
PHYSICAL REVIEW B VOLUME 49, NUMBER 15 15 APRIL 1994-I

Calculating the density of states and optical-absorption spectra
of large quantum systems by the plane-wave moments method
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The moments method is used to calculate the density of states and optical-absorption spectra of large
quantum systems. This method uses random wave functions to calculate 500 Chebyshev moments of the
density of states (500 for the optical-absorption spectra), and transforms these moments back to energy
space. The results compare well with direct calculations on a large, 2048 Si-atom bulklike supercell sys-

tem. To demonstrate its utility, the spectra of a realistic quantum dot with 1035 Si and 452 H atoms are
calculated using an empirical pseudopotential Hamiltonian and a plane-wave basis of wave functions.

Present solid-state electronic-structure calculations can
be divided into two categories. In the first, one is in-
terested in predicting atomic positions or the dynamics of
atomic motions, thus the total energy and all occupied
levels of the system are needed. ' In the second, one is in-
terested in some electronic properties at a fixed geometry,
e.g., the band gap, the density of states (DOS), and the
optical-absorption spectra (OAS). In this paper I address
the second class of problems, especially for the cases
where the Hamiltonian can be reliably approximated by a
non-self-consistent form. Current electronic-structure
methods using plane-wave bases are not capable of calcu-
lating large systems with thousands of atoms due to their
N scaling, where N is the size of the system. In a previ-
ous paper, Zunger and I presented a method to calculate
the band gap edg-e states for such systems. The method of
the present paper is complementary in that it can be used
to calculate the DOS and OAS. Combining these two
methods, most optical properties of a thousand-atom sys-
tem can be calculated using a plane-wave basis for the
wave functions and empirical pesudopotentials for the
Hamiltonians.

In the generalized moments approach for the calcula-
tion of the DOS Refs. (4—8), one first calculates the gen-
eralized moments of the DOS p(E),

I„=f T„(E)p(E)dE,

where T„(E) is a polynominal of power n defined in the
interval [

—1:1],and the energy of the Hamiltonian has
been scaled and shifted, so that all its eigenvalues are in-
side [ —1:1].Throughout this paper, the Chebyshev po-
lynomial T„(x) will be used. It is chosen because it is an

orthogonal polynomial and its linear transformations
from I„ to p(E) is a disguised Fourier transformation,
thus fast Fourier transformation (FFT) can be used later.
The Chebyshev polynomial is defined in [

—1:1]as

Following Eqs. (3} and (1), p(E} can be reconstructed
from I„as

and Ia, j are random numbers just like Ib; j with equal
statistical means and zero correlations among them, i.e.,

(a,'a, ) =5, , (6)

where ( ) denotes average over different random wave
functions. (I have normalized the wave functions to N to
simplify the following notation. ) Following the recursion
formula of Eq. (2), one can apply 8 to the wave functions
to generate g„:

Now, taking the products, we have

(8)

If we use many random wave functions {foj, repeating
the above process and taking the average of I„', we have

(I„' ) =2 g T„(E,) = f T„(E)p(E)dE, (9)
l

p(E)= —(1—E )
' g T„(E)I„(1+5„o)

7T

Following Skilling, ' I will use statistical means to cal-
culate I I„j. First, assume that the Hamiltonian 8 has N
eigenstates [P;j and eigenvalues IE; j under the basis
used. A random wave function go can be generated by
using a linear combination of an arbitrary orthonormal
basis t y; j with random coefficients t b; j, i.e.,

go=+;b;y; Becaus. e the transformation from Cy;j to
the eigenstates I p, j is unitary, we can rewrite 1(to as

o=y b,.X, =y a, y, ,

To(x) = 1, T, (x)=x,
T„(x)=2xT„,(x ) —T„z( ).x

It has the orthogonality relation

T (x)T„(x)(1—x )
'i dx= —5„(1+5 o) .nm

(2)
where we have used Eq. (6) and p(E) =—2+,.5(E E, ), as-—
suming double occupations. We see that ( I„' ) ap-
proaches I„when we sample a sufficiently large number
of the random wave functions. The computational effort
in this procedure involves N, applications of 0 to the
wave functions (N, is the maximum number of Che-
byshev moments used here) multiplied by the number N,
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of random wave function averages. In this study, I have
used N, =500 and N, =20. For reasons to be discussed
later, the larger the system is, the smaller N, needs to be
in order to achieve the same statistical accuracy. This
makes the present scheme scale with respect to the
system's size, almost like a constant.

