f«k pk—)
r'+ G(a;k, pk)]

4a;k
(4)

and

i, k =1

In the above expressions, the following abbreviations
were used:

Ai8
i=1

where p, z denote cylindrical coordinates and A;, a;,p;
are variational parameters. As the case of n =1 has al-
ready been studied in Ref. 23, we focus our attention on
the cases of n ) 1. The dimensionless Hamiltonian for
the ground state of the hydrogenlike atom in a magnetic
field, in the effective-mass approximation, is of the form

ak=a;+ak pk=p;+pk

G (ajk Pjk ) = (ir/a;k )(ir/P k )

F(a, ,p ak pk n)= 'na
aik

+2P; 1—
ik

G(a;k, p;k),

and
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2'
arctan[(peak a—a, )/aa, ], pg, & a;k1/2

[a 'k (P k a ik ) ]

2"f(ak peak) ' pk aik
«k

2'
&&z

arctanh[(a;k —
p;k )/a;k ], p;k & a,k.1/2

[a k(a k P'k }]

(9)

The minimization of (3} was performed with the use of
the standard downhill simplex method in multiple dimen-
sions described in Ref. 29. The ground-state binding en-
ergies Ez'P'(y), for n =2,3,7 and 1 ~y &10, are listed in
Table I and compared with the results reported in Refs.
8, 23, 27, and 28. We can see that the improvement of
E~i '(y) with respect to Eri,"(y ) is nearly the same for all
values of considered in Table I, equal roughly to
0. 1 Ry'[EP(y) —E~~ '(y) increases very slightly with y].
Then, ED '(y) —ED '(y) -=0.02 Ry' is nearly one order of
magnitude smaller than ED'(y) ED"(y—) and also in-

creases slightly with y. This tendency continues as the
number of Gaussians in the trial wave function increases.
The values of ED '(y) practically coincide with the best
values for the ground-state binding energies reported un-
til now (the results of Praddaude2 and CFF, denoted in
Table I as ED ' }.

High accuracy over a wide range of fields was obtained
by Larsen (binding energy ED ' in Table I) with a trial
wave function of the form

2 Z
P = exp —

—,
' y'p — —g(p +az )

'

tained by Aldrich and Greene with a Gaussian basis in-
volving 120 different Gaussians with fixed longitudinal
and transverse radii can be reproduced with our trial
wave function involving only five Gaussians. In con-
clusion, we propose rather simple (in form and easy to
work with) variational wave functions for the ground
state of the hydrogenlike atom in a magnetic field, which
already for n =3 give binding energies differing by less
than 0.3% from the most accurate results we know in the
entire range of magnetic fields from y =1 to 10.

III. Do STATES IN A PARABOLIC (}UANTUM WELL

Let us consider a donor center placed in the central re-
gion of a relatively thick parabolic Al„Ga, „As quantum
well (1 & 800 A, where l~ denotes the thickness of the
well). The Al composition x varies quadratically from
x =0 at the center to x =xo at the edges of the well. We
choose the z axis in this direction and the center of the
well at z =zo (z is put equal to zero at the donor posi-
tion}. The dimensionless Hamiltonian for the hydrogen-
like atom in a magnetic field parallel to the z axis has the
form

H =H+V(z)+yL, , (10)

This function involves only four variational parameters
(y', b, y, a) but does not allow for analytical calculation of
the electron-electron interaction in the case of the D
center.