The above formula is for the total DOS. It can be easi-
ly changed to calculate related spectral functions. For
example, to calculate the projected DOS on a given func-
tion y, i.e., p~ (E)=2g—;5(E E, —) ~ & P, ~y & (, simply re-
place the random wave function $0 by y and repeat the
above operations without averaging. To calculate a local
DOS defined by a weighting function f (r), i.e.,

p)(E):2+5—(E E, )f—~P, (r)~ f(r)d r,

where EI is the Fermi energy and a = 8m.2e 2fi2 i3m 2E2 V,
where Vis the volume of the system.

To calculate r(E, ,E2), we will first calculate the two-
dimensional generalized moments of it. We first generate
a random wave function $0 as before [Eq. (5}],then calcu-
late

—:&polpT. (8) pT (P)lyo&

=g a)'aJ T„(E,)T (EJ ) & QI ~ p ~ p, & & p, (p ~ pj. & . (12)

Now, repeat the above products with different random
wave functions $0 and average them. This gives

A„=& A'„&=g T„(E,)T (E }(& P, ~ p ~P. & )

l~J

dE ) dE2 T~ E] T~

X(E,)~(E„E,), . (13)

where I have used Eqs. (6) and (10). After obtaining
A„, the reconstruction of r(E),Ez) using Eq. (3) is
straightforward,

}= — {1—E~) ~~2(I —E )

X g T„(E,)T (E2)A„(1+5„0)

replace the product in Eq. (8) by 2&go~f ~g„& and keep
everything else the same.

In order to calculate the optical-absorption spectra,
one needs to calculate a two-dimensional function

r(E),E~)—= g l &&;lplg, & I'RE) E;)5(E z EJ ), —(10)
/, J

where
~ & P; ~p~P, & ~

is the transition probability between
state P; and P, , and p is the momentum operator iRV.
After r(E„Ez) is obtained, the imaginary part of the
dielectric constant e2(E) (proportional to the OAS by a
volume factor) can be calculated by

e2(E)=~f dE2 f dE, ~(E„E,)'fi[E —(E) —E2}],
E),

The calculation of Eq. (12) is carried out by first calcu-
lating g = T (8)$0 as defined in Eq. (7) (computation-
ally, g can be stored on disk space). Then
P(k}:T—„(P)Pkgo are calculated using the same recur-
sion relation as in Eq. (7). Here, k stands for the direc-
tions x,y, z (usually, by symmetry, only one or two k need
to be calculated). The A'„ is then gk&g(k)IP, ly. &.

[Note that 1i)r„(k) need not to be stored. The product is
calculated right after each P (k) is generated. ] The com-
putational effort to get A„ is in the same order of the
effort to get I„, differing by a factor of two or more de-

pending on how many pk need to be calculated. Besides,
I„(thus the DOS} can be calculated when one calculates
A„essentially without any extra work. In Eq. (14},
there are 500X500 A„values, thus the direct im-

plementation of that equation can be a problem, because
it is proportional to (500X500) operations. However,

T„(E)=cos(n 8) and 8=cos '(E). Substituting this into

Eq. (14), we get a Fourier transformation for that equa-
tion. Thus, an FFT can be used to carry out the equa-
tion. After this step, the calculation of Eq. (14) takes
only a small fraction ( ( 1%) of the time of the whole cal-
culation. The most time-consuming part in the whole

procedure is the computation of A„, and it is dominat-

ed by the computation of f and P(k), via Eq. (7). The
product gk&P(k)~Pk~g & takes less than —,

' of the total

computational time.
Now I will give a few details and remarks about the

current method.
(1) The resolution hE of a constructed spectrum is

roughly 2/N, for a given total number N, of Chebyshev
moments. The error of the statistical average (i.e., the
fluctuation of the spectral height at a given point) is pro-
portional to the inverse square root of /LN XN„where
hN is the number of eigenstates inside one hE Because.
b,N inside a fixed b,E interval is roughly proportional to
the size of the system, N, should be inversely proportion-
al to the size in order to give the same statistical accuracy
for different system sizes. This, as mentioned earlier,
yields a roughly constant scaling with the size of the sys-
tem. This constant scaling changes to a linear scaling
when the system is larger than a limit after which N, = 1.
This limit can be larger than 10000 atoms. The conven-
tional direct diagonalization method for obtaining the
OAS scales as N of the system's size N. The approxi-
mate crossover system size after which the current
method becomes faster than the conventional one, is
about 70 atoms, for the same spectrum resolution and
statistical accuracy as we have in this paper.