It is interesting to note that the binding energies ob-

where H is given by (2) and the potential energy of an
electron in a quantum well V(z) has the form

V(z)=t)(z —zo)

TABLE I. Comparison of D ground-state binding energies
(in units of the effective Rydberg Ry*) calculated with different
trial wave functions. The ED"' (for n =1,2, 3,7) were obtained
using variational wave functions (1), ED ' are reported in Ref. 8,
and ED ' in Ref. 27 [ED'" was reported previously by YKA (Ref.
23}j. y(s) —(1+$ )y( ) (12)

L, is the z component of the orbital angular momentum
around a nucleus and its eigenvalue is zero for the D
ground state. We propose the following trial wave func-
tion for the ground state of the Hamiltonian (10):

Field

1

2
3
4
5

10

1.524
1.908
2.191
2.420
2.616
3.331

1.6401
2.0228
2.3066
2.5379
2.7358
3.4651

1.6579
2.0400
2.3244
2.5567
2.7557
3.4897

1.662 31
2.04440
2.32904
2.561 57
2.760 77
3.495 55

1.6620
2.0438
2.3282

2.7594
3.4928

1.662 33
2.04442
2.329 05
2.561 6'
2.760 81b

3.495 61

Hydrogen-like-atom ground-state binding
energies for various wave functions
E(2) E(3) E(7) E(L ) E(P)

D D D D D

where g,'"' is given by (1). For a donor center placed in

the center of the quantum well, the variational parameter
5 is equal to zero. The energy of the lowest subband in
the parabolic quantum well described by the potential
(11}is given by q' . The variational ground-state bind-
ing energies E~"'(y ) are given by

'From Ref. 28.
The results of Praddaude reported in Ref. 8. where
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n aik ~ ik
& gI"'~H ~fi"') = g A; Ak F (a, ,p, ;ak, pk, 1 ) 2—f (a,.k, pk)+25

+ G (ak pk)+ )P(aik pik)4a,k
(14)

with

i, k =1
(15)

$2
F (a;,P;;ak, Pk, n)='1+

2 ik

, 2P; P;
F(a;,p;;ak, pk,'n)+5 1 — G(a;k, pk),

ik ik

(16)

and

G (a;k p;k)= 1+
2 ik

G(«k»k»

P(a,k, P,k)= (1—45zo+5 zo) + +zo G(a,k, P;k) .1 35
2 ik 4p;'k

(17)

The abbreviations used here were defined already by formulas (6)—(9). It is easy to see that if the parameters g and 5
are equal to zero then the expressions (14) and (15) reduce to (4) and (5), respectively, as was expected.

As the next step we consider the lowest-lying p-like excited state of the D center with the quantum number of the L,
operator equal to —1 [the 2p ( —1) state]. We propose the following trial wave functions for this state:

P'"'=2 ' (x —iy)P'"', (18)

where g,'"' is given by formula (12). The transition energy from the ground Is state to the 2p (
—1) state is equal to the

difference between the energy expectation values of the states:

&y( )/H f@( )) &y( )/H [@( ))

where the new quantities have the form

~f«ik pik), ~'f(aik pik)
A; Ak F (a;,p;;ak, pk,'2)+ —5

7 k=/ +ik haik i)aik ik

2+, G (a;k p k)+ P(a;k'p;k) r&g,'".—'Ip,'".'& (20)

and
n 1

&0,'"'~4p"'~= & A Ak G «k Pk).
i k=1 ik

(21)

The final numerical results are presented in Figs. 1 —3
and in Table II. We performed the calculations for two
different parabolic quantum wells: one defined by
g=0.25 and the other one by g=1.0. If we select the
composition xo at the edges of the well equal to 0.15, the
parameter g=1.0 will correspond to a parabolic quan-

0
turn well of width 800 A, whereas g=0.25 will corre-
spond to a well twice as wide. [We used for the barrier
height the formula 0.6(1.155x +0.37x ) eV. ]

In Fig. 1 we have plotted the ground-state binding en-
ergies for the D center in an Al Ga& As parabolic
quantum well defined by g=0.25 as a function of mag-
netic field and for three different positions of the impurity
with respect to the center of the well: (a) with the D im-
purity placed at the center of the well, and (b) and (c) for

I

cases when the distances between D impurity and the
center of the well are 0.5a~ and 1.0az, respectively
(ai'i =98 A). The plotted binding energies were obtained
with formula (13) for n =3. The D -center ground-state
binding energy as a function of magnetic field for bulk
GaAs is also plotted in Fig. 1. As expected, the binding
energy for the D center in the well is higher than in the
bulk material. This increment for a donor impurity
placed in the center of the well is of the order of 30% in

the absence of a magnetic field and about 15% for y =5.
We can see also that for all donor centers placed in the
central region of the well (of size 100 A) the binding ener-

gy has very similar values (for fixed y )—the difference is
less than 3% and decreases when y increases.

Similar curves for an Al„Ga& As parabolic quantum
well defined by g=1.0 are plotted in Fig. 2. As the size
of this well is twice reduced in comparison to the previ-
ous one, we have investigated donor centers placed in a
central region reduced in the same proportion. In this
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case the increment of the ground-state binding energy for
an impurity placed in the center of the well with respect
to the bulk is about 50% in the absence of an external
magnetic field and 20% for y =5. When the distance be-
tween the impurity and the center of the well increases its
ground-state binding energy decreases, but for impurities

3.0

FIG. 1. Binding energy of the D -center ground state for an
Al„Ga& „As parabolic quantum well defined by g=0.25 as a
function of magnetic field and for three values of the distance
between the impurity and the center of the well: zo=0.0az,
0.5a&, and 1.0a&. The dashed curve corresponds to results for
bulk GaAs.

FIG. 3. Transition energy from 1s to 2p ( —1) states of the D
center in an Al„Ga& „As parabolic quantum well defined by
g= 1.0 as a function of magnetic field and for three values of the
distance between the impurity and the center of the well: (a)
zo=0.0az, (b) zo=0.25a&, and (c) zo=0. 5a&. The transition

energy for bulk GaAs is also plotted (dashed curve).

placed in a central region of the same size as in the previ-
ous case (equal to 100 A) this difference is less than 7.5%
for y =0 and decreases as y increases.

In Table II we have listed the transition energies from
the ground ls state to the lowest p-like excited state
2p( —1) for the D center in the two Al„Ga, „As para-
bolic quantum wells as a function of magnetic field and
the distance between the impurity and the center of the
well. These transition energies were obtained with for-
mula (19) for n =3. For better illustration we have plot-
ted some of the results reported in Table II (those corre-
sponding to the well defined by g= 1.0) in Fig. 3. In this
figure the transition energy for bulk GaAs is also given.
We can see that all the curves have a similar shape but
the decrease of the transition energy for y & 0.5 is more
pronounced in the case of the quantum well than in the
case of the bulk material. The increment of the
ls-2p( —1) transition energy for a D impurity placed in
the center of the well with respect to the bulk in the ab-
sence of a magnetic field is of the order of 50% for the

2.0
C

CQ

I
I

I
I

I
I

1.00

(c) z,=o.5

I I I

2 3 4 5 Field

r

sE' ' (q=0.25)

ZQ

0.5 1.00.0

zE",' (q=l o)

ZQ

0.25 0.50.0

TABLE II. Transition energies (in effective Rydbergs Ry*)
from 1s to 2p( —1) states of D centers in Al„Ga& „As parabol-
ic quantum wells defined by g=0.25 and 1.0 as a function of
magnetic field and the distance between the impurity and the
center of the well (denoted by zQ in units of a& ) calculated with
formula (19) for n =3.

FIG. 2. Binding energy of the D -center ground state for an
Al Ga& „As parabolic quantum well defined by g=1.0 as a
function of magnetic field and for three values of the distance
between the impurity and the center of the well: zQ=O. Oaz,
0.25a&, and 0.Sa& . The dashed curve corresponds to results for
bulk GaAs.