(2) To reduce the noise in the statistical average,
(8 E, ) has been ap—plied to Eqs. (8) and (12), where
E, is an energy close to the highest eigenvalue of
the systexn. In other words, instead of calculating
&go~/„& and &t/ro~pT„(8) pT (8)~$0&, I calculated

& $0~ (8—E, )
~ @„&and

&$0))(A E, ) pT„(8) pT (Q—)~P, & .

n, m

X(1+5 0) (14)
The corresponding spectra have a factor (E E, ),which—
needs to be removed. This procedure is useful for the fol-
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lowing reasons. In the case of DOS, the factor (E E—, )

changes the overwhelming dominance of the higher end
of p(E), thus avoiding its possible interference to the
lower end of the spectrum (which we are interested in) by
the tails of the convolution functions. In the case of
OAS, the correctness of Eq. (13) depends on (a,'a. ) =0
for i' of Eq. (6}. For the limited number of random
wave functions used here, this is not rigorously satis6ed.
As a result, in Eqs. (12) and (13), a p~ with a high-energy
eigenvalue E& can leave noise to P; and P 's contributions
to A„, where E; and E are in the lower-energy range.
This noise will later show up in the lower-energy region
of r(E, ,Ez }. The factor (EI E, )

—can reduce the magni-
tude of this noise.

(3) A plane-wave basis is used in the calculation, it pro-
duces a more realistic description than a tight-binding
basis. The latter is often used with the moments
method and recursion method. "' Because the full
spectrum of a plane-wave Hamiltonian is much broader
than a tight-binding spectrum, the interesting region of
the spectrum is usually only a small part of the total spec-
trum. So, a large number of moments is needed to get
high resolutions of the spectrum. The largest number of
moments I have ever used (for a projected DOS) is
20000. I saw no numerical instability associated with
these large numbers of moments.

(4) I did not use the maximum entropy method ' in
the transformation from moments to energy space func-
tions [Eqs. (4) and (14)]. This is because the nonlinear
equations in the maximum entropy method are difficult
to solve due to the large number of moments used here,
especially for the OAS.

(5) I have shown that a moments method can be used
to calculate ez(E). It is interesting to compare and con-
nect the moments method with the recursion method. "
However, the recursion formula is inappropriate for cal-
culating ez(E). Also, the behaviors of the recursion
method under plane-wave bases are not as well known as
those under tight-binding-like bases.

In all the following calculations, I will use empirical
pseudopotentials' to approximate the single-particle to-
tal potential of the system, i.e., V(r) =g„V,( ~r

—R, ),
a

where V, is the empirical potential of atom-type a and
R, are the positions of the atoms. Si and H atoms are
used in the following calculations; their empirical pseudo-
potentials in the continuous reciprocal space are taken
from our recent fit. ' The wave functions of the system
are expanded by a plane-wave basis and an energy cutoff
of 4.5 Rv is used in the expansions. An uniform numeri-
cal grid of N„XN XN, is used in real space to describe
the potential V(r) and the wave function P(r). The ap-
plication of 8 on g employs a X„XIV XX, FFT to
transform g from reciprocal space to real space. In the
implementation of Eqs. (4) and (14), I„and A„have
been multiplied by smooth truncation functions, to avoid
rapid oscillations of the constructed spectra in E space.
Two truncation functions have been used in the calcula-

—(n!0.5N )2
tions: One is e ', which corresponds to a Gauss-

—
(,ny0. 8N ~'

ian broadening in energy space; another is e
which corresponds to an oscillatory convolution function

„ez(E)
e) =1+— E .

o E (15)

The E'&s calculated from Fig. 1 are 10.305 and 10.572
for the direct (with broadening) and the current method,
respectively. They differ by 2.5%. Using different ran-
dom wave-function results, I 6nd that the statistical aver-
age error is about 1.5%, i.e., the same order as the above
error. The integral of the p(E) up to the gap gives, using
the current method, an occupation number of 8162.3e as
opposed to the exact occupation number of 8192e. The
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FIG. 1. The spectra of 2048 Si bulk supercell system. The
same Gaussian broadening is used in both the current method
and direction calculations. (a) Total density of states (only one
portion of it is shown; the higher end of the spectra reaches 60
eV); (b) e2(E), the imaginary part of the dielectric constant.