0.951
0.866
0.939
1.002
1.057
1.105

0.921
0.844
0.921
0.988
1.045
1.096

0.830
0.777
0.865
0.940
1.003
1.057

1.098
0.991
1.057
1.116
1.167
1.212

1.072 1.003
0.970 0.909
1.037 0.979
1.097 1.042
1.149 1.097
1.196 1.145
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well with g=1.0 and 30% for the other well, and at high
magnetic fields (y=5) drops to about 17% and 7%, re-
spectively. As for the binding energy, the ls-2p( —1)
transition energy decreases when the impurity is shifted
off the center of the well, but the decrease is rather slow.
In the central region of the well, extending over 100 A,
the dispersion of the transition energies does not exceed
3% for the first and 9% for the second well, whatever the

magnetic field. As a consequence, the donor centers from
a relatively broad region of the well can contribute with
very similar energies to the optical transitions from 1s to
2p ( —1) states, making them observable in the absorption
spectra. We have checked also that the oscillator
strengths for dipole optical transitions from ls to 2p ( —1)
states in the case of D centers placed in the central re-
gion of the parabolic quantum well and for the photon
polarization direction parallel to the xy plane, have for a
given y very similar values to that for the D center in
the bulk material.

IV. SINGLET GROUND STATE OF THE D ION
IN A BULK MATERIAL

When the D ion in a magnetic field parallel to the z
axis is in its singlet ground state, the dimensionless Ham-

iltonian in the effective-mass approximation has the form

A=H(1)+H(2)+2/lr, —rzl, (22)

where

H(i)= —V, ——+ —,'y p, , i =1,2,2 I 2 2

r,
(23)

Es(y ) =EDQ(y )+y ED —(y ) (24)

where E,(y) denotes the ground-state energy of a neu-
D

tral donor and E (y) is the ground-state energy of the

D ion. In this definition of the binding energy, we as-
sumed the same spin state for the initial and final states.

We propose the following Chandrasekhar-type varia-
tional wave functions, adapted to the presence of a mag-
netic field, for the singlet ground state of the D ion:

and r&, r2 give the positions of both electrons relative to
the nucleus. The binding energy of the D -ion singlet
ground state is defined as

1
'p,'"'(ri, rz) = —[it',"'(r()p,'"'(rz)+Q,'"'(r) )p,'"'(rz)](1+Blpi pzl +Clzi —zz ),

2

where 11(")(r,) and g,'")(r, )(i =1,2) are defined by the same equation (1) but with different sets of parameters. This
means that the electrons are in the ground-state hydrogenlike atomic orbitals in the presence of a magnetic field. The
repulsive interaction between the two electrons is accounted for by the correlation factor

(1+Blp,—p, l'+Clzi —zz I') . (26)

In evaluating the binding energy of the D ion, following Natori and Kamimura we calculated both energies E o(y )

and E (y ) within the same approximation. This means that we approximate the binding energy defined in Eq. (24) by

the quantity:

E( )(y) —E( )(y)+y E( ) (y) (27)

where E'"0'(y) is the minimum expectation value of the Hamiltonian (2) obtained for the trial wave function (1) and
E'"' (y ) is the minimum expectation value of the Hamiltonian (22) for the trial wave function (25).

In the case of the Hamiltonian (22), the expression for the variational energy ((Ii,'"'l&l~p,'") )/(qi(, "'l~p("') is still
analytical as in the case of the Hamiltonian (2) though more complicated. Let us define first the following functions

2 '2

K(x,y;i j,k, 1)=G(x,y) 1+2i +k——+2j — +—l — +ik.B C . B 3 C . BC
(28)

X y X 4 y Xy

~ B, . C
L (x,y;i j )=G (x,y) 1+i + —,'j—

X
(29)

M(x, y) = 1 2B-B

Bx

N (x,y; v, z;i j ) = f (x,y)K ( v, z;i j, 1—, 1)

B—2C +2BC +B +C f (x,y),
Bx By Bx2 By2

(30)

( ) f ( )
4iB C df (x,y) 2iB 3C Bf(x,y)

v z Bx v z By
(31)

whereas G (x,y) and f (x,y) are defined by Eqs. (7) and (9), respectively. We introduce still further abbreviations

S(a), z, b)a, bz, p)= —G(a, b)[p (Ka, 2b, 3, 1, 1) +(Ka, b;1, 1, 1, 1)],1

a
(32)
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T(a „a2;b,b2, p) = G—(a, b )[pK(a, b;1, 1,3,5)+K(a,b;1, 1, 1, 1)],
b

where

(33)

aia2a=a +a, a=
)+
b)b2

b =b)+b2, b =
1 2

Using the above abbreviations we define the following two functions,

2

I(a, ,a2, b, , b2;v, @)=2N(a, , b, ;a2, b2;1, 1)+ +4v S(a„a2;b„bt;a2/a, )
4

(34)

and

+28T(a„az,b„b't, b2lb, )+G(a, b)[M(a, b) —2(28+C)L(a, b;1, 1)]

I, (a, ,a2, b, ,bz) =G(Q', b )E(a,b;1, 1, 1, 1) .

Finally we have

n 2n

&+'"'I~I+'"')= X X ~ ~, ~k~i[I« k+jl P'ik Pjl rxirxk PiPk)+I(rtji ciu»ji»k'&i&i»JPi)
i, k =1 j, l =n+1

+I(a,i, ajk, Pii, Pjk, a;ai, P;Pi)+I(ajk, a,i,Pjk, P i, a, ak, PjPk )]

and

n 2n

~; ~j ~k ~l[I1(ixik rxjl pik pjl)+Il(trail rxjk pil pjk)]
i, k =1 j,l=n+1

(35)

where a;k and P;k for i, k =1, . . . , 2n are defined by (6).
Here a, ,p;, A;, for i =1, . . . , n represent the variational
parameters of the one-electron wave function describing
the inner orbital and for i = n +1, . . . , 2n the variational
parameters for the outer orbital.

The final numerical results are presented in Table III.
We can see from Table III that the values of Eu"'(y ) for
n = 1,2, 3 are rather close to one another. When the
number n of Gaussians in the one-electron wave function
increases both E'"o'(y) and E'"' (y) decrease by almost

the same amount, so that the difference

EDO (y) —E'"' (y) and as a consequence Eji"'(y) change

Field
r E(l)

D singlet ground-state
binding energies for various

wave functions in bulk GaAs
E(2)

B E(3)
B

E(L)
B

TABLE III. Comparison of D singlet ground-state binding
energies (in units of the effective Rydberg Ry*) calculated with
the variational wave functions 4',"' given by Eq. (25) (n =1,2, 3)
with EB ' as reported in Ref. 10.

very little with n. Physically, this means that the second
electron, with its slowly varying wave function formed to
a large extent by the magnetic field, is not affected by the
fine details of the charge distribution of the first electron.
Both kinetic and potential energies of the second electron
are secondary factors in the energy balance of the D
system. It is the kinetic energy of the inner, more local-
ized electron and its potential energy which do depend on
the details of the wave function of this electron and con-
tribute decisively to the total energy of the D system.
When the same type of trial function is used for this elec-
tron both in D and D centers, the systematic errors re-
sulting from the finite flexibility of the trial functions can-
cel to a large extent. In conclusion, the improvement on
the one-electron wave function of type (1) does not
change significantly the D -ion ground-state binding en-
ergy calculated with Eq. (27). This binding energy is
determined mainly by the form of the correlation factor.

In the last column of Table III we list the best values of
D singlet ground-state binding energies reported by
Larsen and McCann. ' We can see that their results are
about 4% better than ours. These results were obtained
with the help of one-electron wave functions of the form

1

2
3
4
5

10

0.327
0.414
0.475
0.522
0.562
0.707

0.328
0.418
0.480
0.529
0.569
0.714

0.325
0.417
0.479
0.527
0.568
0.712

0.339
0.435
0.498
0.549
0.591
0.742

and

fo(r)= exp[ Hop ao(p +a()z )—' ], —

and with the correlation factor given by

fI(r)= exp( Hip air PIr Glrp )—— ——
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Il+cllp, —p, l'+, I, —., I']'"] . (36) H„(i)=H(i}+g(z, —z, }, i =1,2, (38)