in energy space and will be called "oscillatory broaden-
ing. "

I erst test the current method by comparing the results
with those found in direct calculations (direct means solv-
ing all the eigenfunctions of the system). The example
used is a 2048 Si-atom supercell. It is generated by apply-
ing periodic boundary condition to a supercell which
contains 8 X 8 X 8 X 2 primitive cells of bulk Si. Its eigen-
states are identical to those of bulk Si at corresponding
folded k points. Thus, the eigensolutions can be calculat-
ed directly from AP; =E,P, . Independently I calculated
the results using the current method applied to the 2048
Si-atom supercell. Here, a 64X64X96 FFT grid is used.
As mentioned before, N, =500 and N, =. 20 are used.
The computation time for this system is about 3 Cray-
YMP CPU hours (only one Pk has been calculated).

Figure 1 shows the comparison of the p(E) and ez(E)
between the current method and the direct calculations.
Here, the same Gaussian broadening with width of about
0.3 eV is used for both the direct and current method.
The spectra agree very well. The static dielectric con-
stant e, can be calculated from ez(E) according to
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FIG. 2. The spectra of 2048 Si bulk supercell system. The os-
cillatory broadening is used for the current method, and a 0.1-

eV Gaussian broadening is used for the direct calculations. (a)
Total density of states; (b) e2(E), the imaginary part of the
dielectric constant.

error is 0.3%.
In Figure 2, the results of Fig. 1 are shown with

different broadening. Here, the oscillatory broadening is
used for the current method and a 0.1 eV width Gaussian
broadening is used for the direct calculation. The oscilla-
tory broadening gives more detailed structures of the
spectra, but tends to over oscillate and even gives nega-
tive p(E) and e2(E) in some regions. The e', s calculated
from this figure are 10.707 and 10.251 for the direct and
current method calculations, respectively. Thus, the er-
ror due to the broadening can be 3%. The integration of
the p(E) up to the gap gives 8161.9e, using the current
method, almost the same as the Gaussian broadening re-
sult.

I next use the current method to calculate a realistic
model of Si quantum dots, 3' ' which cannot be calcu-
lated by the conventional direct methods. This system is
a quantum box with edges of 23X23X33 (A). It con-
tains 1035 Si atoms in a bulk diamond structure and its
surface is passivated by 452 H atoms. This system is cal-
culated in a periodic supercell with the quantum dot's
surrounding area (60% of the total space) filled by vacu-
um. The band-edge states of this system have been accu-
rately calculated in previous works. ' Figure 3 shows
its DOS and OAS as calculated by the current method.
The DOS band edges match the positions of the exactly
calculated ' band-edge states. The integral of the DOS
in Fig. 3 up to the gap gives an occupation number of

FIG. 3. The spectra of the Si&o35H452 quantum dot. The oscil-
latory broadening is used for both the DOS and OAS. N, =500
and N, =20. It takes 3 Cray-YMP CPU hours. (a) Total densi-

ty of states (only one portion of it is shown; the higher end of
this DOS reaches 60 eV). The short vertical bars are the posi-
tions of band-edge states calculated in Refs. 3 and 15. The vac-
uum level is at 0 eV. Thus, the DOS above 0 eV has contribu-
tions for vacuum and should depend on the total volume of vac-
uum used in the calculation. (b) e2(E), the imaginary part of the
dielectric constant. Note that e&{E)does not depend on the to-
tal volume of vacuum used in the calculation.

4566.2e as opposed to the exact number of 4592e. The
difference is 0.6%. The e, for this quantum box calculat-
ed from e2(E) is 8.36 and 8.52, for the Gaussian and os-
cillatory broadening, respectively. Physically, this
effective e& is defined as 1+P/EV, here P is the total po-
larization of a quantum dot under a constant external
electric field 8, and Vis the volume of a quantum dot.

In conclusion, I have demonstrated that the moments
method can be used with a plane-wave basis to achieve
accurate electronic spectra of a thousand-atom system
within a few hours of Cray CPU time. In particular, this
method can be used to calculate the optical-absorption
spectra and the results are good compared with the direct
calculations.
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