V. D STATES IN A PARABOLIC QUANTUM WELL

Let us consider a D ion placed in the central region
of the parabolic Al, Ga, „As quantum well described al-

ready in Sec. III, and in the presence of a magnetic field
parallel to the z axis. The dimensionless Hamiltonian in
the efFective-mass approximation has the form

where

=H (1)+H (2)+2/lr, —r2l+yML, (37)

HI Hp Kl . . . , ac are variational parameters. The inves-
tigation of different trial wave functions for the singlet
ground state of the D ion made in Ref. 10 has shown
that a correlation factor of the form (36) represents the
best choice. Our results confirm that the binding energy
of the D ion is determined mainly by the form of the
correlation factor. Nevertheless, even though the corre-
lation factor (26) gives results somewhat lower than
necessary, it offers analytical expressions for the expecta-
tion values of the energy, while a correlation factor of the
form (36) leads to manifold numerical integrations.

Summarizing, we propose a relatively simple class of
trial wave functions suitable for the singlet ground state
of negatively charged hydrogenlike ions D in moderate
and strong magnetic fields. The essential advantage of
these functions is the analytic form of all one- and two-
particle integrals. The minimum value of the ground-
state energy depends on the choice of the one-electron
functions. The binding energy is less sensitive to this
choice but depends crucially on the form of the electron-
electron correlation factor. The class of trial wave func-
tions discussed in this paper can be easily generalized for
calculations of excited-state energies and optical matrix
elements.

and r, , r2 give the positions of both electrons relative to
the nucleus. ML represents the component of the total
orbital angular momentum along the z axis, and its eigen-
value is zero for the singlet ground state of the D ion.
H(i) for i =1,2 are given by the formula (23). We pro-
pose the following variational wave functions for the
singlet ground state of the D ion:

X(i+alp) —p, l'+Clz, —z, l'), (39)

where the g(")(r, ), for i = 1,2, are defined by (12) and the
functions g,'(")(r; ) are obtained as in the case of the D
ion in the bulk material.

Similarly to the case of the D ion in the bulk material
we shall define the binding energy of the D -ion singlet
ground state in a parabolic quantum well as

gin)( y)
—g(n) (y )+y+~1/2 g(n) (y) (40)

where E("0' (y) is the minimum expectation value of the

Hamiltonian (10) obtained for the trial wave function
(12), and E'"' (y) is the minimum expectation value of
the Hamiltonian (37) for the trial wave function (39).
(This means that both minimum expectation values are
calculated in the same approximation. )

The expression for the variational energy
&il(',"'l.& l%,'"')/&(Ii,'"'l%',"') is analytical for any posi-
tion of the D ion in the parabolic quantum well but it is
somewhat long for ions placed at some distance from the
center of the well. For D ions placed in the center of
the well, & ~li(,") ip(,")) is still given by the formula (35) and

n 2&i

& p,'"' ~ l+,'"') =
& +',"'ll+, '"')+rj y y ~; ~J ~k ~it ~«k, izji,'Pk, 13J(,'13jl }+&(rz l, (zfk'13(, PJk', 13j'k }l,

i, k =1 j, 1 =n+1

where
T

1 I ik ~jl ii 1 ~il ~jk

2 Pji Pik
'" 2 Pjk P i

0'~"'(r„r2)= [i)'i("„)(r))f'"„)(r2)+g'")(r()g(")(r2)]1

X(1+Blp,—p l +Cz, —z
l ), (41)

Here, as in the case of the D ion in bulk material, e,.&
and P;k for i, k = 1, . . . , 2n are defined by (6), and A, for
i =1, . . . , n represent the variational parameters of the
one-electron wave function describing the inner orbital
and for i =n +1, . . . , 2n the variational parameters for
the outer orbital. The function T(x,y;v, z;p) is defined
by the formula (33).

Let us consider now the lowest-lying singlet p-like ex-
cited state of the D ion in the presence of a magnetic
field, which is unbound. For this state the eigenvalue of
the total orbital angular momentum along the z axis, ML,
is equal to —1. We propose the following variational
wave function

where P(")(r;) and i)'i~"'(r;) for i =1,2 are defined by (12)
and (18), respective1y. The transition energy from the
singlet ground state to the singlet p-like excited state de-
scribed by the variational wave function (41) is given by

&
qi(n) l~ l

qg( )) n& )Ii(n) l~ l)I((n) )

(42)

where the expressions of the new quantities for the D
ion placed in the center of the well are given in the Ap-
pendix.

The fina numerical results are presented in Fig. 4 and
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Field

r

5E"' (g =0.25)
D w

zo
0.5 1.00.0

AE"' (g = 1.0)
D w

z0
0.25 0.50.0

0.591 0.568
0.712 0.687
0.783 0.758
0.837 0.813
0.882 0.857

0.513
0.645
0.687
0.734
0.776

0.672 0.658 0.617
0.823 0.806 0.760
0.906 0.890 0.840
0.966 0.949 0.898
1.014 0.997 0.946

TABLE IV. Transition energies (in effective Rydbergs Ry*)
from the singlet ground state to the lowest p-like singlet excited
state of the D ion in Al„Ga& „As parabolic quantum wells

defined by g=0.25 and 1.0 as a function of magnetic field and
the distance between the ion and the center of the well (denoted
by zo in units of az ) calculated with formula (42) for n = 1. l.O-

CL)

CL)

C:
o

CQ

0.0

ionized donor

I I

3 4 5

Table IV. In Fig. 4 we plotted the binding energies for
the singlet ground state of the D ion in the parabolic
Al„Ga& „As quantum well defined by the parameter
g= 1.0 as a function of magnetic field, for three different
positions of the ion with respect to the center of the well:
(a) for the D ion placed at the center of the well, and (b)
and (c) for the cases when the distances between the D
ion and the center of the well are 0.25az and 0.5az, re-
spectively. These results were obtained with formula (40)
for n = 1 (we have shown already for bulk GaAs that the
binding energy is not sensitive to the number of Gauss-
ians in the one-electron function). The singlet ground-
state binding energy as a function of magnetic field for
bulk GaAs is also plotted. The binding energy for the
D ion placed in the center of this well and in the ab-
sence of a magnetic field is equal to 0. 181 Ry', while for
bulk GaAs its value is 0.0555 Ry*. For y =5 the value
of the binding energy for the same position of the ion in
the well is 0.959 Ry* and for bulk GaAs 0.569 Ry' (we
compare quantities obtained within the same approxima-
tion). We can see that for y=5 an increment of nearly
70% for the binding energy is expected in the case of the
ion in the well. When the distance between the ion and
the center of the well increases, the bindinp energy de-
creases but in the central region of size 100 A the binding
energy has quite similar values for all the y under con-
sideration.

In Table IV we have listed the transition energies from
the singlet ground state to the lowest p-like singlet excit-
ed state for the D ion in the two Al„Ga, „As parabolic
quantum wells defined by g =0.25 and g =1.0. These re-
sults were obtained with formula (42) for n =1. As ex-

FIG. 4. Binding energy of the D -ion singlet ground state
for an Al„Ga& „As parabolic quantum well defined by g=1.0
as a function of magnetic field and for three values of the dis-
tance between the ion and the center of the well: (a) zo =0.0a&,
(b) z0=0.25az, and (c) z0=0.5a&. The dashed curve corre-
sponds to results for bulk GaAs.

pected, the transition energy decreases when the distance
between the ion and the center of the well increases but in
the central region of any well the changes are small. For
the well defined by g=0.25 the transition energy de-
creases less than 4% for ions in the central region of size
100 A, and for the other well less than 8% in the same re-
gion, for all y under consideration. The difference be-
tween the transition energy and the binding energy for a
D ion placed in the center of the well defined by
r1=0.25 changes from 12% for y=1 to 4% for y=5.
For the other well (r) =1.0) this difference changes from
15% for y = 1 to 6% for y =5.

In conclusion, one can expect that the intradonor ab-
sorption for D as well as for D centers should show up
in optical magnetoabsorption experiments on doped para-
bolic Al Ga& As wells.

APPENDIX

In the following, the explicit form of the D -ion ener-
gy expectation value (4'"'~& ~%'"')/(4'"'~%'"') for the
singlet p-like state for the ion placed in the center of a
parabolic quantum well is given. Let us define the follow-
ing functions first

ra,
$(a&,a2, b&, b2,p)= G~(a, b) IC(a, b;3, 6, 1,1)+IC(a,b;2, 3, 1, 1) +S(a&,a2 , b&, b2', a2/a&), '

g 0)

T(a&,a2, b&, b2,p)= G(a, b) IC'(a, b;2, 3, 3,5)+K(a, b;2, 3, 1, 1) +T(a&,a2, b&, b2', bz/b&),

1 4B C B B B28'(x,y;u, z)= —G(u, z) —8 +—+2 +28 +28C f (x,y),
U

'
v z Bx Bx2 Bx By
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where B and C are variational parameters defined in Eq. (26), the functions G(x,y), f(x,y), X(x,y;i,j,k, l),
S(x,y;U, z;p), and T(x,y;v, z;jz) are defined by Eqs. (7), (9), (28), (32), and (33), respectively, and a,a, b, b, by (34).
With the help of the above functions we shall define the following ones:

1I„((a„a„b„b„v„v„8„8z)= N(a„b, ;a, ,b„2,3)— N(a„b, ;a„b,;1,1)

1+—G(a, b)
8

a +1 M(a, b}
Ba

T

2 2r y
4

+4v, S(a„az,'b„bz, a, /az)+ +4vz S(az, a, ;b(,bz', a(/az)

a,—S(a, ,a, ;b„bz,a, /az)+aS(a(, az', b), bz ,
—2v')/~a)

+— 0(+ T(a, ,a, ;b, , b, ;a, /a, )+ 0z+ T(a, ,a„b,, b, ;a, /a, )
4 4

——G(a, b) K(a, b;2, 3, 1,1)+2(2B+C)1

Sa

Ipz(a „az,b), bz;v„vz, 8(,8z, g) = W(a), b(', az, bz )+ W(az, bz ,a(, b( )'

02
L (a,b;2, 1)+L (a, b;1, 1)

+ —G(a, b) a +1 M(a, b)+B(2B+C)—G(a, b) —(S(a(,az', b(, bz', —1)
1 2

a a a

y' — . . y'
4

+4v, S(a(,az', b), bz, —1)+ +4vz S(az, a)', b(, bz', —1)

8, + T(a „az;b, , bz; —1)+ 8z+ T(a, ,az;bz, b, ;
—1)

4 4

Ip 3 ( a (,a z, b (,b z ) =—,
' S ( a (,a z', b (,b z,

' a ( /a z )

Ip4(a„az, b„bz)= —,'S(a„az;b„bz; —1) .

In the above expressions the functions K (x,y;i,j,k, 1),L (x,y;i j ), M (x,y), and N (x,y; U, z;i j ) are defined by Eqs. (28),
(29), (30), and (31), respectively. B and C are variational parameters defined in Eq. (26). Finally we have

n 2n

A; Aj Ak A/[~p((a//& aj/ P//& Pj/ ajak aj a/ P/Pk Pj P/)
i, k =1 j, 1 =n+1

+Ipz(a / ajk P /Pjk a'a/ a'jak P P/ PjPk a'k ') ] y& Pp"„'I Pp".' )—

and

n 2n

( I(n )
)~ )/p( n ) )—

i, k =1 j, 1 =n+1
A; Aj Ak A/[I&3(ak, aj/, pk, p/}+IJ4(a /, ajk, p/, pjk )],

where a;k and p;k for i, k =1, . . . , 2n are defined by (6). Here, a;,p;, A;, for i = 1, . . . , n represent the variational pa-
rameters of the one-electron wave function describing the inner orbital and for i =n +1, . . . , 2n the variational param-
eters for the outer orbital.
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